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Abstract

Considering ar-admissible mappings in the setup of partial b-metric spaces, we
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1 Introduction

There are a lot of generalizations of the concept of metric space. The concepts of b-metric
space and partial metric space were introduced by Czerwik [1] and Matthews [2], respec-
tively. Combining these two notions, Shukla [3] introduced another generalization which
is called a partial b-metric space. Also, in [4], Mustafa et al. introduced a modified version
of partial b-metric spaces. In fact, the advantage of their definition of partial b-metric is
that by using it one can define a dependent b-metric which is called the b-metric associ-

ated with the partial b-metric.

Definition 1.1 [4] Let X be a (nonempty) set and s > 1 be a given real number. A function
py: X x X — R* is a partial b-metric if, for all x,y,z € X, the following conditions are
satisfied:

(Pn) x =y <= pu(x,x) = ps(x,y) = P, ),

(pr2) pox,x) < ppx,9),

(P3) po(%,9) = pp(y, %),

(ppa) Pu(x,Y) < s(pp(x,2) + pu(2,9) — pi(2,2) + (55 (0 (%, %) + pp(3,9)).

The pair (X, pp) is called a partial b-metric space.

Example 1.2 [3] Let X =R*, g >1be a constant, and p;, : X x X — R* be defined by

Pulx,y) = [max{x,y}]q +]x—y|? forallx,yeX.
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Then (X, py) is a partial b-metric space with the coefficient s = 2771 > 1, but it is neither a

b-metric nor a partial metric space.

Some more examples of partial b-metrics can be constructed with the help of following

propositions.

Proposition 1.3 [3] Let X be a nonempty set and let p be a partial metric and d be a
b-metric with the coefficient s > 1 on X. Then the function p, : X x X — R* defined by
px,9) = p(x,y) + d(x,y), for all x,y € X, is a partial b-metric on X with the coefficient s.

Proposition 1.4 [3] Let (X, p) be a partial metric space and q > 1. Then (X, pp) is a partial
b-metric space with the coefficient s = 2971, where py, is defined by py(x,y) = [p(x, y)]9.

Proposition 1.5 [4] Every partial b-metric py, defines a b-metric d,,,, where

Ay, (%,9) = 2pp(%,Y) = po(x,%) = P65, )
forallx,y e X.
Now, we recall some definitions and propositions in a partial b-metric space.

Definition 1.6 [4] Let (X, p;) be a partial b-metric space. Then for an x € X and an € > 0,
the p,-ball with center x and radius € is

B,,(x,€) = {y € X | pp(x,y) < pp(x,x) + e}.

Proposition 1.7 [4] Let (X, pp) be a partial b-metric space,x € X,and r > 0.1fy € B,, (x,7)
then there exists a § > 0 such that By, (y,8) C By, (x,1).

Thus, from the above proposition the family of all p,-balls
A ={B,,(xr)|x€X,r>0}

is a base of a T topology 7,,, on X which we call the p,-metric topology.

The topological space (X, pp) is To, but it does not need to be 77.

Definition 1.8 [4] A sequence {x,} in a partial b-metric space (X, p;) is said to be:
(i) pp-convergent to a point x € X if limy,_, o0 pu (¥, %,) = pp(x, %).
(i) A pp-Cauchy sequence if limy, - 00 (%4, %) exists (and is finite).
(ili) A partial b-metric space (X, pp) is said to be pj-complete if every pj,-Cauchy
sequence {x,} in X p,-converges to a point x € X such that

hmn,m—>oopb(xmxm) = limn,m—)oopb(xn’x) :pb(x’x)-

Lemma 1.9 [4]
(1) A sequence {x,} is a pp-Cauchy sequence in a partial b-metric space (X, py) if and
only if it is a b-Cauchy sequence in the b-metric space (X, d,).
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(2) A partial b-metric space (X, pp) is pp-complete if and only if the b-metric space
(X, dp,) is b-complete. Moreover, lim,,_, o dp, (%, %) = 0 if and only if

lim pp(x,x,) = lm  py(x,, %) = pp(x, x).
n—00 71,M—> 00

Definition 1.10 [4] Let (X,p;) and (X',p;) be two partial h-metric spaces and let f :
(X,pp) — (X', p},) be a mapping. Then f is said to be pj-continuous at a point a € X if
for a given ¢ > 0, there exists § > 0 such that x € X and p;(a,x) < § + py(a,a) imply that
p,{f(a),f(x)) < e +p,(f(a),f(a)). The mapping f is p,-continuous on X if it is p;-continuous
atalla € X.

Proposition 1.11 [4] Let (X, p;) and (X', p),) be two partial b-metric spaces. Then a map-
pingf: X — X' is pp-continuous at a point x € X if and only if it is py-sequentially contin-

uous at x; that is, whenever {x,} is py-convergent to x, {f (x,)} is p,-convergent to f (x).

Definition 1.12 A triple (X, <, p;) is called an ordered partial b-metric space if (X, <) is a

partially ordered set and p,, is a partial b-metric on X.
The following crucial lemma is useful in proving our main results.

Lemma 1.13 [4] Let (X, py) be a partial b-metric space with the coefficient s > 1 and sup-

pose that {x,} and {y,} are convergent to x and y, respectively. Then we have

1 1 . .
S—zpb(x,y) - ;pb(x,x) -po(y,y) < hJE g.gfpb(xn, ¥,) < limsup pp (X, ¥)

n—00

< spp(x,%) + S Pp(3,) + S P (, ).

In particular, if py(x,y) = 0, then we have lim,,_, o, pp(x,,, y) = 0.
Moreover, for each z € X we have

1 .. .
-pp(x, 2) — pp(x,x) < liminf py(x,,z) < limsup py(x,,2)
S n— 00 n—00

< spp(x,2) + spp(x,x).

In particular, if py(x,x) = 0, then we have

1 . .
—py(x,z) <liminf p,(x,,, 2) <limsup py(x,, 2) < spy(*, 2).
N n—00 n—00

One of the interesting generalizations of the Banach contraction principle was given by

Kirk ez al. [5] in 2003 by introducing the notion of cyclic representation.

Definition 1.14 [5] Let A and B be nonempty subsets of a metric space (X,d) and T :
AUB— AUB. Then T is called a cyclic map if T(A) € Band T(B) C A.

The following interesting theorem for a cyclic map was given in [5].
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Theorem 1.15 [5] Let A and B be nonempty closed subsets of a complete metric space
(X,d). Suppose that T : AU B — AU B is a cyclic map such that

d(Tx, Ty) < kd(x,y)

forall x € A and y € B, where k € [0,1) is a constant. Then T has a unique fixed point u
andue ANB.

