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Abstract

In this work, we present a notion of an (H, F)-closed set and prove the existence of a
coupled coincidence point theorem for a pair {F, H} of mappings F,H: X x X — X
with g-contraction mappings in partially ordered metric spaces without H-increasing
property of F and mixed monotone property of H. We give some examples of a
nonlinear contraction mapping, which is not applied to the existence of coupled
coincidence point by H using the mixed monotone property and H-increasing
property of F. We also show the uniqueness of a coupled coincidence point of the
given mappings. Further, we apply our results to the existence and uniqueness of a
coupled coincidence point of the given mappings in partially ordered G-metric
spaces with H-increasing property of F and mixed monotone property of H. These
results generalize some recent results in the literature.

Keywords: coupled fixed point; coupled coincidence point; generalized compatible;
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1 Introduction

The existence of a fixed point for the contraction type of mappings in partially ordered
metric spaces has been first studied by Ran and Reurings [1]. Moreover, they established
some new results and presented some applications to matrix equations. In 1987, Guo and
Lakshmikantham [2] introduced the concept of a coupled fixed point. Later, Bhaskar and
Lakshmikantham [3] introduced the concept of the mixed monotone property for contrac-
tive operators. They also showed some applications on the existence and uniqueness of the
coupled fixed point theorems for mappings which satisfy the mixed monotone property
in partially ordered metric spaces. Lakshimikantham and Ciri¢ [4] extended the results
in [3] by defining the mixed g-monotonicity and studied the existence and uniqueness of
coupled coincidence point for such a mappings which satisfy the mixed monotone prop-
erty in partially ordered metric spaces. As a continuation of this work, many authors con-
ducted research on the coupled fixed point theory and coupled coincidence point theory
in partially ordered metric spaces and different spaces. We refer the reader for example to
[4-31].

In 2006, Mustafa and Sims [32] introduced the notion of a G-metric spaces as a gener-
alization of the concept of a metric spaces and proved the analog of the Banach contrac-
tion mapping principle in the context of G-metric spaces. For examples of extensions and
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applications of these works see [33—4:6]. In 2011, Choudhury and Maity [47] proved the
existence of a coupled fixed point theorem of nonlinear contraction mappings with mixed
monotone property in partially ordered G-metric spaces. Aydi et al. [48] established cou-
pled coincidence and coupled common fixed point results for a mixed g-monotone map-
ping satisfying nonlinear contractions in partially ordered G-metric spaces. They gener-
alized the results obtained by Choudhury and Maily [47]. Later, Karapinar et al. [49] ex-
tended the results of coupled coincidence and coupled common fixed point theorem for a
mixed g-monotone mapping obtained by Aydi et al. [48]. Many authors have studied cou-
pled coincidence point and coupled common fixed point results for a mixed g-monotone
mapping satisfying nonlinear contractions in partially ordered G-metric spaces (see, for
example, [47-64]).

One of the interesting ways to developed coupled fixed point theory is to consider the
mapping F : X x X — X without the mixed monotone property. Recently, Sintunavarat et
al. [29, 30] proved some coupled fixed point theorems for nonlinear contractions without
mixed monotone property which extended the results of Bhaskar and Lakshmikantham
[3] by using the concept of an F-invariant set due to Samet and Vetro [28]. Later, Batra and
Vashistha [6] introduced an (F, g)-invariant set which is a generalization of an F-invariant
set. Recently, Kutbi et al. [22] introduced the concept of an F-closed set which is weaker
than the concept of an F-invariant set and proved some coupled fixed point theorems
without the condition of F-invariant set and mixed monotone property. Very recently,
Charoensawan and Thangthong [55] generalized and extended the coupled coincidence
point theorem of nonlinear contraction mappings in partially ordered G-metric spaces
without the mixed g-monotone property by using the concept of (F*, g)-invariant set in
partially ordered G-metric spaces which are generalizations of the results of Aydi et al.
[48]. In 2014, Hussain et al. [16] presented the new concept of generalized compatibility
of a pair {F, G} of mappings F,G : X x X — X and proved some coupled coincidence
point results of such a mapping without the mixed G-monotone property of F in partially
ordered metric spaces which generalized some recent comparable results in the literature.

In this work, we introduce the concept of (H, F)-closed set and the notion of gener-
alized compatibility of a pair {F,H} of mapping F,H : X x X — X in the setting of G-
metric spaces. We also obtain a coupled coincidence point theorem for a pair {F, H} with
@-contraction mappings in partially ordered metric spaces without H-increasing property
of F and mixed monotone property of H. Our theorem generalizes and extends the very
recent results obtained by Hussain et al. [16] and Karapinar et al. [49].

2 Preliminaries

In this section, we give some definitions, propositions, examples and remarks which are
useful for main results in our paper. Throughout this paper, (X, <) denotes a partially or-
dered set with the partial order <. By x < y, we mean y > x. Let (x, <) be a partially or-
dered set, the partial order <, for the product set X x X defined in the following way, for
all (x,9), (u,v) e X x X:

(%) <2 (w,v) = H(xy) <H(uv) and H(v,u)<H(y,x),

where H : X x X — X is one-one.
We say that (x,y) is comparable to (u,v) if either (x,y) <2 (&, v) or (u,v) <3 (x,9).
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Definition 2.1 [32] Let X be a nonempty set and G : X x X x X — R* be a function
satisfying the following properties:

(Gl) G(x,9,2)=0ifx=y=2z.

(G2) 0<G(x,x,y) forall x,y € X withx #y.

(G3) G(x,x,y) < G(x,y,2) for all x,y,z € X with y # z.

(G4) G(x,y,2) = G(x,2,9) = G(y,2,%) = - - - (symmetry in all three variables).

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric, or more specially, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Example 2.2 Let (X, d) be a metric space. The function G: X x X x X — [0, +00), defined
by G(x,y,2z) = d(x,y) + d(y,z) + d(z,x), for all x,y,z € X, is a G-metric on X.

Definition 2.3 [32] Let (X, G) be a G-metric space, and let (x,) be a sequence of points
of X. We say that (x,) is G-convergent to x € X if lim,, ;.o G(x,%,,, %,,,) = 0, that is, for any
& > 0, there exists N € N such that G(x, x,,x,,) < ¢, for all n,m > N. We call x the limit of

the sequence (x,) and write x,, — x or lim,_, o %, = x.

Proposition 2.4 [32] Let (X, G) be a G-metric space, the following are equivalent:
(1) (x4) is G-convergent to x.
(2) G(xy,%,%x) = 0 asn— +00.
(3) G(x,,%,%) = 0 as n — +00.

(4) G(xy,%m,%x) = 0 as n,m — +00.

Definition 2.5 [32] Let (X, G) be a G-metric space. A sequence (x,) is called a G-Cauchy
sequence if, for any € > 0, there exists N € N such that G(x,,, x,,,%;) < &, for all n,m,[ > N.

That is, G(x,, X, x;) — 0 as n, m, [ — +00.

Proposition 2.6 [32] Let (X, G) be a G-metric space, the following are equivalent:
(1) the sequence (x,) is G-Cauchy;
(2) forany e > 0, there exists N € N such that G(x,, X, %) < €, for all n,m > N.

Proposition 2.7 [32] Let (X,G) be a G-metric space. A mapping f : X — X is G-
continuous at x € X if and only if it is G-sequentially continuous at x, that is, whenever

(x4) is G-convergent to x, (f(x,)) is G-convergent to f(x).

