Yao et al. Journal of Inequalities and Applications 2014, 2014:334 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/334 a SpringerOpen Journal

RESEARCH Open Access

Constructed nets with perturbations for
equilibrium and fixed point problems

Yonghong Yao', Yeol Je Cho?*", Yeong-Cheng Liou* and Ravi P Agarwal®?®

This paper is dedicated to Professor Shih-sen Chang for his 80th birthday.

“Correspondence: yjcho@gnu.ac kr
’Department of Mathematics
Education and RINS, Gyeongsang
National University, Chinju, 660-701,
Korea

Department of Mathematics, King
Abdulaziz University, PO. Box 80203,
Jeddah, Saudi Arabia

Full list of author information is
available at the end of the article

@ Springer

Abstract

In this paper, an implicit net with perturbations for solving the mixed equilibrium
problems and fixed point problems has been constructed and it is shown that the
proposed net converges strongly to a common solution of the mixed equilibrium
problems and fixed point problems. Also, as applications, some corollaries for solving
the minimum-norm problems are also included.
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1 Introduction
The present paper is devoted to solving the following mixed equilibrium problem: Find
u € C such that

F(u,v) + (Au,v—u) >0 (1.1)

for all v € C, where C is a nonempty closed convex subset of a real Hilbert space H, F :
C x C — Risabifunction and A : C — H is a nonlinear operator. The solution set of (1.1)
is denoted by S(MEP).
This problem (1.1) includes optimization problems, variational inequalities, minimax
problems, and Nash equilibrium problems in noncooperative games as special cases.
Case 1. If A = 0 in (1.1), then (1.1) reduces to the following equilibrium problem: Find
u € C such that

F(u,v) >0 (1.2)

for all v € C. The solution of (1.2) is denoted by S(EP).
Case 2. If F = 0 in (1.1), then (1.1) reduces to the variational inequality problem: Find
z € C such that

(Au,v—u) >0 (1.3)

for all v € C. The solution of (1.2) is denoted by S(VI).
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In the literature, there are a large number of references associated with some equilibrium
problems and variational inequality problems (see, for instance, [1-32]).
The main purpose of the present paper is to construct the following implicit net with

perturbations for solving the mixed equilibrium (1.1) and the fixed point problem:
1
F(Zt,y) + X(y —Zt 2%t — (tlrit + (1 — t)TZt - )\.ATZt)> > 0

for all y € C. Also, it is shown that the proposed net {z;} converges strongly to a common
solution of the mixed equilibrium problems and fixed point problems. As applications,

some corollaries for solving the minimum-norm problems are also included.

2 Preliminaries
Let H be a real Hilbert space with an inner product (-,-) and a norm || - ||, respectively, and
C be a nonempty closed convex subset of a real Hilbert space H.

(1) A mapping T : C — C is said to be nonexpansive if
1 Tu—Tv|| < lu—vl

for all u,v € C. F(T) denotes the set of fixed points of T
(2) A mapping A : C — H is said to be a-inverse-strongly monotone if there exists a

positive real number « > 0 such that
(Au — Av,u —v) > o||Au — Av||?

for all u,v € C. It is clear that any «-inverse-strongly monotone mapping is monotone and
é-Lipschitz continuous.

Throughout this paper, we assume that a bifunction F : C x C — R satisfies the following
conditions:

(C1) F(u,u)=0forallu € C;

(C2) F is monotone, ie., F(u,v) + F(v,u) <0 for all u,v € C;

(C3) foreach u,v,we C, lim; o F(tw + (1 - t)u,v) < F(u,v);

(C4) foreach u € C, v~ F(u,v) is convex and lower semicontinuous.

In fact, some efforts to construct the algorithms for solving the equilibrium problems
have been carried out. For instance, Moudafi [15] presented an iterative algorithm and
proved a weak convergence theorem for solving the mixed equilibrium problem (1.1).