Berinde initiated in [6, 7] the concept of almost contractions and obtained several inter-
esting fixed point theorems for Ciri¢ strong almost contractions. Babu et al. introduced
in [8] the class of mappings which satisfy ‘condition (B). Moreover, they proved the exis-
tence of fixed points for such mappings on complete metric spaces. Finally, Ciri¢ et al. in
[9], and Aghajani et al. in [10] introduced the concept of almost generalized contractive
conditions (for two, resp. four mappings) and proved some important results in ordered
metric spaces. Let us recall one of these definitions.

Definition 1.16 [9] Let f and g be two self-mappings on a metric space (X,d). They are
said to satisfy almost generalized contractive condition, if there exist a constant § € (0,1)
and some L > 0 such that

d(fc.gy) < 5 max{doc,y), s ), dly, gy), 22 01 }

+ Lmin{d(x,fx),d(y,gy), d(x,gy), d(y, fx)},
forall x,y € X.

Definition 1.17 [11] A function ¢ : [0, 00) — [0, 00) is called an altering distance function,
if the following properties hold:

(1) ¢ is continuous and nondecreasing.

(2) ¢(¢)=0ifand onlyif£=0.

Definition 1.18 [12] Let (X, <) be a partially ordered set and A and B be closed subsets
of X with X =AU B. Let f,g : X — X be two mappings. The pair (f,g) is said to be (4, B)-
weakly increasing if fx < gfx, for all x € A and gy < fgy, for all y € B.

In [13], Hussain et al. introduced the notion of ordered cyclic weakly (v, ¢,L,A, B)-
contractive pair of self-mappings as follows.

Definition 1.19 [13] Let (X, <,d) be an ordered b-metric space, let f,g: X — X be two
mappings, and let A and B be nonempty closed subsets of X. The pair (f,g) is called an
ordered cyclic weakly (¥, ¢, L, A, B)-contraction if
(1) X =AUBisa cyclic representation of X w.r.t. the pair (f, g); that is, fA € B and
gBCA;
(2) there exist two altering distance functions ¥, ¢ and a constant L > 0, such that for
arbitrary comparable elements x,y € X with x € A and y € B, we have

¥ (s%d(fx.gy) < ¥ (M%) — o(Ms(x,9)) + Ly (N (x,)),
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where

Mi(x,y) = maX{d(x,y), d(x,fx),d(y,gy), dx,gy) + A, fx) }

2s

and

N(x,) = min{d(x, fx), d(y,gy), d(x,gy), d(y, ) }.
Also, in [13] the authors proved the following results.

Theorem 1.20 [13] Let (X, <,d) be a complete ordered b-metric space and A and B be
closed subsets of X. Let f,g : X — X be two (A, B)-weakly increasing mappings with respect
to <. Suppose that:

(a) the pair (f,g) is an ordered cyclic weakly (, ¢, L, A, B)-contraction;

(b) f or g is continuous.

Then f and g have a common fixed point u € AN B.

An ordered b-metric space (X, <,d) is called regular if for any nondecreasing sequence
{x,} in X such that x,, - x € X, as n — 00, one has x, < x for all » € N.

Theorem 1.21 [13] Let the hypotheses of Theorem 1.20 be satisfied, except that condition
(b) is replaced by the assumption
(b') the space (X, =,d) is regular.

Then f and g have a common fixed point in X.

In this paper, first we prove some fixed point results for «-admissible mappings in the
context of partial b-metric spaces. Then we express some common fixed point results for

cyclic generalized almost contractive mappings. Our results extend and generalize some
recent results in [4] and [13]. In fact, they are cyclic variants of the results in [4].

2 Fixed point results via a-admissible mappings in partial b-metric spaces
Samet et al. [14] defined the notion of «-admissible mappings and proved the following

result.

Definition 2.1 [14] Let T be a self-mapping on X and o : X x X — [0, 00) be a function.
We say that T is an «-admissible mapping if

xyeX, axy)>1 = o(lx,Ty)>1

Denote by W’ the family of all nondecreasing functions v : [0,00) — [0, 00) such that
Zflozl Y"(t) < oo for all £ > 0, where " is the nth iterate of .

Theorem 2.2 [14] Let (X, d) be a complete metric space and T be an a-admissible map-
ping. Assume that

a(x,9)d(Tx, Ty) < ¥ (d(x,9)) (2.1)
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where ¥ € V'. Also, suppose that the following assertions hold:
(i) there exists xy € X such that a(xg, Txg) > 1;
(ii) either T is continuous or for any sequence {x,} in X with a(x,,x,41) > 1 for all
n € NU {0} such that x, — x as n — oo, we have a(x,,x) > 1 for all n € N U {0}.
Then T has a fixed point.

We now recall the concept of (c)-comparison function which was introduced by Berinde
[15].

Definition 2.3 (Berinde [15]) A function ¢ : [0, 00) — [0, 00) is said to be a (c)-comparison
function if

(c1) ¢ is increasing,
(c2) there exist ko € N, a € (0,1), and a convergent series of nonnegative terms Y po; vk
such that o**1(£) < a@*(¢) + vk, for k > ko and any ¢ € [0, 00).

Later, Berinde [16] introduced the notion of (b)-comparison function as a generalization

of a (c)-comparison function.

Definition 2.4 (Berinde [16]) Lets > 1 be a real number. A mapping ¢ : [0, 00) — [0, 00)
is called a (b)-comparison function if the following conditions are fulfilled:
(1) ¢ is monotone increasing;
(2) there exist kg € N, a € (0,1), and a convergent series of nonnegative terms > -, vk
such that s*1o**1(¢) < asf @k (t) + vy, for k > ko and any ¢ € [0, 00).

Let W, be the class of (b)-comparison functions ¢ : [0,00) — [0, 00). It is clear that the
notion of (b)-comparison function coincides with (c)-comparison function for s = 1.
We now recall the following lemma, which will simplify the proofs.

Lemma 2.5 (Berinde [17]) If ¢ : [0,00) — [0,00) is a (b)-comparison function, then we
have the following.
(1) the series Y o s " (t) converges for any t € R;
(2) the function by : [0,00) — [0,00), defined by bs(t) =Yz, sk@X(2), t € [0,00), is
increasing and continuous at 0.