Definition 2.8 [32] A G-metric space (X, G) is called G-complete if every G-Cauchy se-
quence is G-convergent in (X, G).

Definition 2.9 [47] Let (X, G) be a G-metric space. A mapping F : X x X — X is said to
be continuous if for any two G-convergent sequences (x,) and (y,) converging to x and y,

respectively, (F(x,,y,)) is G-convergent to F(x, ).

In 2009, Lakshmikantham and Ciri¢ [4] introduced the concept of a mixed g-monotone

mapping and a coupled coincidence point as follows.
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Definition 2.10 [4] Let (X, <) be a partially ordered setand F: X x X — X and g: X — X.
We say F has the mixed g-monotone property if for any x,y € X

x,% € X, glw) <glxo) implies F(x1,y) < F(x2,9),
and

yuy2€X, gl) <g2) implies F(x,y1) > F(x, ).

Definition 2.11 [4] An element (x,y) € X x X is called a coupled coincidence point of
mappings F: X x X — X, and g: X — X if F(x,y) = g(x) and F(y,x) = g(y).

Definition 2.12 [4] Let X be a nonempty set and F: X x X — X and g: X — X. We say
F and g are commutative if g(F(x,y)) = F(g(x),g(y)) for allx,y € X.

Let @ denote the set of functions ¢ : [0,00) — [0, 00) satisfying
1. @) <tforallt>0,

2. lim,_ .+ @(r) < tforall £>0.

In 2012, Karapinar et al. [49] proved the following theorems.

Theorem 2.13 [49] Let (X, <X) be a partially ordered set and G be a G-metric on X such
that (X, G) is a complete G-metric space. Suppose that there exist 9 € ®, F: X x X — X,
and g : X — X such that

[G(F(x, ), F(y,v), F(z,w)) + G(F(u, %), F(v,), F(w, 2))]
< 9(G(g),g0),.g(2) + G(g(w),g(v),gw)))
for all x,y,u,v,z,w € X for which g(x) > g(y) > g(z) and g(u) < g(v) < g(w). Suppose also

that F is continuous and has the mixed g-monotone property, F(X x X) C g(X), and g is
continuous and commutes with F. If there exists (xo,Yo) € X X X such that

g(xo) <X F(x0,50) and g(yo) = F(yo,%0),

then there exists (x,y) € X x X such that g(x) = F(x,y) and g(y) = F(y,x), that is, F and g

have a coupled coincidence point.

Hussain et al. [16] introduced the concept of H-increasing and {F, H} generalized com-

patible as follows.

Definition 2.14 [16] Suppose that F,H : X x X — X are two mappings. F is said to be
H-increasing with respect to < if for all x,y,u,v € X, with H(x,y) < H(u,v), we have
F(x,y) < F(u,v).

Definition 2.15 [16] An element (x,y) € X x X is called a coupled coincidence point of
mappings F,H : X x X — X if F(x,y) = H(x,y) and F(y,x) = H(y, x).
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Definition 2.16 [16] Let (X,d) be a metric space and F,H : X x X — X. We say that the
pair {F, H} is generalized compatible if

d(F(H(xmyn)’H(ymxn)):H(F(xmyn)’F(ymxn))) — 0 asn— +o00,
d(F(H(y”’x”l)7H(xn'yn))rH(F(ymxn):F(xnryn))) —0 asn— +o0,

whenever (x,) and (y,) are sequences in X such that

lim,, oo F(xmyn) = limn—>ooH(xmyn) =t
lim,,_mo F(yn,x,,) = 11mn—>oo H(}’rnxn) = tz'

Definition 2.17 [16] Let F,H : X x X — X be two maps. We say that the pair {F,H} is
commuting if

F(H(x,y),H(y,x)) = H(F(x,9),F(y,%)) forallx,y€ X.

It is easy to see that a commuting pair is generalized compatible but the converse is not
true in general.
Let Y denote the set of all functions ¢ : [0, 00) — [0, 00) such that:
(i) ¢ is continuous and increasing,
(i) ¢(¢)=0ifand onlyift=0,
(iil) @(t +s) < p(t) + ¢p(s), for all ¢, s € [0, 00).
Let W be the set of all functions ¢ : [0, 00) — [0, 00) such that lim;_,, ¥ (¢) > 0 forall r > 0
and limy_, o+ ¥ (£) = 0.
Recently, Hussain et al. [16] proved the coupled coincidence point for such mappings
involving (y, ¢)-contractive condition as follows.

Theorem 2.18 [16] Let (X, <X) be a partially ordered set and M be a nonempty subset of
X* and let there exists d, a metric on X such that (X, d) is a complete metric space. Assume
that F,H : X x X — X are two generalized compatible mappings such that F is H-increasing
with respect to <, H is continuous and has the mixed monotone property. Suppose that for
any x,y € X, there exist u,v € X such that F(x,y) = H(u,v) and F(y,x) = H(v,u). Suppose
that there exist ¢ € Y and € V such that the following holds:

%qS(d(H(x,y),H(u, v)) +d(H(y,x),H(v,u)))
Y <d(H(x,y),H(u, v)) + dH(y, %), H(v, M)))

¢(d(F(x,y), Fu,v))) <

2

forall x,y,u,v e X with H(x,y) < H(u,v) and H(y,x) = H(v, u).
Also suppose that either
(a) F is continuous or
(b) X has the following properties: for any two sequences {x,} and {y,} with
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then'y <y, for all n.
If there exists (x0,y0) € X x X with

H(xo,y0) < F(x0,50) and H(yo,%0) > F(y0,%0),
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then there exists (x,y) € X x X such that H(x,y) = F(x,y) and H(y,x) = F(y,x), that is, F
and H have a coupled coincidence point.

In order to remove the mixed monotone property, Batra and Vashistha [6] introduced
the following property.

Definition 2.19 [6] Let (X,d) be a metric space and F: X x X — X, g: X — X be given
mappings. Let M be a nonempty subset of X*. We say that M is an (F,g)-invariant subset
of X* if and only if, for all x, y,z,w € X,

(©) (xp.2,w) eM < (W,2,,x) € M.

(i) (g(x),g(y),g(2),g(w)) e M = (F(x,5), F(y,%), w),F(w,z)) € M.

Kutbi et al. [22] introduced the notion of F-closed set which extended the notion of

F-invariant set as follows.

Definition 2.20 [22] Let F: X x X — X be a mapping, and let M be a subset of X*, We
say that M is an F-closed subset of X* if, for all x,y,u,v € X,

wyuv)eM = (F(x,y),F(y,x),F(u,V),F(v,u))eM

Inspired by above definitions, we give the notion of a (H, F)-closed set which is useful

for our main results.

Definition 2.21 Let F,H : X x X — X be two mappings and let M be a subset of X°. We
say that M is an (H, F)-closed subset of X if, for all x,y,z,u,v,w € X,

(H(x, u),H(u,x), H(y,v),H(v,y),H(z,w), H(w, z)) eM

= (F(x, u), F(u,x), F(y,v), F(v,), F(z,w), F(w, z)) e M.