Takahashi and Takahashi [24] constructed the following iterative algorithm:

F(z,,y) + (Ax,,y — z, + L — ZnyZn — %) > 0,
(2 9) + (A%, y = 2n) + -y ) 1)

Xpi1 = By + T(au + (1 - Br)z,)

forall y € C and n > 0, where T : C — C is a nonexpansive mapping. They proved that
the sequence {x,} generated by (2.1) converges strongly to z = Projz)nsep) (4)-

Plubtieng and Punpaeng [20] introduced and considered the following two iterative
schemes for finding a common element of the set of solutions of the problem (1.2) and
the set of fixed points of a nonexpansive mapping in a Hilbert space H.


http://www.journalofinequalitiesandapplications.com/content/2014/1/334

Yao et al. Journal of Inequalities and Applications 2014, 2014:334
http://www.journalofinequalitiesandapplications.com/content/2014/1/334

Implicit iterative algorithm {x,}:

F(unry) + %()’— Uy, Uy _xn) = 0’

(2.2)
xp = oy f(x,) + (- a,A)Tu,
forallye Hand n > 1.
Explicit iterative algorithm {x,}:
F(tn,y) + = (9 = thn, thy — %) > 0,
n (2.3)

Xn+l = wa(xn) +( —a,A)Tu,

forally e H and n > 1.
They proved that, under certain conditions, the sequences {x,} generated by (2.2) and
(2.3) converge strongly to the unique solution of the variational inequality:

((A - yf)z,x—z) >0

for all x € F(T) N S(EP), which is the optimality condition for the minimization problem:

. 1
min  —(Ax,x) — h(x),
xeF(T)NS(EP) 2

where / is a potential function for yf.

We know that there are perturbations always occurring in the iterative processes be-
cause the manipulations are inaccurate. Recently, Chuang et al. ([8]) constructed the fol-
lowing iteration process with perturbations for finding a common element of the set of
solutions of the equilibrium problem and the set of fixed points for a quasi-nonexpansive
mapping with perturbation: ¢; € H and

x, € C suchthat F(x,,y)+ i(y—xn,xn —qn) >0,
qn+1 = Oplhy + (l - an)(ﬂnxn + (1 - ﬁn)Txn)

for all y € C and n > 0. They shown that the sequence {g,} converges strongly to

Projr(rynsep)-
Now, we need the following useful lemmas for our main results.

Lemma 2.1 [11] Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F : C x C — R be a bifunction which satisfies the conditions (C1)-(C4). Let r >0 and x € H.
Then there exists z € C such that

1
Flz,y)+-(y—zz-x)>0
r

forally € C. Further, if
1
T, (x) = {ze C:F(z,y) + ;(y—z,z—x) >0,Vye C},

then the following hold:

Page 3 of 14
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(1) T, is single-valued and T, is firmly nonexpansive, i.e., for any x,y € H,
I Tx = Toyll* < (Tox = Tpy, = );
(2) S(EP) is closed and convex and S(EP) = F(T,).
Lemma 2.2 [24] Let C, H, F, and T,x be as in Lemma 2.1. Then the following holds:
[ Tox — Tox||* < S%t (Tgx — Ty, Tyox — x)
foralls,t>0andx<c H.

Lemma 2.3 [24] Let C be a nonempty closed convex subset of a real Hilbert space H. Let a
mapping A : C — H be a-inverse-strongly monotone and r > 0 be a constant. Then we have

(= rA)e = (1 = rA)y||* < e = yI1? + r(r — 200 Ax - Ay

forall x,y € C. In particular, if 0 <r < 2u«, then I — rA is nonexpansive.

Lemma 2.4 [33] Let C be a closed convex subset of a real Hilbert space H andlet T : C — C
be a nonexpansive mapping. Then the mapping I — T is demiclosed, that is, if {x,} is a
sequence in C such that x,, — u weakly and (I — T)x,, — v strongly, then (I - T)u = v.