Theorem 2.6 Let (X, p;) be a pp-complete partial b-metric space, f be a continuous o-
admissible mapping on X, there exists xo € X such that o(xg,fxo) > 1 and if any sequence
{x,} in X pp-converges to a point x, where a(x,, x,,1) > 1 for all n, then we have a(x,x) > 1.
Assume that

sa(x, y)pp(fx, fy) < 1/f(Ms(x,y)) (2.2)

forall x,y € X, where € V), and

d(x, d(fx,
Mi(x,y) = max{d(x,y),d(x,fx), aw.fy), W }

Then f has a fixed point.
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Proof Let xg € X be such that a(xo,fxo) > 1. Define a sequence {x,} by x, = f"x, for all
n € N. Since f is an a-admissible mapping and «/(xo,x;1) = a(xo,fxo) > 1, we deduce that
a(x1,%2) = afxo, fx1) > 1. Continuing this process, we get that a(x,,x,.1) > 1 for all n €
NuU{0}.

Now, we will finish the proof in the following steps.

First, we prove that

pb(xn)xnﬂ) < 1ﬁ(pb(xn—ln":n)); (23)
foreachn=1,2,3,....
If x, = %41, for some #n € N, then x,, = fx,,. Thus, x, is a fixed point of f. Therefore, we

assume that x,, # x,,,1, foralln € N,

Using condition (2.2) as a(x,_1,%,) > 1 for all n € NU {0}, we obtain
Db (% K1) < S (X1, %0)P6 (15 fn) < W (M(%1-1, %))
Here,
M (X1, %)
1
= max pb(xn—l: xn)jpb(xn—hfxn—l);pb(xmfxn)y z [ph(xn—lyfxn) +pb(xmfxn—l)]
1
= max y pp(Xn-1,%n)> Pb(Xn-1,%n)> Db (Xn> %41), % (2601, %1) + Do %) ]
< max {pb(xn—ly xn):pb (% Xps1) }
If py (%, %ni1) = Po(Xn-1,%,), then
M(%y_1, %) Spb(xm Xns1))
which yields

Db % %) < V(P (s Xn11)) < Db K K1)

a contradiction.

Hence,

Pb (xl’ll xn+1) < 1# (pb(xn—lr xn))

So (2.3) holds.

By induction, we get

pb(xn:xrﬁl) =< 1p(pb(xn—lx xn))
<Y (Do (Fn-2%n1)) < -+ < " (o0, %1)). (2.4)

Page 7 of 26
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Then, by the triangular inequality and (2.4), we get

2 —-n-1
Db X %) < 5P K Xns1) + 8" Pp(Kps1s Xa2) + - + 8" pp(Km_1s %)

-2

3

IA

shlyk (25 (%0,%1))

e 10

IA

Sklﬁk(Pb(xo,M)) — 0,

=~
Il
=

as 1 — o0.

Since {x,} is a p,-Cauchy sequence in the p,-complete partial b-metric space X, from
Lemma 1.9, {x,} is a b-Cauchy sequence in the b-metric space (X, d,,). p,-Completeness
of (X, pp) shows that (X, d),) is also b-complete. Then there exists z € X such that

nll)rgo dy, (x4, 2) = 0. (2.5)
Since lim,y, ;- 00 Pp (X1, %1,) = 0, from Lemma 1.9
lim py(xy,2) = lim  pp(xn, xm) = ps(z,2) = 0. (2.6)
n—00 m,n— 00
From the continuity of f we have

Jim py51.1,12) = (faf2)

and hence we get
pi(z.f2) < lim spy(z,%,11) + Tim spp(xs1,f2) = spy(fz. f2)-

So, we get py(z,fz) < spp(fz,fz). As a(z,z) > 1, we have

Pu(2.f2) + pu(fz, 2) })

Pi(2.f2) < salz, 2)pu(fz, fz) < ¥ (maX{ (2, 2), pp (2. f2), pi (2. f2), P

Hence, py(z,fz) < ¥ (pi(z,fz)). Thus, pp(z,fz) = 0, that is, z = fz. d

In Theorem 2.6, we omit the continuity of the mapping f and we replace a(x,,x) > 1
instead of «(x,x) > 1 and rearrange it as follows.

Theorem 2.7 Let (X, py) be a py-complete partial b-metric space and f be an a-admissible
mapping on X such that

sa(x, y)pp(fx, fy) < W(Ms(x,y)) (2.7)

forall x,y € X, where € V. Assume that the following conditions hold:
(i) there exists xo € X such that a(xo,fxo) > 1;
(i) if {xn} is a sequence in X such that a(x,,%,,1) > 1 for all n and x,, — x as n — oo,
then a(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.
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Proof Let x5 € X be such that a(xg,fxo) > 1 and define a sequence {x,} in X by x, =
f"x0 = fx,1 for all n € N. Following the proof of Theorem 2.6, we have «(x,,%,,1) > 1
for all » € N U {0} and there exists z € X such that x,, — z as n — oo which p,(z,z) = 0.
Hence, from (ii) we deduce that a(x,,z) > 1 for all » € N U {0}. Therefore, by (2.7), we
obtain

P (12, Xni1) < 5%, 2)p1(f2, fn) < V¥ (Mi(2,%,)).

Here,

1
M) - max{ P1les) Dol ) s fin) 5[l i) + Pt z)]}
= max {pb(z, %n)s Pb(2,12), P (%ns X 11), zis[pb(z, Xne1) + P (X f2) | }

Taking the upper limit as # — oo in the above inequality from Lemma 1.13 we ob-
tain

S[%Pb(fz: Z)] < slimsup p,(fz, fx,) < w(lim sup M;(z, xn)> < ¥ (po(z.f2),

which implies that z = fz. g

Definition 2.8 [18] Let f: X — X and o : X x X — R. We say that f is a triangular «-
admissible mapping if

(T1) a(x,y)>1implies a(fx,fy) >1,x,y € X,

(T2) {Zi:;;; implies a(x,y) > 1, x,y,z € X.
Example 2.9 [18] Let X = R, fx = ¥x, and a(x, y) = "7, then f is a triangular a-admissible
mapping. Indeed, if a(x,y) = € > 1, then » > y which implies that fx > fy, that is,

alfx,fy) = €9 > 1. Also, if { ZE:;;;, then {::;ig, that is, x — y > 0 and therefore a(x,y) =
e >1.

Example 2.10 [18] Let X = R, fx = ¢, and a(x, y) = 3/x—y + 1. Hence, f is a triangular
a-admissible mapping. Indeed, if a(x,y) = 5/x—y + 1 > 1 then x > y which implies that

fx > fy, thatis, a(fx, fy) > 1.

Moreover, if { 55>}, then x — y > 0 and hence a(x,y) > 1.

a
a

Example 2.11 [18] Let X = [0,00), fx = x* + In(x? + 1), and

Then f is a triangular «-admissible mapping. In fact, if

x?: yS

1+x3 »3+1

a(x,y) =
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then x > y. Hence, fx > fy, that is, a(fx, fy) > 1. Also,

3 3 3 3
x z z y
ax,z) +alz,y) = - +1+ -
(,2) + a(z) 1+a% 22+1 1+22 »¥+1
3 3 3 3
x x
= _ Y 4a<2 A =2¢a(x, y).
1+a3 p3+1 1+a3 p3+1

x,2) =1
z,y) =17

Thus, a(x,z) + «(z,y) < 2a(x,y). Now, if { “E then a(x,y) > 1.

o

Example 2.12 [18] Let X = R, fx = x> + 7/, and a(x,y) = x> —y° + 1. Then f is a triangular

a-admissible mapping.