Definition 2.22 Let H: X x X — X be a mapping and M be a subset of X°. We say that
M satisfies the transitive property if and only if for all x, y,z,u,v,w,a,b,c,d € X,

(H(x, u), H(u,x),H(y,v),H(v,y),H(a,b), H(b, a)) eM and
(H(a, b),H(b,a),H(c,d),H(d,c),H(z,w),H(w, z)) eM

= (H@®u),H(u,x),H(y,v),H(v,y),H(z,w),H(w,2)) € M

Definition 2.23 Let F,H : X x X — X be two mappings. We say that the pair {F,H} is
generalized compatible if (x,) and (y,) are sequences in X such that for some x,y € X

Jim H(x,y,) = im Flx,,y,) =x  and
Jim H(yy,x,) = lim F(y,,x,) =y
imply
Tim F(H (n, yn), H Qs 260)) = i H(F (@, y), F 9, 6n)) - and

lim F(H(y,,,x,,),H(xn,y,,)) = HILHJOH(F()/n:xn)’F(xVHyn))°

n— 00
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Remark The set M = X° is trivially (H, F)-closed set, which satisfies the transitive prop-
erty.

Example 2.24 Let (X, G) be a G-metric space endowed with a partial order <. Let F,H :
X x X — X are two generalized compatible mappings such that F is H-increasing with
respect to <, H is continuous and has the mixed monotone property. Define a subset
M C X by

M= {(x,u,y,v,z,w)GX6:xzyzz,andu§V§w}.

Let (H(x,u), H(u,x), H(y,v), H(v,y), H(z,w), H(w,z)) € M. It is easy to see that, since F is
H-increasing with respect to <, we have F(x,u) > F(y,v) = F(z,w) and F(u,x) < F(v,y) <

F(w,z), this implies that
(F(x, u), F(u, %), F(y,v), E(v,y), F(z, W), F(w, 2)) € M.
Then M is (H, F)-closed subset of X°, which satisfies the transitive property.

3 Main results
Now, we state our first result which successively guarantees a coupled coincidence point.

Theorem 3.1 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space and M be a nonempty subset of X°. Assume that F,H :
X x X — X are two generalized compatible mappings such that H is continuous and for
any x,y € X, there exists u,v € X such that F(x,y) = H(u,v) and F(y,x) = H(v, u). Suppose
that there exists ¢ € ® such that the following holds:

[G(F(x, ), F(y,v),F(z,w)) + G(F(u, %), F(v,), F(w,2)) ]
< @(G(H(x,u),H(y,v),H(z,w)) + G(H(u,x), H(v,y), H(w,z))) (1)
forall x,y,z,u,v,w € X with (H(x,u), H(u,x), H(y,v),H(v,y), H(z, w), Hw, z)) € M.
Suppose also that either

(a) F is continuous;
(b) for any two sequences {x,} and {y,} with for all n > 1

(xn+l¢yn+1; Xn+l> Yn+l» xn;yn) eM and
H (%, yn) = H(x,y), H(yp, %) — H(y,x)
implies

(H s Y), HYs %), H(x,y), H(y, %), H (x, ), H(y, %)) € M,

If there exists (x0,y0) € X x X such that

(F(x0,50), F(y0,%0), F (%0, ¥0), F(y0, %0), H(%0, y0), H (¥, %0)) € M

and M is an (H, F)-closed, then there exists (x,y) € X x X such that H(x,y) = F(x,y) and
H(y,x) = F(y,x), that is, F and H have a coupled coincidence point.
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Proof Let x9,% € X be such that
(F(x0,50), F(y0,%0), F (%0, ¥0), F(y0, %0), H(%0, ¥0), H (0, %0)) € M.

From the assumption, there exists (x1,7;) € X x X such that
F(x0,50) = H(x1,571) and  F(yo,x0) = H(y1,x1).

Again from the assumption, we can choose 5,7, € X such that
F(x1,91) = H(x2,52) and  F(y1,x1) = H(y2,%2).

By repeating this argument, we can construct two sequences {x,},-; and {y,}52; in X such
that

FXu,¥n) = HXpe1,9001)  and  F(yu, %) = HWpe1,%041) forallm>1. (2)

Since

(F(%0,50), F(y0, %0), F (%0, %0), F(y0, %0), H (%0, y0), H(¥0,%0)) € M,

and M is an (H, F*)-closed, we get

(F(%0,50), F(y0,%0), F (%0, %0), F (y0, %0), H (%0, y0), H(¥0,%0) )
= (H (%1, 71), H(y1,%1), H(x1, 1), H(y1, 1), H (%0, ¥0), H(¥0, %)) € M
= (F(xlryl)’F(ylyxl),F(xl:yl),F(thl)rF(xO’yO)’F()/O)xO))

= (H(xZ)yZ))H(erxZ)rH(x2:y2)1H(y2:x2)rH(xlyyl)’H(ylrxl)) eM.

Again, using the fact that M is a (H, F)-closed, we have

(H (2, 2), H(y2, %), H(%2, ¥2), H(y2,%2), H (%1, 71), H(y1,%1)) € M
= (F(x2,92), F(y2,%2), F(%2,52), F(y2,%2), F (%1, 71), F (1, %1))

= (H(x3,y3), H(y3,%3), H(x3,y3), H(y3,%3), H(%2,2), H(y2, %)) € M.

Continuing this process, for all # > 0 we obtain

(H(xn+1:yn+1); HYp1s %ns1)s H (%15 Y1)

H(ynﬂixml)»H(xmyn):H(men)) eM. (3)

Let

Oy = G(H(xnﬂ,ynﬂ); H (X415 Y1) H(xn;yn))

+ G(H(y;ﬂl,xn+1)rH(yn+hxn+l):H(men))' (4)
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We can suppose that §,, > 0 for all # > 0. If not, (x,,y,) will be a coupled coincidence point
and the proof is finished. From (1), (2), and (3), we have

Oy = G(F(xnryn)»F(xn:yn):F(xn—l,yn—l))
+ G(F(ymxn);F(Yn’xn)rF()/n—hxn—l))
< (/J(G(H(xmyn);H(xn:yn):H(xn—lxyn—l))

+ G(H(ymxn):H(yn:xn)’H(yn—l’xn—l)))

= <P(5n—1)- (5)
This implies that
Sn < @(8n-1)- (6)

Since ¢(¢) < t for all £ > 0, it follows that {6, } is decreasing sequence. Therefore, there is
some § > 0 such that lim,_, o, 8, = 6.

We shall prove that § = 0. Assume, to the contrary, that § > 0. Then by letting » — oo in
(6) and using the properties of the map ¢, we get

8= 1im 3§, < lim ¢(3,_1) = lim @(8,_1)<$.
n—00 n—00 Sp_1—8*

A contradiction, thus § = 0, and hence

lim §, = lim [G(H(xn+1vyn+l):H(xn+11yn+1),H(xn:yn))

n—00 n—00

+ G(H(y;ﬁlrxn+1)7H(yn+lrxn+1)rH(ymxn))] =0. (7)

Next, we prove that {H (x,,, y,)} o0, and {H(y,,%,)};2; are Cauchy sequences in the G-metric
space (X, G). Suppose, to the contrary, that atleast of {H (x,,, y,,)} 32, and {H (y,,, x,,) } 52, is not
Cauchy sequence in (X, G). Then there exists an ¢ > 0 for which we can find subsequences

{H (%m(ys Ymr) b H Xy Yu))} of {H @, ¥) Y21 and {H Ymrys Xmx) b H Gnrys Xniiy)} of
{H(yn,x1)}52,, respectively, with n(k) > m(k) > k such that

1% 2= G(H i) Ym0 H Gy Yimti))» H iy Ynii)))

