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1 Introduction
Let D be the open unit disk in the complex plane. For —1 < & < 00, the weighted Bergman
space A2(D) of the unit disk D is the space of analytic functions in L?(D, dA,), where

dAg(2) = (a +1)(1 - |2*)* dA(2).

The space L2(D, dA,) is a Hilbert space with the inner product

.1 - [ FE@AA) (g HD.dA)
If o« = 0 then A3(D) is the Bergman space A?(D). For any nonnegative integer 7, let

B Frn+a+2)
ey (z) = mz (zeD),

where T'(s) stands for the usual Gamma function. It is easy to check that {e,} is an or-
thonormal basis for A2(D) [1]. For ¢ € L>(D), the Toeplitz operator T, and the Hankel
operator H,, on A%(D) are defined by

Tf:=Pulo-f) and Hyf:=(I-P)(@-f) (feA2D),

where P, denotes the orthogonal projection that maps from L*(D, dA,) onto A2 (D). The
reproducing kernel in A2 (D) is given by

1

Kz(a)(w) = W,
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for z, w € D. We thus have

1o - [ LLL das(w)

for f € A2(D) and w € D.

A bounded linear operator A on a Hilbert space is said to be hyponormal if its selfcom-
mutator [A*,A] := A*A — AA* is positive (semidefinite). The hyponormality of Toeplitz
operators on the Hardy space H%(T) of the unit circle T = 9D has been studied by Cowen
[2], Curto, Hwang and Lee [3—5] and others [6]. Recently, in [7] and [8], the hyponormality
of T,, on the weighted Bergman space A% (D) was studied. In [2], Cowen characterized the
hyponormality of Toeplitz operator T, on H*(T) by properties of the symbol ¢ € L>(T).
Here we shall employ an equivalent variant of Cowen’s theorem that was first proposed by
Nakazi and Takahashi [9].

Cowen’s theorem ([2, 9]) For ¢ € L*°(T), write
E(p) = {k €H™: |lklloo <land ¢ -kp € HOO(T)}.
Then T, is hyponormal if and only if E(¢) is nonempty.

The solution is based on a dilation theorem of Sarason [10]. For the weighted Bergman
space, no dilation theorem (similar to Sarason’s theorem) is available. In [11], the first
named author characterized the hyponormality of 7,, on A2 (D) in terms of the coefficients
of the trigonometric polynomial ¢ under certain assumptions as regards the coefficients

of ¢ on the weighted Bergman space when o > 0 and in [12], extended for all -1 < & < co.

Theorem A ([12]) Let ¢(2) = g(z) +f(2), where f(2) = a1z +a22> g(2) = a_1z+a_o2* If ayaz =
a_i1a_y and -1 < a < 00, then

T, on Ai(]D)) is hyponormal

L(laz)* —las®) = 3(las* = la|?)  ifla_s] <laal,

4(las* —az|?) < |a|* - a1 |? iflas| <la_y|.

In this note we consider the hyponormality of Toeplitz operators T, on A2 (D) with sym-
bol in the class of functions f + g with polynomials f and g. Since the hyponormality of
operators is translation invariant we may assume that f(0) = g(0) = 0. The following rela-
tions can easily be proved:

Tory =Ty + Ty (99 €L%); (1.1)
Ty=T; (peL™); 1.2)
TsTy = Tpy  if @ or ¢ is analytic. (1.3)

The purpose of this paper is to prove Theorem A for the Toeplitz operators on A2(D)
when f and g of degree N.

Page2of 8


http://www.journalofinequalitiesandapplications.com/content/2014/1/335

Hwang et al. Journal of Inequalities and Applications 2014, 2014:335 Page3of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/335

2 Main result

In this section we establish a necessary and sufficient condition for the hyponormality
of the Toeplitz operator T, on the weighted Bergman space under a certain additional
assumption concerning the symbol ¢. The assumption is related on the symmetry, so it
is reasonable in view point of the Hardy space [13]. We expect that this approach would

provide some clue for the future study of the symmetry case.

Lemma 1 ([11]) For any s, t nonnegative integers,

F(s+1)1"(s—t+a+2)zsft ifS >t
Pa (Elzs) _ (l;(s+oz+2)l"(s—t+1) ifs <—t

For 0 <i <N -1, write
o0

ki(z) = ZanH'ZNnH'
n=0

The following two lemmas will be used for proving the main result of this section.