Lemma 2.13 (18] Let f be a triangular a-admissible mapping. Assume that there exists
x0 € X such that a(xo,fxo) > 1. Define the sequence {x,} by x,, = f"xo. Then

Xy x,) =1 forallm,n e Nwithm < n.

A mapping ¥ : [0,00) — [0,00) is called a comparison function if it is increasing and

¥"(¢) — 0, as n — oo for any ¢ € [0, 00).

Lemma 2.14 (Berinde [15], Rus [19]) If ¥ : [0,00) — [0,00) is a comparison function,
then:

(1) each iterate ¥ of r, k > 1, is also a comparison function;

(2) V¥ is continuous at 0;

(3) ¥(t)<t, foranyt>O0.

Denote by W the family of all continuous comparison functions ¥ : [0, 00) — [0, 00).
In the sequel, ¥ € ¥, o : X x X — [0, 00) is a function and

My(x,) = max {pb (590 D19 - [PoCef) + ol f)] }

Theorem 2.15 Let (X, py) be a py-complete partial b-metric space, f be a continuous tri-
angular o-admissible mapping on X, there exists xo € X such that a(xo, fxo) > 1 and if any
sequence {x,} in X pp-converges to a point x, where «(x,,x,.1) > 1 for all n, then we have

a(x,x) > 1. Assume that

sa (%, y)po (%, fy) < ¥ (M(x,)) (2.8)
forallx,y € X. Then f has a fixed point.

Proof Let xg € X be such that a(xo,fxo) > 1. Define a sequence {x,} by x, = f"x, for all
n € N. Since f is an a-admissible mapping and «/(xo,x;) = a(xo,fxo) > 1, we deduce that
a(x1,x2) = a(fxo, fx1) > 1. Continuing this process, we get (%, x,,4,1) > 1 for all n € NU {0}.
Now, we will finish the proof in the following steps.
Step L. We will prove that

lim pb(xn:xm-l) =0.

n—00


http://www.journalofinequalitiesandapplications.com/content/2014/1/345

Latif et al. Journal of Inequalities and Applications 2014, 2014:345 Page 11 of 26
http://www.journalofinequalitiesandapplications.com/content/2014/1/345

First, we prove that

pb(xn:xn+1) < 1ﬁ(pb(xn—lrxn))¢ (29)
foreachn=1,2,3,....
If x,, = x,41, for some # € N, then %, = fx,,. Thus, x, is a fixed point of f. Therefore, we

assume that x,, # x,,,1, for all » € N.
Using condition (2.8) as «(x,,1,%,) > 1 for all » € NU {0}, we obtain

Db (% X)) < S (X1, %0)P6 (15 fn) < W (M(X-1, %))
Here,
M (xn—lr xn)

= max { P (K15 %n)s Do En1, fXn-1)s P (K f)s % (26 @1, fen) + Db (Xons fn-1) ] }

- maX{ Pbn-1,%1)s Db %1, %), Db (X K1), %[pb(xn—bxm-l) + pb(xmxn)]}
< max{pp(Fn-1,%n)s Pb(Kns Xns1) }-
If pp (%, %041) = pp(*n-1,%4), then
M(%4-1,%1) < Po(Xn, Xn41),
which yields

Spb(xn:xn+1) < w(pb(xmxnﬂ)) <pb(xmxn+1)r

a contradiction.

Hence,

P (X Xni1) < V(P (K1, %))

So (2.9) holds.
By induction, we get

Pon %) < VY (D6 &n_1,%1)) < V2 (6 Kn2s0-1)) < -+ < Y (po (w0, %1)). (2.10)

As i € ¥, we conclude that

lim pj (%, %41) = 0. (2.11)
n—00

So by (ps2) we get
lim py(x,,%,) = 0. (2.12)

n—00
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Step II. We will show that {x,,} is a p,-Cauchy sequence in X. For this, we have to show
that {x,} is a b-Cauchy sequence in (X, d,,) (see Lemma 1.9). Suppose the contrary; that
is, {x,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find two
subsequences {x,,,} and {x,,} of {x,} such that #; is the smallest index for which

ni>m;>i and  dy, (X, %) > €. (2.13)
This means that
Ay, (Kmyr Xni—1) < €. (2.14)
From (2.13) and using the triangular inequality, we get

&= dpb (xm,-yxn,-) = Sdpb (xmixxni—l) + Sdpb (xn,-—b xn,—)~

Using (2.11), (2.12), and from the definition of d,,, and (2.14), and taking the upper limit

as i — 00, we get

£ < limsupdy, (1) < . (2.15)
S i—00

Also,
e < liimglfdpb (X %) < limsup dp, (X, %) < €. (2.16)

- i—~o00

Further,
¢ < limsup dp, (Xm;+1,%n;) < ste (2.17)
N i—00

and
lim Sup dp;, (X415 %n-1) < S€. (2.18)

i—>o00

On the other hand, by the definition of d,, and (2.12)

lim sup d, (Xm;» %n,—1) = 21im sup pp (X, X,-1)-
i—00 i— 00

Hence, by (2.15),

e ) &
— < limsup pp (X, %n,-1) < =. (2.19)
2s i—00 2

Similarly,
& .. . se
= < liminfpy(x,,,,x,,) < limsup pp Xy, %,,) < —, (2.20)
2 i 00 i i o0 i i 2
e . s’e
— <limsup pp (X +1,%n;) < —, (2.21)
2s i—00 ' ! 2
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and

. s€
lim Suppb(xm,'+l’xni—l) = (222)

i— 00
From (2.8) and Lemma 2.13 as o(%,,, X,-1) > 1, we have
Spb(xmi+1:xni) = Sa(xmirxni—l)pb(fxmirfxni—l) = w(Ms(xmi:xni—l))f (223)

where

MS (xml,, xni,l) = max {Pb (xmi’ xnifl);pb (xmi rfxmi)ypb(xni—l:fxni—l)r

P Xy fXn1) + Po (X Xny—1) }
2s

= max {pb (xmlv xm—l);pb (xmir xmﬁl);pb (xn,'—l) xni);

(2.24)

Pb X %) + PbEi41, %ni-1) }
2s '

Taking the upper limit as i — oo in (2.24) and using (2.11), (2.19), (2.20), and (2.22), we

get

lim sup M (%,,;, %4,-1) = max { lim sup pp(Xm;> %4,-1), 0, 0,

i—00 i—00

lmsup,_, o Pp(Xm;» Xn;) + HMsup;_, oo Pp(Xpm, 415 ;1) }
2s

g =15 e

< max{-,—2—}=2. (2.25)
2" 2s 2

Now, taking the upper limit as i — oo in (2.23) and using (2.21) and (2.25), we have

& &
s— < slimsup pp(Xm;+1,%n;) < 1/f<lim supMs(xm,-,xni_ﬂ) <=,
2s i—00 i—00 2

a contradiction.