+ G(HYm(y» %m(0)s H Ok Xmii))s H Oy X)) = €. (8)

Further, corresponding to n(k), we can choose m(k) in such a way that it is the smallest
integer with m(k) > n(k) > K and satisfying (8). Then

G (H (i1, Ym(o)-1)» H (i1 Yim()-1)» H Es Yn(i)))

+ G(Hm(k)-1 %m()-1)s H Gm()-1 %m(0-1)s H Gnii) %)) < €. )
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Using the rectangle inequality and (9), we have

& <ry
< G(HEm(t) Ym0 HEom k) Ym0y H Eonk) 15 Y1)
+ G(Hm-15 Y- H Fm()—1> Ym0 H Fonys Vi) )
+ G(HWmxy» %m0 H Yty X)) H Q-1 X -1))
+ G(HOm@)-1 Xm()-1)s H (-1 %m)-1) H (s ¥n(r))

<Sm(k)-1 + €. (10)
Letting k — +00 and using (7), we obtain

lim rg = lim [G(H @) Yim))s H Gy Ymio) H Enii» Yuii))

k—o00 k—+00

+ G(HWm(w)s %m0 HGmy» Xmii)s H Y %)) |

—e. (11)
Again, by the rectangle inequality, we have

1% < G(H@m(i» Ym()s H Eom(iy» Ym))» H i1 Yim(iy 1))

+ G(H@mky+1 Ym(o+1)s H G115 Y11 H Fnio 415 Y +1))
+ G(H (115 Yo +1) H B 41 Y1) H ) Vi)

+ G(HQm@)» %m(0)s H G m(iys Xm()s H G 11 £ 1))

+ G(HOm+1 %m0 +1)s H Gty 11> X +1) H Gy 115 X +1))
+ G(H W41, Fn+1) H G415 %n041)s H V(i) %))

= 8 + G (HXom(h)s Yim())s H s Ym0)s H Ko 1 Yom(i41) )

+ G(H @1, Ym()+1)s H ()41 Yo +1)s H K 41, V(i 1))
+ G(HQm() %m(0)s H Y@ Xmii))» H Y11 %miy+1) )

+ G(HW (k)41 %m0 +1)s H Q415 %y 11)s H G115 X +1)) -
Using the fact that G(x,x,y) < 2G(x,y,y) for any x,y € X, we obtain

Tk < Sy + 28m(k)
+ G(H 11, Yo +1) H Emii 415 Y 1) H (i 415 Yo +1))

+ G(HQm@) 1 Xm(0+1)s H Y m(iy+1 Xm(101)s H G415 X 1) ) - (12)

Since m(k) > n(k) and using (3), we have

(H G Ymii))s H Gy %)) H Eon(s Y )»

H(Ym( %m0 H &)1 Ym()-1) H (-1, Xm()-1)) € M

Page 10 of 21
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and

(H @m-1 Ym(-1) H O (1> Xm()-1)s H Eme)-15 Ym()-1)»

H(Ym-1%m(-1)s H @ m()-2> Ym()-2)s H Ym)-20 Fmii)-2)) € M.

From the fact that M is an (H, F)-closed set which satisfies the transitive property, we have

(H Gm» Ymii))s H Gy %)) H Eoms V(i) )»

H(m %m0) H &2 Ym(-2)s H i) Em(i)—2)) € M.

By this process, we can get

(H Gmr Ymii))» H Gy %) H Fomy» Ym(a))»

H (@) %m0 H En)» Y1) H Oty %)) ) € M.

Now, using (1), we have

G(Hm@+15 Y+ 1) H Fomtiey 1, Y1) H iy 1, V(i +1))
+ G(HYm(+1:%m(i)+1)s H G 115 %m0 +1)s H Gy 415 Xy 41))
= G(Fmtt Ym(t))» FCm(is Ymia)s F (), Yuir)))
+ G(EWm) %m(t))s FOmk) %m(i))s F Oty X))
< A(G(H mthys Ynk))s H iy Y H Xy Vi)
+ G(HOmm)» X)) HOm(iy» X)) H Gy X)) )

< ¢(rx). (13)
From (12) and (13), it follows that
Tk < 8uky + 28m(x) + P (re). (14)
Letting k — +00 in (14) and using (7) and (11) and lim,_,;+ ¢(r) < ¢ for all £ > 0, we have
e=lim ry < lim ¢(rg) = lim ¢p(ry) <&,
k—o00 n—00 rg—et
which is a contradiction. This shows that {H (x,,y,)}5c; and {H(y,,%,)}2; are Cauchy se-
quences in the G-metric space (X, G). Since (X, G) is complete and from (2), {H (%, y.)} 52,

and {H(y,,x,)}5%, are G-convergent, there exist x,y € X such that

lim H(xy,,y,) = lim F(x,,y,) =x and
n— 00 n— 00

(15)
lim H(y,,,x,,) = lim F(yn’xrl) =Y.

n— 00
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Since the pair {F, G} satisfies the generalized compatibility, from (15), we have

lim F(H(x,,,y,,),H(y,,,xn)) = lim H(F(x,,,y,,),F(y,,,x,,)) and

n— 00

nli?;OF(H(ymxn)rH(xmyn)) = nlinOH(F(ymxn))F(xmyn))'

(16)

Suppose that assumption (a) holds. For all # > 0, from (16), we have

H@JFJ«nmfum%LhmF@mMD:umfﬁﬂmygf@mmn
n—00 n—00 n—-oo
:hml%H@m%LHUmMD:P(Hm}ﬂMJQJm1HUWM»
n—0o0 n— 00 n— 00

= F(x’y)

and

H(y,%) = H( im F(r, ), 1im F6,,9,)) = m H(EG0), F92)
n—00 n—>00 n—-oo
= lim F(H(ymxn);H(xn:yn)) =F< lim H(ymxn): lim H(xmyn)>
= F(y,x).
We have

H(x,y)=F(x,y) and H(y,x) = F(y,x).

Therefore, (x,) is a coupled coincidence point of F and H.

Suppose now assumption (b) holds. Since {H (x,,y,)}c; converges to x, {H (¥, %,)}00q
converges to y, the pair {F, G} satisfies the generalized compatibility, H is continuous and
by (15), we have

Tim H (H (&, y), H(yn %)) = H(, )
= nan;oH(F(xn,yn),F(yn,xn))
= nli)IgOF(H(xn;yn):H(ymxn)) (17)

and

nlLH;oH(H(yn,xn);H(xn:yn)) = H()/,JC)

= lim H(F(yn,xn),F(xn;yn))
n—00

= 1im E(H (i %0), H Y1) (18)
From (3), (17), (18), and assumption (b), for all # > 1, we have

(H @ yn) H(» %), H(x, ¥), H(y, %), H(x, ), H(y, x)) € M. (19)
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Then, by (1), (2), (19), and the triangle inequality, we have

G(H(x,y), F(x,9), F(x,9)) + G(H(y,), F(y,%), F(y,%))
< G(H,9), F(H % Yy H s %)) F(H (6 yi)s H s 60)) )
+ G(F(H @ yn)s Hns %)), F (%, 7), F (%, 7))
+ G(H, %), F(Hn %), Hns ¥) ), F(H G %), H (%, Y1) )
(E(Hn» %), H o ) ) yn)) E (3, %), F (3, %))
< @(G(H(H % yu), Hywx4)), H(x,5), H(x,))
(H(H(yn,xn>,H(xn,yn)),H(y,x),H(y, x)))
+ G(H(x,9), F(H (% Y, Hr %)), E(H o Y)s H(3y %))
(H(y ), E(H s %), H s Y1) ) E (H s %), H (%, Y)) ) -

Letting now n — oo in the above inequality and using property of ¢ such that
lim,_, o+ ¢(r) = 0, we have

G(H(x1y))F(x;y)rF(x,y)) + G(H(Y;x),F(Y,x),FO/,x)) = 0;
which implies that H(x, y) = F(x,y) and H(y,x) = F(y,x). O
Next, we give an example to validate Theorem 3.1.