3 Convergence results
In this section, first, we give our main results.
Part I: Assumptions on the setting of C, F, A, and T
(Al) Cisanonempty closed convex subset of a real Hilbert space H;
(A2) F:C x C— Risa bifunction satisfying the conditions (C1)-(C4);
(A3) A:C— H is an a-inverse-strongly monotone mapping;
(A4) T:C— Cisanonexpansive mapping.
Part II: Parameter restrict:
A is a constant satisfying a < A < b, where [a, b] C (0,2w).
Part III: Perturbations:

{u;} C H is a net satisfying lim;_, o, u; = € H.

Algorithm 3.1 Foranyt e (0,1- %), define a net {z;} C C by the implicit manner:

1
F(z,y) + X(y — 252t — (tut +(1-1t)Tz - AAth)> >0 (3.1)
forally e C.

Remark 3.2 We show that the net {z;} is well defined. Next, we prove that (3.1) can be
rewritten as

Zy = T‘)L (tut + (1 - t) TZ[ — )\.ATZ;) (3.2)

forall t € (0,1- %).
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In fact, for any t € (0,1 - %), u; € H, and x € H, we find z such that, forall y € C,

F(z,y) + %(y - 2,2 — (tut +(1-18)Tx - AATx)) > 0.
From Lemma 2.1, we get immediately
z= Ty (tuy + 1 — 1) Tx — LATXx).
Now, we can define a mapping
O = T) (tuy + (1— )T — AAT)

forall £ € (0,1 - %). Again, from Lemma 2.1, we know that T} is nonexpansive. Thus, for

any x,y € C, we have

102 = Doy
= || To(tue + (1 = ) Tx — AATx) — Ty (tue + (1 - )Ty - AATY) |

< || (tut +(1-6)Tx - AATx) - (tut +1-0)Ty- AATy) H

A A

From Lemma 2.3, [ — ﬁA is nonexpansive for all £ € (0,1 - %). Note that T is also non-

expansive. By (3.3), we deduce
l%x = Doyl < A =2)llx -yl

forallx,y € C. This indicates that ¥, is a contraction on C and so it has a unique fixed point,
denoted by z;, in C. That s, z, = T (tu; + (1 — £) Tz, — AATz,). Hence {z;} is well defined.

Theorem 3.3 Suppose that F(T) NS(MEP) # (. Then the net {z,} defined by (3.1) converges
strongly as t — 0+ to Prirynsoep) (#4).

Proof Pick up z € F(T) N S(MEP). 1t is obvious that z = T (z — AAz) for all A > 0. So, we

have

A
z=Tz=T(z-AAz) = T)(Tz - MATz) = T}, (th +(1- t)(Tz— ﬁATz>>

forallt € (0,1 - %). Then we have

2
llz: — zl|

= || T (tue + (1 - ) Tz, - AATZ,) - z||2

-t 1-0)( Tz - 2 ar T 1-)(Te- AT
_‘ A(tut+( —t)< Zt_l——t zt>>— x(tz+( —t)< -1, z))

2
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A A

(tut +(1-1¢) <th - —Ath)> - <tz +(1-1¢) (Tz - —ATZ))
1-t¢ 1-t¢
A s 2

=||QA=-)( | Tz - :Ath —| Tz - :ATZ + t(uy — 2)

Using the convexity of || - || and the inverse-strong monotonicity of A, we derive
A A

Q-0 Tz - I——tAth —| Tz - :ATZ + t(u; — 2)

A A 2
<Q-0|( Tz - =—ATz, | - [ Tz - —ATZ
1-¢ 1-¢

+ tlluy - z||?
= (1-1)||(Tz — T2) - MATz; - AT2)/(1 = 1)) + tllss — 211>

2
=

(3.4)

2

24
=(1- t)<||th —Tz|* - 1—t<Ath - ATz, Tz, — Tz)

2

+ )L—||Ath —ATZ|? ) + tlu, - 2))?
(1-1)?