Step III. There exists z such that fz = z.

Since {x,} is a pp-Cauchy sequence in the p,-complete partial b-metric space X, from
Lemma 1.9, {x,} is a b-Cauchy sequence in the b-metric space (X, d,,). p,-Completeness
of (X, pp) shows that (X, d,,) is also b-complete. Then there exists z € X such that

lim d,, (x,,2) = 0. (2.26)
n— o0
Since limy,; y— 00 dp, (X4, %) = 0, from the definition of d,, and (2.12), we get
lim  py(x,, %) = 0.

Again, from Lemma 1.9,

lim py(z,%,) = 1lim_py (%, %) = py(2,2) = 0. (2.27)

n—00
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From the continuity of f we have

nlingopb(xn+1’fz) =Db (fz,fz)

and hence we get

Pz, fz) < WILTO $pu(2, Xpi1) + nlirgo $py(Xni1,/2) = spufz, f2).
So, we get py(z,/z) < spp(fz,fz). As a(z,z) > 1, we have

Pu(2.fz) < sa(z, 2)pp(fz,fz)

<y <max{pb(z, 2), po(2.f2), po (2. f2), po(&f2) + po(fz.2) })

2s
Hence, py(z,fz) < ¥ (ps(z,fz)). Thus, pp(z,fz) = 0, that is, z = fz. O
If in Theorem 2.15 we take a(x,y) = 1 then we deduce the following corollary.

Corollary 2.16 Let (X, py) be a p,-complete partial b-metric space and f be a continuous
mapping on X. Assume that

spo(fx, fy) < ¥ (M(x,9)) (2.28)
forallx,y € X. Then f has a fixed point.

In Theorem 2.15, we omit the continuity of the mapping f and we replace a(x,,x) > 1
instead of «(x,x) > 1 and rearrange it as follows.

Theorem 2.17 Let (X, pp) be a pp-complete partial b-metric space and f be a triangular
a-admissible mapping on X such that

s (%, y)p(f, fy) < ¥ (Mi(x,)) (2.29)

forall x,y € X, where € V. Assume that the following conditions hold:
(i) there exists xg € X such that a(xo,fxo) > 1;
(il) if {x,} is a sequence in X such that a(x,,%x,.1) > 1 for all n and x,, — x as n — oo,
then a(x,,x) > 1 for all n € NU {0}.
Then f has a fixed point.

Proof Let xg € X be such that «(xo,fxo) > 1 and define a sequence {x,} in X by x, = f"xo =
fx,1 for all n € N. Following the proof of Theorem 2.15, we have a(x,,x,,1) > 1 for all
n € NU {0} and there exists z € X such that x, — z as n — 0o which p(z,z) = 0. Hence,
from (ii) we deduce that a(x,,z) > 1 for all n € NU {0}. Therefore, by (2.29), we obtain

P (2o %na1) < 50 (%, 2)po(f2, fn) < U (M (2, %))

Page 14 of 26
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Here,
M) - max{ P1les) Dol ) s fin) 5[l i) + ot z)]}
= max {pb(z, %n)s Pb(2,12), P (%ns X 11), Zis[pb(z, Xne1) + P (X f2) | }

Taking the upper limit as # — oo in the above inequality from Lemma 1.13 we obtain

s[%pb(fz, z)] < stimsuppy (fz,fir) < ¥ (limsup My(z,50)) < ¥ (p(2.2),

which implies that z = fz. g

Example 2.18 Let X = [0,1] and p;(x,7) = |x — y|?> be a pp-metric on X. Define f : X — X
by fx =In(3 +1) and o : X x X — [0, 00) by

) = 1L if(xy) 0,1 x[0,1],

0, otherwise,

and ¥ (f) = é for all £ € [0, 00). Now, we prove that all the hypotheses of Theorem 2.17 are
satisfied and hence f has a fixed point.

First, we see that (X, p) is a p,-complete partial b-metric space. Let x,y € X. If a(x, y) >
1, then &,y € [0, i]. On the other hand, for all x € [0,1], we have fx < 7 < i and hence
a(fx,fy) = 1. This implies that f is a triangular «-admissible mapping on X. Obviously,
a(0,£0) =1.

Now, if {x,,} is a sequence in X such that «(x;,x,,1) =1 for all » € NU {0} and x,, — x as
n— 00, it is easy to see that a(x,,x) = 1.

Using the Mean Value Theorem for the function fx = In(3 + 1) for any x,y € X, we have

sat (%, )P (f, fy) < spo(f, f) = 2|fx — fy)?

ln<f + 1) —ln(Z + 1)
4 4

< %Ix—yl2 =¥ (pp(x,9)) < ¥ (M(x,9)).

2
=2

Thus, all the conditions of Theorem 2.17 are satisfied and therefore f has a fixed point
(z=0).

3 Common fixed points of generalized almost cyclic weakly

(¥, @, L, A, B)-contractive mappings
In this section, we consider the notion of ordered cyclic weakly (y, ¢, L, A, B)-contractions
in the setup of ordered partial b-metric spaces and then obtain some common fixed point
theorems for these cyclic contractions in the setup of complete ordered partial b-metric
spaces. Our results extend some fixed point theorems from the framework of ordered
metric spaces and ordered b-metric spaces, in particular Theorems 1.20 and 1.21.
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We shall call an ordered partial b-metric space (X, <,p;) regular if for any nonde-
creasing sequence {x,} in X such that x, — x € X, as » — o0, one has x, < x, for all
neN.