Example 3.2 Let X = [0,1], G(x,y,2) =[x —y| + |x —z| + |y —z|,and F,H : X x X — X be
defined by

K2_y?

F(x:)’)= :08

ifx>y,
ifx<y

and

Hix,y) = x+y ifx>y,
)= 0 ifx<y.

Clearly, H does not satisfy the mixed monotone property and if x >y, u = v # 0, consider

Hx,y) <Hum,v) = x+y<u+v

but F(x,y) = x> —y* = (x = y)(x + ) > 0 = F(u, v).

Then F is not H-increasing.

Now, we prove that for any x,y € X, there exist &, v € X such that F(x,y) = H(u,v) and
F(y,x) = H(v,u). It is easy to see that we have the following cases.

Case 1: If x = y, then we have F(y,x) = F(x,y) =0 = H(0,0).

Case 2: If x > y, then (x — y)x > (x — y)y and we have

i N et )l G ) :H<(x—y)x (x—y)y>

F 3 = = )
69)=—5 8 8 8
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and

=2y (x—-y)x
F()/,JC)-O-H(—8 e )

Case 3: If y > x, then (y — x)y > (y — x)x and we have

Fly,x) = P-x -wy+ (- ZH((y—x)y’ (y—x)x)
8 8 8 8

and

H%wzozH(Q;ﬁfQ%gy)

8 ’

Now, we prove that the pair {F, G} satisfies the generalized compatibility hypothesis. Let
{x,}02, and {y,}:°; be two sequences in X such that

= lim F(x,,,yn) = lim H(xmyn) and
n—0o0 n— 00
ty = lim F(y,,x,) = lim H(y,, x,).
Then we must have #; = 0 = £, and it is easy to prove that
nlin;OF(H(xmyn)’H(yn;xn)) = nli)noloH(F(xmyn),F(men)) and
lim F(H(men):H(xn)yn)) = hm H(F(yn:xn xn’yn))
n— 00

Now, for all x,y,z,u,v,w € X with (H(x,u), H(u,x), H(y,v), HWv, ), H(z, w), H(w, z)) € M =
X® and let ¢ : [0, +00) — [0, +00) be a function defined by ¢(¢) = é, we have

[G(F(x, 1), F(3,v), F(z, W) + G(F(,%), E(v, ), F(w, 2))]

2 2 2 2

2o Py 2 _ 2 2 2

X" —U zZm=w

8 8 8 8 8 8
W2 oy -2 w2 Vo w2
+ - + - + -
8 8 8 8 8 8
Poud PR |- P-wr| [P 2w
=2 — + — + —
8 8 8 8 8 8
_2< E-uw)x+u) G-V +v) (x—u)(x +u) (z—w)(z+w)‘
B 8 - 8 8 - 8

s '(y—v)(yﬂ/) ~ (z—w)(z+w)D
8 8

—

Z(| (¢ +u) - (y+V)| |(x+u)—(z+w)}+}(y+v)—(z+w){)

=o2(|x+u) -+ V)| + | +u) -+ w)| +|@+v) - (+w)|))

(| +u) =@ +v)|+|@+u) = +w)|+|+v) - (z+w)]

+|(x+u)—(y+v)|+|(x+u) z+w)| |(y+v) z+w)|)

= ¢(G(H(x, u), H(y,v), H(z,w)) + G(H (1, %), H(v,), HW,2))).
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Therefore, condition (1) is satisfied. Thus, all the requirements of Theorem 3.1 are satisfied
and (0, 0) is a coupled coincidence point of F and G.

Next, we show the uniqueness of the coupled coincidence point and coupled fixed point
of F and G.

Theorem 3.3 In addition to the hypotheses of Theorem 3.1, suppose that for every
(x,9), (z,t) € X x X, there exists (u,v) € X x X such that

(H(u, v),H(v,u), H(x,y), H(y,x), H(x,y), H(, x)) eM and

(H(u,v), H(v,u), H(z, 1), H(t, 2), H(z, £), H(t,2)) € M.

Then F and H have a unique coupled coincidence point. Moreover, if the pair {F,H} is
commuting, then F and H have a unique coupled fixed point, that is, there exists a unique
(a,b) € X? such that

a=H(a,b)=F(a,b) and b=Hb,a)=Fb,a).

Proof From Theorem 3.1, we know that F and H have a coupled coincidence point. Sup-
pose that (x,%), (z,t) are coupled coincidence points of F and H, that is,

F(x,y) = H(x,y), F(y,x) =H(y,x) and 00)
20
F(Z! t) = H(Z: t): F(t, Z) = H(t,Z),

Now, we show that H(x,y) = H(z,t) and H(y,x) = H(t,z). By the hypothesis there exists
(#,v) € X x X such that

(H(u, v),H(v,u), H(x,y), H(y,x), H(x,y), H(, x)) eM and

(H(u,v), H(v,u), H(z,t), H(t,2), H(z, £), H(t,2)) € M.

We put uo = u and vy = v and define two sequences {H(u,,v,)}52; and {H (v, u,)}2; as
follows:

F(u,,v,) = Htps1, Vi) and  F(v,,u,) = HWVpe1, 4ne1) forallm > 0.
Since M is (H, F)-closed and

(H(u, v),H(v,u),H(x,y), H(y, x),H(x,y),H(y,x)) eM,
we have

(H(u,v), H(v,u), H(x,y), H(y, %), H(x,), H(y, %)) € M
= (H (uo, vo), H(vo, o), H(x, ), H(y, x), H(x,y), H(y, %)) € M
= (F(uo,vo), F(vo, o), F(%,9), F(y, %), F(x,9), F (5, %))
= (H(u1,v1), H(vi, 1), H(x, ), H(y, %), H(x,y), H(y, %)) € M.
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From (H(uy,v1), H(v1,u1), H(x,y), H(y,x), H(x,y), H(y,x)) € M, if we use again the property
of (H, F)-closedness, then

(H(ul, v1), H(vy, ul),H(x,y),H(y,x),H(x,y),H()/,x)) eM
= (F(ul, v1), F(v1, ul),F(x,y),F(y,x),F(x,y),F(y,x))
= (H(uz, v2), H(va, u2), H(x,9), H(y,%), H(x,5), H(y,x)) € M.