2

A
(1-1)?

20\
<@1- t)<||th - Tz|* - - |ATz, — ATz||* + ATz, —ATz||2)

2
+tu - 2|l

A
=(1- t)<||th — Tz + m(x -2(1 - t)t) | ATz, —ATz||2> + tl|u — 2|2

A
1-2)?

<@1- t)<||zt —z|* + (A =2(1-t)a) || ATz —ATz||2> +tu, -z (35)

By the assumption, we have A — 2(1 - t)a <0 for all £ € (0,1 — %). Then, from (3.4) and
(3.5), it follows that

2
llz: —zll

<(@- t)(nzt —z|” + (A =20 - ) ATz —ATz||2) +tlu, - z))?

1-1)?2
<@-t)llze -zl + tllu — 2| (3.6)

and so
llz: —zIl < llue 2|l (3.7)

Since lim;_, ¢, u; = u, there exists a positive constant M > 0 such that sup,{||u.||} < M.
Then, from (3.7), we deduce that {z;} is bounded. Hence {7%;} and {ATz,} are also bounded.
From (3.4) and (3.5), we obtain

llze —2I* < (1= 0)llz — 2]1* + (A —2(1 - )a) I ATz, - Az||® + tlu, 2|

-2

and so

A
ﬂ(2(1 —t)o — 1) | ATz, — Az|* < tllu, —z||> — 0.

Page 6 of 14
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This implies that
lim ||ATz; — Az|| = 0. (3.8)
t—0+
Next, we show ||z; — Tz;|| — 0. Since T} is firmly nonexpansive (see Lemma 2.1), we have

lze = 201% = | To (us + (1 - ) Tz, - AATz,) - 2|
= | T (s + (= )Tz — 1ATz,) - T (Tz - A ATZ) ||

< (tu, + (1 - )Tz, — MATz, — (Tz - 1AT2),2, - )
- %(”mt + (1= )Tz - MATz, — (T2 = MAT2) | + 122 - 2|)?
— ||t + (0 = )Tz — MATz, - AATZ) - 2| ).
Since I — 2A/(1 - £) is nonexpansive, we have
|t + (1 = )Tz, - 2ATz, - (T2 - 1AT2)|*
= | (1= ) (T2 - MATz /(1 - £)) - (Tz = XATzZI(1 - 1)) + t(; - 2)||*
< (1= 0| (T2 - ATz (1 - 0)) - (Tz = 2AT2I (1 - 1) || + tllus - 2]

< (-0 Tz - Tz))* + tllu, - 2|

< (- t)llze — 2> + tllu — 2.
Thus we have
llze = 2II < %((1 = )llz 2l + thu, - 2% + ||z - 2I)?
— ||twe + (1 = )Tz, — 2, — MATz, - ATz) ||2)
It follows that

0 < tllus — 2l - |ty + (1= £) Tz, — 2 — M(ATz, - AT2)||*
= tllu, -zl = |[tus + (1= )Tz — 2|
+ 2Mtuy + (1 - 1) T2y — 2, ATz, — ATz) - \* | ATz, — ATz|>
<t -2l - |tue + (1 -T2 -z

+2A|tu + A= 6) Tz, — 2, || | ATz, — ATzZ||
and so
e + @ - )Tz, —zt||2 < tllu -zl + 21| tuy + (1 - ) Tz, — z; || | ATz, - Az||.
Since ||ATz; — Az|| — 0 by (3.8), we deduce

lim ”tut +(1-6)Tz - th =0.
t—0+
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Therefore, we have
lim ||lz; — Tz] = 0. (3.9)
t—0+

From (3.4), it follows that

2
llz: —zll

A A
(1 - t) TZt - I—_tATZt —| 1z - I——tATZ + t(Mt - Z)
A A >
Tz, — — ATz, | — | Tz— — ATz
1-t 1-¢

A A 9 3
+2t(1 - ) us -z, th—ﬁAth - Tz—ﬁATz +t7||us — z||

2
=

=(1-1)

A
<(1-t)%z —z||* +2t(1 - t)<ut -2z, 1z — l—t(ATZt —Az) - z> + 82w, — z||?