Definition 3.1 Let (X, <, p;) be an ordered partial b-metric space, let f,g : X — X be two
mappings, and let A and B be nonempty closed subsets of X. The pair (f,g) is called an
ordered cyclic almost generalized weakly (¥, ¢, L, A, B)-contraction if
(1) X =AU B isa cyclic representation of X w.r.t. the pair (f,g); that is, fA € B and
gBCA;
(2) there exist two altering distance functions ¥, ¢ and a constant L > 0, such that for

arbitrary comparable elements x,y € X with x € A and y € B, we have

V(o (fegy) < ¥ (Ms(x,9)) — 0 (Ms(x,9)) + Ly (N(x,9)), (31)

where

M;(x,y) = max {pb(x,y),pb(x,fx),pb(%gy),p o8y );p o0, f%) } (3.2)
and
N(x,y) = min{dph (%.fx), dp, (%, 2Y)> dp, (3, f%), U”gy)}' (3.3)

Theorem 3.2 Let (X, <, py) be a py-complete ordered partial b-metric space and A and B
be two nonempty closed subsets of X. Let f,g : X — X be two (A, B)-weakly increasing map-
pings with respect to <. Suppose that the pair (f,g) is an ordered cyclic almost generalized
weakly (¥, ¢, L, A, B)-contraction. Then f and g have a common fixed point z € A N B.

Proof First, note that u € A N B is a fixed point of f if and only if u is a fixed point of g.
Indeed, suppose that u is a fixed point of f. As u < u and u € A N B, by (3.1), we have

¥ (po(u,gu)) = v (s°po(fur, gu))

<y (max {m(u, 10, i), 0, 5 (ot ) + (s i) })

2s
1
-9 <maX {Pb(u» 10), ot i), P (1 g1, > (o (u, gus) + py(us, fur) ) })
+L min{dpb(u,gu), dpb(u,fu)}
= U (o, gu)) — (o (u, gu))
<Y (spo(u, gu)) — o (p (1, gu)).
It follows that ¢(p,(u, gu)) = 0. Therefore, pj (1, gu) = 0 and hence gu = u. Similarly, we can
show that if « is a fixed point of g, then u is a fixed point of f.

Let xo € A and let x1 = fx. Since fA C B, we have x; € B. Also, let x, = gx;. Since gB C A,

we have x, € A. Continuing this process, we can construct a sequence {x,} in X such that
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Xonsl = fXon, Xonsa = o1, X2n € A and x4 € B. Since f and g are (A, B)-weakly increasing,

we have

X1 =fxo X gfxo =%y = gx1 < fgx1 = x3 < X W1 = fRon XG0y = Xopan <00

If x5, = %9441, for some n € N, then xy,, = fx,,. Thus x5, is a fixed point of f. By the first
part of the proof, we conclude that x,, is also a fixed point of g. Similarly, if x5,,,1 = %242,
for some n € N, then x5,,,1 = gx2,,41. Thus, x7,,41 is a fixed point of g. By the first part of the
proof, we conclude that x,,,,; is also a fixed point of f. Therefore, we assume that x,, # x,,,1,
for all # € N. Now, we complete the proof in the following steps.

Step 1. We will prove that

lim pb(xn,xwrl) =0.
n—0oQ
As x5, and xy,,,; are comparable and x,, € A and xy,,,1 € B, by (3.1), we have

14 (Pb (x2n+1:x2n+2)) <y (Szpb (20415 x2n+2))
= W (SZPb(fongZnJrl))

< U (M (%2 %2ne1)) — @ (M2 X2001)) + LY (N (2, %2041))

where

M(X2, X2441) = Max {Pb (%205 %21141)> Db K20, fXon)s Pb (K241, 8X02011)s

P X2n41) + Po(Xon, §¥2041) ]
2s

pb(x2n+lyx2n+1) +pb(x2mx2n+2) }

= max{pb(xZ;ﬂx2n+1):pb(x2n+1’x2n+2)y %

=< max{pb(mex2n+1)7pb(x2n+17x2n+2)r

S[Pb(xzn,xznu) +pb(x2n+1:x2n+2)] }
2s

= max {pb (%215 x2n+1);Pb (%241, X242) }

and

N(x2m x2n+1) = min{dpb (mefon); dpb (x2nrgx2n+l)¢ dpb (x2n+1;fx2n): dpb (x2n+1’gx2n+l) }
= min { dph (X2 X241)5 dpb (%215 %2042)5 dph (Xon+1, X2n41)5 dpb (X241, X21142) }

=0.
Hence, we have

Y (Do (F2n11, X2ns2)) < ¥ (max{py (20 %2041) Db K241, %2042) })

- (maX {pb(x2nr x2n+1)ypb(x2n+lt x2n+2) }) . (34')
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If

max {pb(x2nrx2n+1)rpb(x2n+lrx2n+2)} = Pr(X2ne1, X2n42)5

then (3.4) becomes

4 (Pb (x2n+l’x2n+2)) <y (Pb (x2n+1’x2n+2)) - <P(Pb (x2n+1:x2n+2))
<y (pb(x2n+l) x2n+2))r

which gives a contradiction. So,

max {pb(xZn)x2n+1)ypb(x2n+1)x2n+2)} = pu(Xons X2n41)

and hence (3.4) becomes

4 (Pb (x2n+l:x2n+2)) <y (Pb (%20, x2n+1)) - ‘p(pb(xZn’erHl))
< ¢(Pb(x2n:x2n+1))~ (35)

Similarly, we can show that
¥ (Db (Xans1, %20)) < W (D62 Xano1))- (3.6)

By (3.5) and (3.6), we see that {d(x,,x,,1) : n € N} is a nonincreasing sequence of positive
numbers. Hence, there is ¥ > 0 such that

lim py (%, Xp11) = 1.

n—oQ
Letting n — o0 in (3.5), we get

Y (r) <Y (r) - (r),
which implies that ¢(r) = 0 and hence r = 0. So, we have

lim pb(xmxn+l) =0. (37)

Step 2. We will prove that {x,} is a p,-Cauchy sequence. Because of (3.7), it is sufficient

to show that {x,} is a p,-Cauchy sequence. By Lemma 1.9, we should show that {x,,} is
b-Cauchy in (X, d,,). Suppose the contrary, i.e., that {x,,} is not a b-Cauchy sequence in
(X, dp,). Then there exists & > 0 for which we can find two subsequences {xy,,} and {x2,,}
of {x,,,} such that #; is the smallest index for which

m>m;>i and  dy, (Xom; Xom;) > €. (3.8)

This means that

Ay, (X2m;s X2n—2) < €. (3.9)
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From (3.8) and using the triangular inequality, we get
e =< dpb (mei: xZni) = Sdpb (x2mir x2m,~+1) + Sdpb (x2mi+l: xZn,‘)~
Using (3.7) and from the definition of d,, and taking the upper limit as i — oo, we get

- < K up dy, G 1 2 (3.10)
On the other hand, we have
Apy, (Kom;s X2n,-1) < 8, (Komys Xon;—2) + 8Ap, (X2n,-2, X05;-1)-
Using (3.7), (3.9), and taking the upper limit as i — oo, we get
lim Sup dp, (X2m;» X2n;-1) < €8. (3.11)
i—>o00

Again, using the triangular inequality, we have

dpb (meir x2ni) = Sdpb (x2mi: xZni—Z) + Sdph (x2ni—2r xZn,-)

2 2
< 8y, Ko Xonj—2) + S~ Ay, (Xon—25 Xon,—1) + 8" Ay, (X2n,-15 X2n;)
and
Ay, (X2m;+15 %2n,-1) < SAyy, (X2, 415 X2m;) + Ay, (X2m;s Xon,—1)-

Taking the upper limit as i — oo in the above inequalities, and using (3.7), (3.9), and (3.11)

we get
lim sup dp, (Xom;» Xon;) < €8 (3.12)
i>o00
and
lim sup dp;, (X2m;+1, X2m;-1) < s’ (3.13)
i>o00

From the definition of d,,, and (3.7), (3.10), (3.11), (3.12), and (3.13) we have the following

relations:

& ..

