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Abstract

Let A be a nonnegative tensor and x = (x;) > 0 its Perron vector. We give lower
bounds for x"'/ 3" x;, - - - x;,, and upper bounds for x™'/ 3" x;, - - x;,,, where
Xs = MaXi<j<n X and X¢ = MiNj<j<p X;.
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1 Introduction
Eigenvalue problems of higher order tensors have become an important topic of study in
a new applied mathematics branch, numerical multilinear algebra, and they have a wide
range of practical applications [1-7]. The main difficulty in tensor problems is that they are
generally nonlinear. Therefore, large amounts of results for matrices are never in force for
higher order tensors. However, there are still some results preserved in the case of higher
order tensors.

Throughout this paper we consider an mth order n-dimensional tensor A consisting of
n entries in R:

A = (ail,iz ,,,,, im)r ﬂil,iz ,,,,, im € ]Ryl =< ilv iZ) . '~1im <n.

The tensor A is called nonnegative (or positive) if all the entries a;, ;.. ;,, > 0 (or a;, ;, >

..... im

0). We also denote by C the field of complex numbers.

Definition 1.1 A pair (A,x) € C x C"/{0} is called an eigenvalue-eigenvector pair of A, if
they satisfy

Axm—l _ )Lx[m—l]’ (1)

where n-dimensional column vectors Ax"! and x~1 are defined as

A= (i iy - Xy 1<i<n and a7 = (xf”‘l)lsisn.
This definition was introduced by Qi [8] when m is even and A is symmetric. Indepen-
dently, Lim [9] gave such a definition but restricted x to be a real vector and A to be a real

number. Let
p(A) = max{|A| : 1 is an eigenvalue of A},

where |A| denotes the modulus of 1. We call p(.A) the spectral radius of tensor A.
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In [4], Chang et al. generalized the Perron-Frobenius theorem from nonnegative ma-
trices to irreducible nonnegative tensors. Some further results based on this theorem are
discussed by Yang [10, 11].

Definition 1.2 The tensor A is called reducible if there exists a nonempty proper index
subset J C {1,2,...,n} such that

Aiyig iy =0, Viel,Viy,...,i,¢l.
If A is not reducible, then we call A irreducible.

Theorem 1.3 [4] If A is irreducible and nonnegative, then there exist a number p(A) > 0

and a vector xo > 0, such that
Axgt = p(A)xg .

Moreover, if A is an eigenvalue with a nonnegative eigenvector, then A = p(A). If A is an
eigenvalue of A, then |\| < p(A).

We call x a Perron vector of A corresponding to its largest nonnegative eigenvalue
p(A).
In this paper, we are interested in studying some bounds for the Perron vector of A. For

this purpose, we define

X = lnsll;asyzx,», Xt = 1réliiinnxi.
In the following we first give a new and simple bound for x,/x;. Then we give some lower
bounds for 71/ " x;, - - - ;,, and upper bounds for /Y x;, - - - x;,,, which can be used
to get another bound for x,/x;.
The paper is organized as follows. In Section 2, some efforts of establishing the bounds

of the nonnegative tensor are made. An application of these bounds is studied in Section 3.

2 Bounds
In [12], the authors have studied the perturbation bound for the spectral radius of A, and
they show that a Perron vector x must be known in advance so that the perturbation bound

can be computed. Here we cite a lemma for use below.

Lemma 2.1 [12] Suppose A is nonnegative such that m > 3 and x is its Perron vector x.

Then

maxi<j j<n O g
1<iy,ix<nm D5y eeerlm 11,09 yeelim

——

Xs . except iy

1< =< min { - = . (2)

X~ 2sksm | Mgy <n D B

-

except iy
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Define the ith row sum of A as

and denote the largest, the smallest, and the average row sums of A by
Ruax(A) = max Ri(A),  Rmin(A) = min Ri(A).