A
=1-28)z. - z||* + Zt{(l - t)<ut —z, Tz —2— ﬁ(Ath —Az)>
+ 2 (llue = zlI* + N1z —z||2)},
which implies that

A t
llz: — z|I* < <ut 2Tz -z- T (ATz —Az)> + 5(||ut —z|* + llze - z|1%)

A
+tlu —z|||| Tz, — z - ﬁ(ATZf —Az)

A
<{z-u,z-Tz)+ ﬁﬂut —z||||ATz; — Az|| + (t + ||y — u||)M1, (3.10)

where M; is a constant such that

A
TZt —Z— ﬁ (ATZ; —AZ)

2 2
SUP{IIM:—ZII +llze— 2" + [lus — 2|l

A
:te(O,l——)}le.
20

Next, we show that {z;} is relatively norm-compact as ¢ — 0+. Assume that {t,} C (0,1)

is a sequence such that £, — 0+ as n — oo. Put z, := z;,. From (3.10), it follows that

2
lz, — z|l

<(z-u,z—Tz,) + 4 — 2| | ATz, — Az|| + (b + llttw — ull) My (3.11)

1-¢,

forall z € F(T) N S(MEP). Since {z,} is bounded, without loss of generality, we may assume
that z, — x € C. From (3.9), we have

lim ||z, — Tz, = 0. (3.12)
n— 00
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We can use Lemma 2.4 to (3.12) to deduce x € F(T). Further, we show that X is also in
S(MEP). Since z, = T (t,uy + (1 — ty) Tz, — AATZ,) for any y € C, we have

F(Zm)’) +{ATzy,y — zy) + %(y_zmzn - (tnbt,, +(1- tn)TZn)> > 0.

From (C2), it follows that
1
(ATzu,y — z,) + X(y =2 Zn = (tuttn + (1= 1) T2)) = F (3, 20). (3.13)

Put x, =ty + (1 — t)x for all £ € (0,1 - %) and y € C. Then we have x, € C and so, from
(3.13), it follows that

(% = Zny AXt) = (X — 20, AXy) — (% — 24, ATZy)

1
- X<xt — 2 Zn = (bnthn + (1= £2) T2y)) + F (%0, 2)

= <xt - ZmAxt - AZ,,) + <xt - ZmAzn _ATZn>

1
- X<xt — 2w Zn — (tattn + (1= £2) T2,) ) + F (0, 20).

Since ||z, — Tz,|| — 0, we have ||Az, — ATz,|| — 0. Further, since A is monotone, we have
(% — 2, Ax; — Azy,) > 0. So, from (C4), it follows that, as n — oo,

(xt - EC,AQC» > F(xt’&) (3.14)
Also, it follows from (C1), (C4), and (3.14) that

0= F(xt)xt)
< tF(xs,y) + (1= £)F (x5, X)
< tF(x,y) + (1 —t)(x — X, Axy)

=tF(x,y) + (1 - t)E(y — %, Axy)
and hence
0 <F(xp,y)+(1-0){y—x Ax,).
Letting ¢t — 0, we have
0 < F(x,y) + (y - X, AX)
for all y € C. This implies x# € EP. Therefore, we can substitute x for z in (3.8) to get

2w = %1% < (-, % - Tz,) +

u, —x||||ATz, - Ax
l—tn” n— x| ATz, I

+ (b + llun — X)) My

Page 9 of 14
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for all x € F(T) N S(MEP). By (3.5), we know that ||ATz, — Az|| — O for any z € F(T) N
S(MEP). Then we get ||ATz, — A%|| — 0. Consequently, the weak convergence of {z,} (and
{Tz,}) to X actually implies that z, — x. This proves the relative norm-compactness of the
net {z;} as t — 0+.