—= llmlnfpb(x2mi+11x2ni)7 (314)

2s i—00

. s€

lim sup py (x2m; ¥2m-1) < = (3.15)
i—00

. s€

lim sup pp (X2, %2n;) < > (3.16)
i—00 2

. s’e

lim sup pp (¥osm;+1, %2m,-1) < - (3.17)

1— 00
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Since x,,; € A and x,,,_; € B are comparable, using (3.1) we have

w(szpb(x2mi+1: x2n,-))
= ¥ (s*Po(Foom;» ¥oni1))
< VU (Mo %am-1)) = @ (Mo X2m,-1)) + LY (N Koy %2,-1) ) (3.18)

where

Ms(mei;xZni—l) = max {Pb(me,vyx2n,v—1)rpb(x2mi’x2m,~+1):Pb(x2n,'—l;x2ni)x

pb(meprn,v) +pb(x2m,'+1;x2ni—1) (3.19)
2s ’
and
N(me,'r x2ni—1) = min{dpb (me,' rforni )x dpb (x2mi:gx2ni—1)’ dpb (x2ni—l’fx2mi)r
dpb (xZVli—l’ngHi—l)}
= min{dpb (me,- ’ x2mi+1)) dpb (x2m,- »X2m; ) de (xZn,-fly x2mi+1);
dph (xZVti—lerni)}' (320)

Taking the upper limit in (3.19) and (3.20), and using (3.7) and (3.14)-(3.17), we get

lim sup M (%2, ¥2,-1) = max { lim sup pp(X2,m;» ¥21,-1), 0, 0,
i—o0 i—00

limsup;_, o, Pp(X2m;> X2n,) + imsup;_, o ppK2m;+15 %20;-1)
2s

se 8S+852 SS
< max{ —, —2 = — (3.21)
2 2s

and

lim sup N (%2,,;, X2,1,-1) = 0. (3.22)

i—o00

Now, taking the upper limit as i — oo in (3.18) and using (3.14), (3.21), and (3.22), we have

w(f) =y <52£) < ¢<s2 lim suppb(xzmi+1,xzni)>

2 2s i—o00
= w <hm SupMs(mei» x2ni—1)> -¢ <11m inst (x2mir x2ni—1)>
i—00 i—o00
se ..
<y (—> 4 (hm lnst(xZWl,'»xZni—l)>,
2 i—o00

which implies that ¢(liminf;_, oo M(%2,;, %24,,-1)) = 0. By (3.19), it follows that

liminf py (X2m;, %2s;) = 0,
1— 00
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which is in contradiction with (3.8). Thus, we have proved that {x,} is a b-Cauchy sequence
in the metric space (X, d,,). Since (X, pp) is pp-complete, from Lemma 1.9, (X, d,,) is a b-
complete b-metric space. Therefore, the sequence {x,} converges to some z € X, that is,
limy,—, o0 dp,, (%4, 2) = 0. Since limy,; y— 0o dp, (X ¥m) = 0, from the definition of d,, and (3.7),

we get

lim  py(x,, %) = 0.

m,n— 00

Again, from Lemma 1.9,
lim py(2,%,) = lim_py(xn, Xm) = pp(2,2) = 0.
n—00 m,n— 00
Step 3. In the above steps, we constructed an increasing sequence {x,} in X such that
x, — z, for some z € X. As A and B are closed subsets of X, we have z € A N B. Using the

regularity assumption on X, we have x, < z, for all n € N. Now, we show that fz = gz = z.
By (3.1), we have

Y (S P (2041,82)) = ¥ (8o (fo2n, 82))
< ¥ (My(%21,2)) — @ (M(%20, 2)) + LY (N (%20, 2)), (3.23)

where

(21, 2) + P (fX2n, 2)
Ms(xZn) Z) =max {Pb(meZ),Pb(x2mfx2n),l7b(Z,gz);pb & pb(f 2

2s
- max{pb(xzmz), Dol 5200 e g2), P28 D1l ) } (3:24)
and
N (%24,2) = min{d,,, %o, o), dp, (2,82), Ay, (2, f%20), A, (%20, 82) }
= min{dpb (X2 X2n41)s Ay (2, 82), Ay, (2, X2141)5 A, (xgn,gz)}. (3.25)
Letting n — 00 in (3.24) and (3.25), and using Lemma 1.13, we get
lim sup M;(xo,, z) < max {ph (z,82), w } = pi(z,g2), (3.26)

and N(x,,,z) — 0. Now, taking the upper limit as # — oo in (3.23), and using Lemma 1.13
and (3.26) we get

n—00

v (spb (z,gz)) =y (sz %pb (z, gz)> <y <s2 lim suppb(x2n+1,gz)>

< v (tim sup M (4200 2)) - o (lim inf M, (32,,2))

n— 00

<Y (spr(z.g2) - go(linrgicngs(xg,,,z)).
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It follows that p(liminf,,_, o M;(x2,,2)) = 0, and hence, by (3.24), that p,(z,gz) = 0. Thus, z
is a fixed point of g. On the other hand, from the first part of the proof, fz = z. Hence, z is
a common fixed point of / and g. d
Theorem 3.3 Let (X, <, pp) be a py-complete ordered partial b-metric space and A and B

be nonempty closed subsets of X. Let f,g : X — X be two (A, B)-weakly increasing mappings
with respect to <. Suppose that

U (s*po(figy)) = ¥ (Mi(x,9) = @ (Mi(.). (3:27)
Also, let f and g be continuous. Then f and g have a common fixed point z € A N B.

Proof Repeating the proof of Theorem 3.2, we construct an increasing sequence {x,} in X

such that x,, — z, for some z € X. As A and B are closed subsets of X, we have z € AN B.