Let
[= mm “u i L= max zz,l i

Theorem 2.2 Suppose A is nonnegative with Perron vector x. Then

n
MAX1<iyip<n Dy i it iz
——

X > { { maX(A) } 2(”’ 1) { except iy } 2m=3 }
— > max max - 7 .
Xt Rinin(A) "2sksm ming <y, <n Ziz, ey iy FiLi i

—_—

except iy

Proof Since, forany i=1,2,...,n

p(A)x) 1<P(~A 7l = Z “uz i Xig ** Kiyy = Z ”uz -im%,

..........

we have

(A% < Ripin(A)" .
Similarly,

P(A T > R (A)xf"™!
It follows from (4) and (5) that

art - x7"7! Rinax (A)

xf”’l - x;'n—l Rmin(-A)

and therefore

1

3)

(5)
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If we assume ||x|j; =1, then, foranyi=1,2,...,n,

n
p(A)x:”‘l < ,O(A)xf”‘l = Z Aiiyy iy Kioy * * * Ky

i2;~'~vl’m=1
n n
m—2 : m—2
< Y iy Jor < min > a0, |4 (6)
. - 1<iy,ix<nm | .
09yl =1 Lyl
——
except i
Similarly,
n
m-1 m—2
PR = max N a0
1<i,ig=<n , .
1yl
——
except iy
and therefore
n
MaX1<iy,ix<n Ziz, ey i B2
- 1
X except i, 2m-3
= > { . — } :
Xy MIN <), i <n 21‘2, eeey bygg 2l
—
except iy
The result follows. O

Remark By the obvious inequality

. n . .
Maxi<iy,ix<n Ziz, weey by B2l
— 1

1
Rmax (./4) 2(m-1) except ip 2m=3
1 <max{§ —— , max - - ,
Ruin(A) 2<k=m | MIN1<jy,ip<n 252, vy by B2l
N——

except iy

we see that our new lower bound in (3) is sharper than that in (2).

If the tensor A is positive, we derive a new upper bound for x,/x; in terms of the entries
of A and the spectral radius p(A).

Theorem 2.3 If A is positive with Perron vector x, then

l - apt
P(A) = Ruyin (A) + lm = V)n = 370 Xy -+ - X,
L
= () ~ R (A) + L — D 7
0(A) = Rpax (A) + [(m =D —1]L . 1 - a1
P(A) = Rpax (A) + L(m — 1)n (m-1n-1" Zf’z ,,,, ipye1 Fig Ky
P(A) = Rinin(A) +1 ®)

a ;0(-/4) _Rmin(-A) +1l(m - 1)}1’
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{p(A)_Rmux(A)"' [(m—1)n-1]L 1 }%
L m-1n-1
s {p(A)—Rmmmm}%
T X / ’

Proof First, we prove the right side of (9). Now we consider

n n
m-1
,O(A)xt -1 E Kiy == Kijy, = E Atigeig iy *** Ky — ) E Kig ***
i95elim= i25elm= i

= x;ﬂ_l [Rmin(A) - l(W[ - 1)”]

and
n
1 Zi2,...,im=1 xiz .. 'xim
x§"7 except iy=-=iy=s
n = 1 _ °
Zi2 ’’’’’ im=1%i2 """ Fim Ziz ..... im=1%ip " Kip,
[((m—-1)n-1] L
<l- = m-t
Zi2v~~~vl’m=1xi2 Ky
so we can get
at N ;
B )
S %y %y p(A) = Ruin(A) + [(m —1)n
i < p(A) = Ryyin(A) +1

S Xiy -+ %, P(A) = Ruin(A) + Lm = 1)’

09y =1 V2

then

X I

% _ {,O(A)—Rmin(A) +z}%

On the other hand,

n
L Z Kiy * " Kipy — ,O(A)x;"_l =L Z Kiy ** Kipyy — Z Aty iy Xin **

19yl = 095l = 195l =1

> x;”_l [L(Wl -1n- Rmax(A)]

and
n
L Ziz,...,im=1 Kiy =+ Kiy,
x;”’ except iy=-=iy=t
n =1- n
Zzg ..... im=1%ia " Kiy, Ziz ..... im=1%ia " iy,
1 (m-n-11

= n s )
Ziz,...,imzlxlz © Ky

m

m

)

(10)

(11)

12)

(13)
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so we can get

art - L
> %Kiy P(A) = Ryax(A) + Lim = )n’
g o PA) R (A +[m-1)n-1]L 1
Y iime1 Xi - Fiyy  P(A) = Rimax(A) + Lm = 1)n m-1n-1’
then
5 [PA) Ry (A + [ -Du-1L 1 |
X L (m-1n-1
This completes the proof. O

In the following corollary, we get some bounds for x,/ 27:1 x; and x,/ 27:1 %; in terms of

the entries of A and the spectral radius p(.A).