By repeating this process, we get
(H (s, Vi), H(v, ), H(%, ), H(y, ), H(x,y), H(y,x)) € M for alln > 0. (21)
Using (1), (20), and (21), for all # > 0, we have

G(H (ttna1, V1), H(%,9), H(x,9)) + G(H (Vya1, 1), H(y, %), H(y, %))
= G(F(MmVn)»F(x»J/):F(x»J/)) + G(F(Vnr Mn):F()’:x);FO/:x))

= QD(G(H(M,,, V), H(x, ), H(%J’)) + G(H(Vm un), H(y,x), H(y, x))) (22)
Using property that ¢(¢) < ¢ and repeating this process, for all n > 0, we get

G(H(M;Hl; Vn+1): H(x;y), H(x:y)) + G(H(V}’l+17 Z'£n+1): H()/; x), H(yr x))

< " (G(Hus, v), Hix, ), Hix,p)) + G(HOn, 1), H(, %), H(, ). (23)

From ¢(¢) < ¢t and lim,_,;+ ¢(r) < ¢, it follows that lim,,_, , ¢"(¢) = O for each ¢ > 0. There-
fore, from (23), we have

Jim (G(H (o1, Vi), H(x,9), H(x,9)) + G(H (Vs i), H (%), H(y, %))
=0. (24)
This implies that
lim G(H (1, V1), H(x,9), H(x,5)) =0 and

n—0o0

llm G(H(VVH-I! un+1); H()/, x)y H()’, x)) = 0

(25)

Similarly, we show that

lim G(H(u,,+1,v,,+1),H(z, t),H(z, t)) =0 and

lim G(H(Vn+11 Lln+1),H(t, Z):H(t’ Z)) =0.

n— 00

From (25) and (26), we have

H(xy)=H(zt) and H(y,x) = H(t,z). 27)
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Now let the pair {F, H} be commuting, we shall prove that F and H have a unique coupled
fixed point. Since

F(x,y)=H(x,y) and F(y,x)=H(y,x), (28)
and F and H commutes, we have

H(H(x,y),H(y,x)) = H(F(x,9), F(y,x)) = F(H(x,y), H(y,x)) and

(29)
H(H(y,x),H(x,y)) = H(F(y,x), F(x,y)) = F(H(y,%), H(x,7)).
Denote H(x,y) = a and H(y,x) = b. Then, by (28) and (29), one gets
H(a,b) = F(a,b) and H(b,a)=F(b,a). (30)

Therefore, (a, b) is a coupled coincidence point of F and H. Then, by (27) with z = a and
t = b, it follows that

a=H(x,y)=H(a,b) and b=H(y,x)=H(,a). (31)

Thus, (a,b) is a coupled fixed point of H, by (28), (a, b) is also a coupled fixed point of F.
To prove the uniqueness, assume (p, q) is another coupled fixed point of F and H. Then,
by (27) and (31), we have

p=H(p,q)=H(ab)=a and q=H(qp)=H(ba)=b. O
Next, we give some applications of our results to coupled coincidence point theorems.

Corollary 3.4 Let (X, <) be a partially ordered set and M be a nonempty subset of X® and
let there exists G be a G-metric on X such that (X, G) is a complete G-metric space. Assume
that F,H : X x X — X are two generalized compatible mappings such that F is H-increasing
with respect to <, H is continuous and has the mixed monotone property. Suppose that for
any x,y € X, there exist u,v € X such that F(x,y) = H(u,v) and F(y,x) = H(v,u). Suppose
that there exists ¢ € ® such that the following holds:

[G(F(x,u), F(y,v),F(z,w)) + G(F(u, ), F(v,y), F(w,2)) |

< o(G(H(x,u), H(y,v), H(z,w)) + G(H(u,x), H(v,y), H(w,2)))

forall x,y,z,u,v,w € X with F(x,u) > F(y,v) > F(z,w) and F(u,x) < F(v,y) < F(w, 2).
Also suppose that either
(a) F is continuous or
(b) X has the following properties: for any two sequences {x,} and {y,} with
(i) if a non-decreasing sequence {x,} — x, then x,, < x for all n,
(i) if a non-increasing sequence {y,} — vy, then'y <y, for all n.
If there exists (x9,y0) € X x X with

H(xo,y0) < F(x0,50) and H(yo,%0) > F(y0,%0).
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Then there exists (x,y) € X x X such that H(x,y) = F(x,y) and H(y,x) = F(y,x), that is, F
and H have a coupled coincidence point.

Proof We define the subset M C X° by

M= {(x,u,y,v,z,w) e Xx° x>y >zaandu v < w}.
From Example 2.24, M is a (H, F)-closed set which satisfies the transitive property. For all
x5, z,u,v,w € X with H(x,u) > H(y,v) = H(z,w) and H(u,x) < H(v,y) < H(w, z), we have

(H (x, u), H(u,x), H(y,v), H(v,), H(z,w), Hw, z)) € M. By (1), we get

[G(F(x, u), F(y,v), F(z,w)) + G(F(u, %), F(v,y), F(w, z))]

< @(G(H(x,u),H(y,v),H(z,w)) + G(H(u,x), H(v,y), H(w,2))).
Since (x9,%0) € X x X with

H(x0,y0) < F(x0,90) and H(yo,%0) > F(y0,%0). (32)

We have

(F(xo,)/o),F()’o,xo),F(xo,yo),F(J’Oyxo),H(xo,yo),H()’oyxo)) €M~
Assumption (a) holds, and F is continuous. By assumption (a) of Theorem 3.1, we have
H(x,y) = F(x,y) and H(y,x) = F(y,x).

Next, assumption (b) holds; since F is H-increasing with respect to <, using (32) and

(2), we have
H(xn:yn) = H(xn+1:yn+1) and H(yn:xn) = H(yn+1: %) forall m.
Therefore

(H(xn+1;yn+1); H(Ypn1s %ns1)s H (Kprs15 Y1)

H(yn+1;xn+l): H(xmyn);H(ymxn)) eM.

From H is continuous and by (15), we have

lim H(H (%, 9,), Hm%,)) = H(x,y) and

n—00

WILI{.IOH(H(Ym %) H(xmyn)) = H()/, x).
For any two sequences {H(x,,y,)}50; and {H(y,,x,)}oc, such that {H(x,,,)}5; is a non-
decreasing sequence in X with H(x,,y,) — x and {H(y,,%,)};2; is a non-increasing se-

quence in X with H(y,,x,) — y. Using assumption (b), we have

H(xy,y,) <x and H(y,x,) >y foralln.
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Since H has the mixed monotone property, we have

H(H G yn), Hny %)) < H(x, ),

H(H(men),H(xn,yn)) > H(y,x).

Therefore, we have

(H % y)s H(ns %), H(%,y), H (3, %), H(x, ), H(y, %)) € M,

and so assumption (b) of Theorem 3.1 holds. Now, since all the hypotheses of Theorem 3.1
hold, then F and H have a coupled coincidence point. The proof is completed. d

Corollary 3.5 In addition to the hypotheses of Corollary 3.4, suppose that for every
(%,9), (z,t) € X x X, there exists (u,v) € X x X which is comparable to (x,y) and (z,t). Then

F and H have a unique coupled coincidence point.

Proof We define the subset M C X° by

M= {(x,u,y,v,z,w) eX®:x>y>zandu<v=< w}.
From Example 2.24, M is an (H, F)-closed set which satisfies the transitive property. Thus,
the proof of the existence of a coupled coincidence point is straightforward by following
the same lines as in the proof of Corollary 3.4.

Next, we show the uniqueness of a coupled coincidence point of F and H.
Since for all (x,%), (z,£) € X x X, there exists (&, v) € X x X such that

H(x,y) <H@w,v),  H(y,x) = H(v,u)
and

H(z,t) < H(u,v), H(t,z) = H(v,u),
we can conclude that

(H(u,v), H(v,u), H(%,y), H(y, %), H(x,9), H(y,x)) € M and

(H(u,v), H(v,u), H(z, 1), H(t,2), H(z, £), H(t,2)) € M.