Now, we show that fz =gz =z.
Using the triangular inequality, we get

Po(2.f2) = spp(2, fean) + spp(fon fz)
and
Pb(2,82) =< spp(2, gxons1) + $Pb(g¥2n41,42)-
Letting n — oo and using continuity of f and g, we get

Pz, fz) < s lim pp(z, fro,) + s Um py(fao,, fz) = spu(fz.fz),
n—00 n— o0

pi(2,g2) =5 im py(z,gx2nn1) +5 im pp(gxan1,g2) = spp(g2,82).
Therefore,

max{pb(z,fz),pb(z,gz)} < max{spb(fz,fz),spb(gz,gz)} < s’ py(gz.f2). (3.28)
From (3.27) as z € A N B, we have

v (S°pu(fz,82)) < ¥ (Ms(z,2)) — 9 (M;(z,2)), (3.29)

where

pv(2,82) + pi (2, f2) }

Mi(z,z) = max {Pb (z,2), pb(2.f2), Pb(2, 82), P

= max{pb(Z,fZ),pb(Z»gZ)}~
As ¥ is nondecreasing, we have s’p,(fz,gz) < max{py(z.f2), p»(2,g2)}. Hence, by (3.28)

we obtain s?p,(fz,gz) = max{p,(z,fz), p»(z,g2)}. But then, using (3.29), we get ¢(M;(z,
z)) = 0. Thus, we have fz = gz = z and z is a common fixed point of f and g. O
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As consequences, we have the following results.

By putting A = B = X in Theorems 3.2 and 3.3 and L = 0 in Theorem 3.2, we obtain the
main results (Theorems 3 and 4) of Mustafa et al. [4].

Taking ¢ = (1-6)¥, 0 <8 <1in Theorem 3.2, we get the following.

Corollary 3.4 Let (X, <, pp) be a py-complete ordered partial b-metric space and A and
B be closed subsets of X. Let f,g : X — X be two (A, B)-weakly increasing mappings with
respect to <. Suppose that:

(a) X =AUB s a cyclic representation of X w.r.t. the pair (f,g);
(b) there exist 0 <8 <1, L >0, and an altering distance function \ such that for any com-

parable elements x,y € X with x € A and y € B, we have

v (spo(fx.gy)) < 8% (M(x,)) + LY (N(x,9)), (3.30)

where Ms(x,y) and N(x,y) are given by (3.2) and (3.3), respectively;
(c) f and g are continuous, or
(c') the space (X, <, pp) is regular.

Then f and g have a common fixed point z € AN B.

Taking s =1 and L = 0 in Corollary 3.4, we obtain the partial version of Theorems 2.1
and 2.2 of Shatanawi and Postolache [12].

In Definitions 1.18 and 3.1 and Theorems 3.2 and 3.3, if we take f = g, then we have the
following definitions and results.

Definition 3.5 Let (X, <) be a partially ordered set and A and B be closed subsets of X
with X = A U B. The mapping f : X — X is said to be (A, B)-weakly increasing if fx < f2x,
for all x € A and fy < f%y, for all y € B.

Definition 3.6 Let (X, <,p;) be an ordered partial b-metric space, let f : X — X be a
mapping, and let A and B be nonempty closed subsets of X. The mapping f is called an
ordered cyclic almost generalized weakly (v, ¢, L, A, B)-contraction if
(1) X =AUBisa cyclic representation of X w.r.t. f; that is, fA € B and /B C A;
(2) there exist two altering distance functions ¥, ¢ and a constant L > 0, such that for
arbitrary comparable elements x,y € X with x € A and y € B, we have

w(szpb(fx’fy)) = w(Ms(x»y)) - @(Ms(x»y)) +Ly (N(x:y)),

where

2s

M;(x,y) = max { Pu(%,9), P, fx), po (9, 19),
and

N(x,y) = min{dy, (x,fx), dp, (@, ), dp, (7. 1), dp,, (3. /9) }


http://www.journalofinequalitiesandapplications.com/content/2014/1/345

Latif et al. Journal of Inequalities and Applications 2014, 2014:345 Page 24 of 26
http://www.journalofinequalitiesandapplications.com/content/2014/1/345

Corollary 3.7 Let (X, X, pp) be a py-complete ordered partial b-metric space and A and B
be two nonempty closed subsets of X. Let f : X — X be a (A, B)-weakly increasing mapping
with respect to <. Suppose that the mapping f is an ordered cyclic almost generalized weakly
(¥, 0,L,A, B)-contraction. Then  has a fixed point z € AN B.

Corollary 3.8 Let (X, X, pyp) be a pp-complete ordered partial b-metric space and A and B
be nonempty closed subsets of X. Let f : X — X be a (A, B)-weakly increasing mapping with
respect to <. Suppose that

v (spu (6. ) <V (M(x,9)) — o (Ms(x,)).
Also, let f be continuous. Then f has a fixed point z € AN B.
We illustrate our results with the following example.

Example 3.9 Consider the partial b-metric space X = [0, 6] by p,(x, y) = [max{x, y}]%. De-
fine an order < on X by

x<y < x=yV(nyel0,1]Ax>y).

Obviously, (X, <,pp) is a pp-complete ordered p,-metric space. Indeed, if we have
1imy, 11— 00 P (%11, %) = 1, for some u € [0, 00), then we have

lim (max{xn,xm})2 =u = max{(lim xn)2,< lim xm>2} =u
n—0o0

m,n— 00 m—>00
. 2 . 2
= (llm x,,) = ( lim xm) =u.
n— 00 m— 00

So, we have lim,,_, o x,, = /1, which convergence holds in the case of the usual metric in X.

Now, it is easy to see that 1imy, ;o Pb (X, Xm) = My, 00 pp (X, /1) = o1, /1) = 1.
Letf: X — X be given by

2
fx: ﬁy X € [0,1],
£ x>1,

Y(t)=tand p(t) = %t for all £ € [0,00). Also, let A = [0,1] and B = [0, 6]. In order to check
the conditions of Corollary 3.8, take x,y € X such that x < y and consider the following
two possible cases.

1° » < 1. Then obviously also y <1 and x > y. It is easy to check that

, x 5’ ’
2p(frfy) = 4[‘“‘”‘{ 3(1+x) 3(1+y) ”

x2 2 x 2 x 2
=4[3<1+x>} =4[3(1+x)"‘} 54[8}

1

= 51%(%)’)

< M(x,y) — p(M(x,9)).
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2°x>1. Thenx=y>1and

2 2
2%py(fx. fy) = 4|:max{ g, % ” = 4|:Z:|
= %pb(x,y)

EPb(x»J’)
< M(x,y) — p(M(x,9)).

Hence, all the conditions of Corollary 3.8 are satisfied and f has a fixed point (which is

zZ=

0).
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