Lemma 2 For 0 <m <N, we have

o0

. — 2 F'Nn+i+m+1)T(a+2) 9
0 |2k, =>" TN ismrasry ol
0

n=

00 [(Nn+i+1)*T(Nn+i-m+a+2)['(a+2) 2 .
: <
ZW=0 [ (Nn+i+a+2)2T(Nn+i-m+1) |ennil ifm=<i,
ZOO ['(Nn+i+1)2T (Nn+i-m+a+2)T(a+2)
n=l " T(Nn+i+a+2)2I(Nn+i-m+1)

(i) [Pa(z"k@)]; =

|CNn+L'|2 lfm>l

Proof Let 0 <m < N. Then we have

2

[}
n+i+m
E CNn+iZN

n=0

|z k@) =

o

> .
= Z |CNn+i|2 ”ZNyHHm ”z
n=0

[ee]

_ZF(Nn+i+m+1)F(a+2)
- I'Nn+i+m+o+2)

2
|CNn+z'| .
n=0

This proves (i). For (ii), if m < i then by Lemma 1 we have

00 2

ZF(Nn+i+1)1"(Nn+i—m+oz+2)

c ‘an+i—m
I'Nn+i+a+2)T(Nn+i—m+1) Nt

| Po(Z"ki(2)) |2 =

n=0

C T(Nn+i+1)* T(Nn+i-m+a+2)(a+2)

zg I'Nn+i+a+2)I'(Nn+i-m+1)

o

2
CNn+il”-

If instead m2 > i, a similar argument gives the result. O
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Lemma 3 ([14]) Let f(z) = an12V7" + anzN and g(z) = a_y_2" ' + a_nzN. If ayqan =
a_(n-1a_n, then for i # j, we have

(kai(Z),ka]'(Z»a = (Hgki(z),szj(Z»a.
Our main result now follows.

Theorem 4 Let ¢(z) = @ +f(2), where
flz) = a2 v a2y and g(z) = a_(N_l)zN_l +a_nz'.

Ifan_1an = a_(n-1a_n and |la_y| < |ax|, then T, on A%(D) is hyponormal if and only if

1
g el = lan?) = (el =l )

Proof For 0 <i<N, put
I<l = {ki(z) € Ai (D) : ki(z) = Z CNn+iZNn+i}.
n=0

Then a straightforward calculation shows that T, is hyponormal if and only if

N-1 N-1
<(H*Hf HHy) Zk, Zk(z> >0 forallk;eK;(i=0,1,...,N-1). (2.1)
i=0

Also we have

N-1 N-1
<Hfi‘Hf > k@), ) ki (z)>
i=0 i=0 o

N-1 N-1
=Y (Hrki(2), Hki(2)), + Y (Hrki(z), Hrki(2)), (2.2)
i=0 i#,i,j>0

and

N-1 N-1
<H§H§ > k@), > ki (z)>
i=0 i=0 o

N-1 N-1
=Y (Hgki(2), Heki(@)), + > (Hgki(2), Hgki(2)),, (2.3)
i=0 i#),i,j>0

Substituting (2.2) and (2.3) into (2.1), it follows from Lemma 3 that

N-1
T,: hyponormal < Z((Hffo—HgHg)ki(z),lq(z))a >0
i=0
N-1
= (Ilfk 12 = 1gkil2 + || Pa @K | - |PaFR)|2) =

N
<)
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Therefore it follows from Lemma 2 that T, is hyponormal if and only if

N-2

) 5 CE+N)Q(@+2)  (T(Nn+i+N)(a+2)
(lan-1]* = Ja-v-] )[;{ Fri+N+a+1) i +Z< F'Nn+i+N+a+1)

n=1

TNn+i+1)’T(Nn+i—N+a+3)(a+2) | 2
- CNn+i
T(Nn+i+oa+2)2T(Nn+i-N +2) N

Z/T(Nn+2N -1l (e +2) TNn+NPTWNn+ao +2) (o +2) )
+ E - P |CNn+N—1|
— ['(Nn + 2N +«) I'Nn+N+oa+1)’T'(Nn+1)

N-1 .
+ (lanP? ~ la_nP?) |:Z{ TN +i+ 1) (e +2) ol

pn Fri+n+a+2)

i T(Nn+i+N+1D (o +2)
+
IF'Nn+i+N+a+2)

n=1

TNn+i+1)’T(Nn+i—N+a+2)(a+2) | 2l =0
— C i -_ Y
T(Nn+i+a+2)?T(Nn+i-N+1) N

or equivalently

N-2

) 5 TIN+mT(@+2) 5 = (TN +m)(a+2)
(11~ a0 >{2;m'c"' * 3 (Tovensass

n= n=N-1

Fn+1)°T(n-N+a+3)(a+2) 5
- T 5 >|Cn|
m+a+2)’T(n—N +2)

N-1

+ (Jan]? - |ﬂ’N|2):Z F'(n+N+1)I'(« +2)|Cn|2 .\ i(F(N+n + DI (x +2)

o I'N+n+a+2) = I'N+n+a+2)

 T@+1’T(n-N+a +2)F(a+2))|cn|2} > 0.