Therefore, since all the hypotheses of Theorem 3.3 hold, F and H have a unique coupled

coincidence point. The proof is completed. d

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors read and approved the final manuscript.


http://www.journalofinequalitiesandapplications.com/content/2014/1/342

Na Nan and Charoensawan Journal of Inequalities and Applications 2014, 2014:342
http://www.journalofinequalitiesandapplications.com/content/2014/1/342

Acknowledgements
This research was supported by Chiang Mai University and the authors would like to express sincere appreciation to Prof.
Suthep Suantai for very helpful suggestions and many kind comments.

Received: 3 June 2014 Accepted: 11 August 2014 Published: 03 Sep 2014

References

1.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

32.
33

Ran, A, Reurings, M: A fixed point theorem in partially ordered sets and some applications to matrix equations. Proc.
Am. Math. Soc. 132, 1435-1443 (2004)

. Guo, D, Lakshmikantham, V: Coupled fixed points of nonlinear operators with applications. Nonlinear Anal. 11,

623-632 (1987)

. Bhaskar, TG, Lakshmikantham, V: Fixed point theorems in partially ordered metric spaces and applications. Nonlinear

Anal. TMA 65, 1379-1393 (2006)

. Lakshmikantham, V, Ciri¢, L: Coupled fixed point theorems for nonlinear contractions in partially ordered metric

spaces. Nonlinear Anal. TMA 70, 4341-4349 (2009)

. Amini-Harandi, A: Coupled and tripled fixed point theory in partially ordered metric spaces with application to initial

value problem. Math. Comput. Model. 57(910), 2343-2348 (2013)

. Batra, R, Vashistha, S: Coupled coincidence point theorems for nonlinear contractions under (F, g)-invariant set in

cone metric spaces. J. Nonlinear Sci. Appl. 6, 86-96 (2013)

. Berinde, V: Generalized coupled fixed point theorems for mixed monotone mappings in partially ordered metric

spaces. Nonlinear Anal. 74, 7347-7355 (2011)

. Berinde, V: Coupled coincidence point theorems for mixed monotone nonlinear operators. Comput. Math. Appl. 64,

1770-1777 (2012).

. Berinde, V: Coupled fixed point theorems for ¢-contractive mixed monotone mappings in partially ordered metric

spaces. Nonlinear Anal,, Theory Methods Appl. 75(6), 3218-3228 (2012)

. Berinde, V: Coupled coincidence point theorems for mixed monotone nonlinear operators. Comput. Math. Appl.

64(6), 1770-1777 (2012)

. Berzig, M, Samet, B: An extension of coupled fixed point’s concept in higher dimension and applications. Comput.

Math. Appl. 63, 1319-1334 (2012)

. Charoensawan, P, Klanarong, C: Coupled coincidence point theorems for g-contractive under (f, g)-invariant set in

complete metric space. Int. J. Math. Anal. 7(33-36), 1685-1701 (2013)

. Choudhury, BS, Kundu, A: A coupled coincidence point result in partially ordered metric spaces for compatible

mappings. Nonlinear Anal. 73, 2524-2531 (2010)

. Ding, H-S, Li, L: Coupled fixed point theorems in partially ordered cone metric spaces. Filomat 25(2), 137-149 (2011)
. Hussain, N, Latif, A, Shah, MH: Coupled and tripled coincidence point results without compatibility. Fixed Point

Theory Appl. 2012, Article ID 77 (2012)

. Hussain, N, Abbas, M, Azam, A, Ahmad, J: Coupled coincidence point results for a generalized compatible pair with

applications. Fixed Point Theory Appl. 2014, Article ID 62 (2014). doi:10.1186/1687-1812-2014-62

. Karapinar, E, Luong, NV, Thuan, NX, Hai, TT: Coupled coincidence points for mixed monotone operators in partially

ordered metric spaces. Arab. J. Math. 1, 329-339 (2012)

. Karapinar, E: Coupled fixed point theorems for nonlinear contractions in cone metric spaces. Comput. Math. Appl. 59,

3656-3668 (2010)

Karapinar, E: Couple fixed point on cone metric spaces. Gazi Univ. J. Sci. 24, 51-58 (2011)

Karapinar, E, Roldan, A, Martinez-Moreno, J, Roldan, C: Meir-Keeler type multidimensional fixed point theorems in
partially ordered metric spaces. Abstr. Appl. Anal. 2013, Article ID 406026 (2013)

Kaushik, P Kumar, S, Kumam, P: Coupled coincidence point theorems for ce-1-contractive type mappings in partially
ordered metric spaces. Fixed Point Theory Appl. 2013, Article ID 325 (2013). doi:10.1186/1687-1812-2013-325

Kutbi, MA, Roldan, A, Sintunavarat, W, Martinez-Moreno, J, Roldan, C F-Closed sets and coupled fixed point theorems
without the mixed monotone property. Fixed Point Theory Appl. 2013, Article ID 330 (2013).
doi:10.1186/1687-1812-2013-330

Luong, NV, Thuan, NX: Coupled fixed points in partially ordered metric spaces and application. Nonlinear Anal. 74,
983-992 (2011)

Mursaleen, M, Mohiuddine, SA, Agarwal, RP: Coupled fixed point theorems for a-y-contractive type mappings in
partially ordered metric spaces. Fixed Point Theory Appl. 2012, Article ID 228 (2012). (Corrigendum to Coupled fixed
point theorems for ce-yr-contractive type mappings in partially ordered metric spaces. Fixed Point Theory Appl.
2013:127,2013)

Roldan, A, Martinez-Moreno, J, Roldan, C: Multidimensional fixed point theorems in partially ordered complete metric
spaces. J. Math. Anal. Appl. 396(2), 536-545 (2012)

Roldan, A, Martinez-Moreno, J, Roldén, C, Karapinar, E: Multidimensional fixed point theorems in partially ordered
complete partial metric spaces under (1, ¢)-contractivity conditions. Abstr. Appl. Anal. 2013, Article ID 634371
(2013)

Roldén, A, Karapinar, E: Some multidimensional fixed point theorems on partially preordered G*-metric spaces under
(¥, p)-contractivity conditions. Fixed Point Theory Appl. 2013, Article ID 158 (2013)

Samet, B, Vetro, C: Coupled fixed point F-invariant set and fixed point of N-order. Ann. Funct. Anal. 1, 46-56 (2010)
Sintunavarat, W, Kumam, P, Cho, YJ: Coupled fixed point theorems for nonlinear contractions without mixed
monotone property. Fixed Point Theory Appl. 2012, Article ID 170 (2012)

Sintunavarat, W, Radenovi¢, S, Golubovi¢, Z, Kuman, P: Coupled fixed point theorems for F-invariant set. Appl. Math.
Inf. Sci. 7(1), 247-255 (2013)

. Sintunavarat, W, Kumam, P: Coupled coincidence and coupled common fixed point theorems in partially ordered

metric spaces. Thai J. Math. 10(3), 551-563 (2012)

Mustafa, Z, Sims, B: A new approach to generalized metric spaces. J. Nonlinear Convex Anal. 7(2), 289-297 (2006)
Agarwal, R, EI-Gebeily, MA, O'Regan, D: Generalized contractions in partially ordered metric spaces. Appl. Anal. 87, 1-8
(2008)

Page 20 of 21


http://www.journalofinequalitiesandapplications.com/content/2014/1/342
http://dx.doi.org/10.1186/1687-1812-2014-62
http://dx.doi.org/10.1186/1687-1812-2013-325
http://dx.doi.org/10.1186/1687-1812-2013-330

Na Nan and Charoensawan Journal of Inequalities and Applications 2014, 2014:342
http://www.journalofinequalitiesandapplications.com/content/2014/1/342

34

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

52.
53.
54.
55.
56.
57.
58.
59.
60.
61.
62.