Corollary 2.4 If A is positive with Perron vector x. Then

Xt )
T > , (14)
Zikzl Ky ,0(./4) - Rmin(A) +nl
S - Rmin l
nx < p(A) (A) + ’ (15)
Zikzl K P(A) = Ryin(A) + nl
9& < p(A)_Rmin(A)"'l' (16)
Xt l
Proof From
p(A)xy "t = Z iy Ky * Ky = ( Z ﬂtigwimxik)x:”_z;
12 =1 12 eriyn =1
we have
n n n
p(A)x; — leik = Z Atiy iy Xy — lzxik
ir=1 09yl =1 ir=1
= Xt [Rmin(-A) - I’ll] (17)
Similar to the proof of Theorem 2.3, we can get the results. O

Remark Similar to the proof of Theorem 2.3, we can get the lower bound of j‘c—i

3 Application to the perturbation bound
Suppose A > 0 and B is another tensor satisfying .4 < B. In this section we are interested
in the bound of p(B) — p(A).

Lemma 3.1 [10] 0 < A < BB, then p(A) < p(B).
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WeletP = {(y1,¥2,...,¥n)|y; = 0} be the positive cone, and let the interior of P be denoted
by int(P) = {(y1,¥2,...,¥x)|yi > 0}.

Theorem 3.2 Let A be weakly irreducible. For a nonzero x € P, we define

m-1Y m=1y,
4 (x) = min P L v(x) = max A’iﬂ_l )l.
x;>0 X; x;>0 X;
Then
u(x) < p(A) < v(x). (18)

Proof Since

(Ax1), <(v4xm_l)i “m (Ax1),

ax—-——, %70,

m-1 = m=1 = 50 x;

x;>0 xl, xl

wx)a™ 1t < A < v(x)a™
By the result of Lemma 5.4 in [10], we have

nx) < p(A) <vx). O

..........

...............

w[p(A) = Rinin(A) + {(m — 1)n] wp(A) = Rinin(A) + l(m —1)n]
p(A) = Rinin(A) +1 = p(B) - p(A) = l ‘

Proof Let x be the Perron vector of A. Define i as follows:

B (B
xm—l - mI?.X xm—l :
i k

Then, by Theorem 3.2, we have

xm—l)k

k

From the simple equality
(B - A+ p(A)x"Y = Ba
and by considering the ith coordinate,

o _, (b iy = Qi ey Wi ** " Ky Bx"! i
Y )

i i

X

,,,,,,,,,, m geoe

D i1 Kiz " Ky _ 1p(A) = Rinin(A) + L(m = 1)n]
m-1 —
Xy l

p(B) - ph) < &



http://www.journalofinequalitiesandapplications.com/content/2014/1/340

He et al. Journal of Inequalities and Applications 2014, 2014:340 Page 8 of 8
http://www_.journalofinequalitiesandapplications.com/content/2014/1/340

Similarly, we can get

O iyt B i @[p(A) = Roin(A) + Lo = 1]

p(B) - p(A) = w1 = P(A) = Ruin(A) +1 -

Remark If we let x be the Perron vector of B, then by a similar method, we can get the
following bound:

[p(B) = Ryin(B) + I(m - 1)n] wlp(B) = Ruin(B) + I(m — 1)n]
P(B) = Ruin(B) + 1 <p(B)-p(A) < : '

4 Conclusion

We have obtained a new and sharper bound of x/x;, lower bounds for x7"~1/ Y " x;, - - x;,,,
and upper bounds for !/ x;, - - - x;,,, where x = (x;) > 0 is the Perron vector of a posi-
tive tensor .4 with x; = max;<;<, x; and x; = min; ;< x;. In addition we have given bounds
of p(B) — p(A) when 0 < A < BB by these bounds.
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