2.4
Fn+a+2)2'(n-N +1) (2.4)
Define ¢, by
FN+ml(a+2) T(n+1)2T(n—-N+a+3)[(a+2)
. T(N+nvatl) T (n+a+2)2T (n-N+2)
Ca( ) T D(N+n+D(a+2) _ T(+1)’T (n-N+a+2)I(@+2) (}’1 z 1)

T (N+n+a+2) T (n+a+2)2T(n-N+1)

Then a direct calculation gives

T(N+n)T(a+2)
C(N+n+a+1)
Sa (l’l) < IC(N+n+1)I(@+2) *
T'(N+n+a+2)
Observe that

N+a+1>N+n+a+1>N+M+a+1
N - N+n - N + N;

>¢y(N;) forallN;>Nandn=12,...,N-1; (2.5)
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and
F@N-DI(a+2) T(N)2T(a+2)?
N+a+1l > F2N+a) T (N+a+1)?
N — T2N)[(a+2)
T2N+a+1)

Therefore (2.4) and (2.5) show that T, is hyponormal if and only if

1
v 2 2y o - 2 2
Niorl (lanl* = la_nI?) = N(|ﬂ—(N—1)| lan-11%).
This completes the proof.
Remark 5 Let ¢(z) = g(2) + f(z), where
f@)=ayaZ " +anZy and  g(@) =a w2 ' +anZ.

If ay_ian = a_(n-1ya-_n,» lan| < |la_y|, and T, on Ai (D) is hyponormal. Then

2N + o
2N -1

C(N)’T(2N +a + )T (o +2)
F'2N)I'(N + o +1)?

la_n|* = lan]* < { }(|aN_1|2 —la_-pl?).

Proof If welet c;=1for 0 <j <N —1and the other ¢;’s be 0 into (2.4), then we have

N-2

(lan-1]* - Ia_(N-1>|2)[Z
+ (lan]? - la_x1?) Ai

n=

LN+ (a +2)
I'N+n+oa+1)

T@2N - D) (a +2)
T(2N +a)

T'(N)*T (« +2)?
" T(N+a+1)2I'(1)

|

Fn+N+1IMNa +2) -0
I'N+n+a+2) —

Define &, by
T'(N+n)T(a+2)
. I(N+n+a+l)
Sa (}’1) T I(N+n+D)T(a+2) (0 =n=N- ]‘)
I'(N+n+a+2)

Then &,(n) is a strictly decreasing function and

I'(N)’T2N +a + )TN« + 2)
F@N)T(N + o +1)2

N+n+a+1
N +n

2N+a 2N+«
> > -
T 2N-1"2N-1

forallm=0,1,...,N —1.

Therefore (2.6) and (2.7) give that if T,, is hyponormal then

|

This completes the proof.

2N +«a
2N -1

C(N)2T'(2N +a + DT (o +2)
C@EN)IC(N + o +1)2

2 2 2 2
}(lﬂN—1| —la-w-pl?) = la_n|* - lan|*.
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Example 6 Let ¢(z) = 22° + %Z + %z + %zz and o = 0. Then by Theorem A, T, is not hy-
ponormal. But ¢ satisfies the inequality in Remark 5, hence the inverse of Remark 5 is not
satisfied.

Remark 7 Let ¢(z) = ZN

we—m @nZ", where a_,, and ay are nonzero. Suppose T, on H*(T)

is hyponormal. It is well known [15] that
N —m <rank[T;, T,] <N.
However, the result cannot be extended to the case of A%(D); for example, if ¢(z) = a_,Z +

a1z then a straightforward calculation shows that the selfcommutator of Toeplitz operator
T, on A*(D) is given by

o 0 0
[T* T ] _(|a |2_|a |2) 0 Oy 0
prtel = 1 -1 0 0 oy e |?

where o, = m Thus rank[T, Ty] = oo and the trace of the selfcommutator tr[T7,
T,]=1.
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