63.

64.

Alghamdi, MA, Karapinar, E: G-B- Contractive type mappings in G-metric spaces. Fixed Point Theory Appl. 2013,
Article ID 123 (2013)

Bilgili, N, Karapinar, E: Cyclic contractions via auxiliary functions on G-metric spaces. Fixed Point Theory Appl. 2013,
Article ID 49 (2013)

Jleli, M, Samet, B: Remarks on G-metric spaces and fixed point theorems. Fixed Point Theory Appl. 2012, Article ID 210
(2012)

Mustafa, Z, Aydi, H, Karapinar, E: On common fixed points in image-metric spaces using (E.A) property. Comput.
Math. Appl. (2012). doi:10.1016/j.camwa.2012.03.051

Mustafa, Z, Obiedat, H, Awawdeh, F: Some fixed point theorem for mapping on complete G-metric spaces. Fixed
Point Theory Appl. 2008, Article ID 189870 (2008)

Mustafa, Z, Khandagji, M, Shatanawi, W: Fixed point results on complete G-metric spaces. Studia Sci. Math. Hung. 48,
304-319(2011)

Mustafa, Z, Sims, B: Fixed point theorems for contractive mappings in complete G-metric spaces. Fixed Point Theory
Appl. 2009, Article ID 917175 (2009)

Mustafa, Z, Shatanawi, W, Bataineh, M: Existence of fixed point results in G-metric spaces. Int. J. Math. Math. Sci. 2009,
Article ID 283028 (2009)

Mustafa, Z, Aydi, H, Karapinar, E: Generalized Meir Keeler type contractions on G-metric spaces. Appl. Math. Comput.
219(21), 10441-10447 (2013)

Roldan, A, Karapinar, E, Kumam, P: G-Metric spaces in any number of arguments and related fixed point theorems.
Fixed Point Theory Appl. 2014, Article ID 13 (2014). doi:10.1186/1687-1812-2014-13

Shatanawi, W: Fixed point theory for contractive mappings satisfying ®-maps in G-metric spaces. Fixed Point Theory
Appl. 2010, Article ID 181650 (2010)

Shatanawi, W: Some fixed point theorems in ordered G-metric spaces and applications. Abstr. Appl. Anal. 2011,
Article ID 126205 (2011)

Tahat, N, Aydi, H, Karapinar, E, Shatanawi, W: Common fixed points for single-valued and multi-valued maps satisfying
a generalized contraction in G-metric spaces. Fixed Point Theory Appl. 2012, Article ID 48 (2012)

Choudhury, BS, Maity, P: Coupled fixed point results in generalized metric spaces. Math. Comput. Model. 54(1-2),
73-79(2011)

Aydi, H, Damjanovi¢, B, Samet, B, Shatanawi, W: Coupled fixed point theorems for nonlinear contractions in partially
ordered G-metric spaces. Math. Comput. Model. 54, 2443-2450 (2011)

Karapinar, E, Kaymakcalan, B, Tas, K: On coupled fixed point theorems on partially ordered G-metric spaces. J. Inequal.
Appl. 2012, Article ID 200 (2012)

Agarwal, R, Karapinar, E: Remarks on some coupled fixed point theorems in G-metric spaces. Fixed Point Theory Appl.
2013, Article ID 2 (2013)

. Aydi, H, Postolache, M, Shatanawi, W: Coupled fixed point results for (yr, ¢)-weakly contractive mappings in ordered

G-metric spaces. Comput. Math. Appl. 63(1), 298-309 (2012)

Aydi, H, Karapinar, E, Shatanawi, W: Tripled fixed point results in generalized metric spaces. J. Appl. Math. 2012, Article
ID 314279 (2012)

Aydi, H, Karapinar, E, Shatanawi, W: Tripled common fixed point results for generalized contractions in ordered
generalized metric spaces. Fixed Point Theory Appl. 2012, Article ID 101 (2012)

Chandok, S, Sintunavarat, W, Kumam, P: Some coupled common fixed points for a pair of mappings in partially
ordered G-metric spaces. Math. Sci. 7, 24 (2013). doi:10.1186/2251-7456-7-24

Charoensawan, P, Thangthong, C: On coupled coincidence point theorems on partially ordered G-metric spaces
without mixed g-monotone. J. Inequal. Appl. 2014, Article ID 150 (2014). doi:10.1186/1029-242X-2014-150

Cho, YJ, Rhoades, BE, Saadati, R, Samet, B, Shatanawi, W: Nonlinear coupled fixed point theorems in ordered
generalized metric spaces with integral type. Fixed Point Theory Appl. 2012, Article ID 8 (2012)

Ding, H-S, Karapinar, E: Meir Keeler type contractions in partially ordered G-metric space. Fixed Point Theory Appl.
2013, Article ID 35 (2013)

Karapinar, E, Kumam, P, Erhan, I: Coupled fixed points on partially ordered G-metric spaces. Fixed Point Theory Appl.
2012, Article ID 174 (2012). doi:10.1186/1687-1812-2012-174

Karapinar, E, Agarwal, R: Further fixed point results on G-metric spaces. Fixed Point Theory Appl. 2013, Article ID 154
(2013)

Nashine, HK: Coupled common fixed point results in ordered G-metric spaces. J. Nonlinear Sci. Appl. 1, 1-13 (2012)
Samet, B, Vetro, C, Vetro, F: Remarks on G-metric spaces. Int. J. Anal. 2013, Article ID 917158 (2013)

Shatanawi, W: Coupled fixed point theorems in generalized metric spaces. Hacet. J. Math. Stat. 40(3), 441-447 (2011)
Shatanawi, W, Abbas, M, Nazir, T: Common coupled coincidence and coupled fixed point results in two generalized
metric spaces. Fixed Point Theory Appl. 2011, Article ID 80 (2011)

Shatanawi, W, Abbas, M, Aydi, H, Tahat, N: Common coupled coincidence and coupled fixed point in G-metric spaces.
Nonlinear Anal. Appl. 2012, Article ID jnaa-00162 (2012)

10.1186/1029-242X-2014-342
Cite this article as: Na Nan and Charoensawan: (H, F)-Closed set and coupled coincidence point theorems for a
generalized compatible in partially G-metric spaces. Journal of Inequalities and Applications 2014, 2014:342

Page 21 of 21


http://www.journalofinequalitiesandapplications.com/content/2014/1/342
http://dx.doi.org/10.1016/j.camwa.2012.03.051
http://dx.doi.org/10.1186/1687-1812-2014-13
http://dx.doi.org/10.1186/2251-7456-7-24
http://dx.doi.org/10.1186/1029-242X-2014-150
http://dx.doi.org/10.1186/1687-1812-2012-174

	(H, F)-Closed set and coupled coincidence point theorems for a generalized compatible in partially G-metric spaces
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Competing interests
	Authors' contributions
	Acknowledgements
	References