Now, we return to (3.11) and take the limit as # — 0o to get

1% - zl* < (z - u,z - &)
for all z € F(T) N S(MEP). Equivalently, we have
(u—x,z-x <0

for all z € F(T) N S(MEP). This clearly implies that

X = Prerynswiep)(4).

Therefore, X is the unique cluster point of the net {z;}. Hence the whole net {z;} converges
strongly to ¥ = Pr(r)nsmep)(#). This completes the proof. O

4 Induced algorithms and corollaries
(I) Taking T =1 in (3.1), we get the following.

Algorithm 4.1 Foranyt e (0,1- %), define a net {z;} C C by the implicit manner:

1
Flz;,y) + X(y — 2,20 — (tug + (1 - )z, — 2Az;)) > 0 (4.1)
forally e C.

Corollary 4.2 Suppose that S(MEP) # (). Then the net {z,} defined by (4.1) converges
strongly as t — 0+ to Psuep)(1).

(II) Taking F = 0 in (4.1), we get the following.
Algorithm 4.3 Foranyte (0,1- %), define a net {z;} C C by the implicit manner:
y—zez — (tu, + A= 1)z, = AAz,)) = 0 (4.2)
forally e C.

Corollary 4.4 Suppose that S(VI) # ). Then the net {z,} defined by (4.2) converges strongly
as t — 0+ to Psqvpy(u).

(III) Taking A = 0 in (4.1), we get the following.
Algorithm 4.5 For any ¢ € (0,1), define a net {z;} C C by the implicit manner:
t
F(zp,y) + n O-zpze—u) 20 (4.3)

forally e C.
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Corollary 4.6 Suppose that S(EP) # (). Then the net {z,} defined by (4.3) converges strongly

as t — 0+ to Psep)(u).

5 Minimum-norm solutions
In many problems, one needs to find a solution with the minimum norm. In an abstract

way, we may formulate such problems as finding a point x” with the property:
xec, |« =min|x)?
xeC

where C is a nonempty closed convex subset of a real Hilbert space H. In other words, x"

is the (nearest point or metric) projection of the origin onto C, that is,
x" = Pc(0),

where P¢ is the metric (or nearest point) projection from H onto C.

A typical example is the least-squares solution of the constrained linear inverse problem:

Ax=Db,

xeC,

where A is a bounded linear operator from H to another real Hilbert space H; and b is
a given point in Hy. The least-squares solution is the least-norm minimizer of the mini-

mization problem:
min || Ax — b]|%.
xeC

Motivated by the above least-squares solution of the constrained linear inverse prob-
lems, we study the general case of finding the minimum-norm solutions for the mixed
equilibrium problem (1.1), the equilibrium problem (1.2), the variational inequality (1.3),
and the fixed point problem.

Now, we state our algorithms which can be inducted from the above section.

(I) Taking u; = 0 for all ¢ in (3.1), we get the following.

Algorithm 5.1 Forany ¢ € (0,1 - 5-), define a net {z;} C C by the implicit manner:

1
F(z:,y) + X(y ~ 2,20 — (1= )Tz, - 2ATz)) = 0 (5.1)
forally e C.
Corollary 5.2 Suppose that F(T) N S(MEP) # (. Then the net {z;} defined by (5.1) con-
verges strongly as t — 0+ to Prirnsaep)(0), which is the minimum-norm element in

E(T) N S(MEP).

(II) Taking u, = 0 for all ¢ in (4.1), we get the following.


http://www.journalofinequalitiesandapplications.com/content/2014/1/334

Yao et al. Journal of Inequalities and Applications 2014, 2014:334 Page 12 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/334

Algorithm 5.3 Forany ¢ € (0,1— %), define a net {z;} C C by the implicit manner:

1
F(z,y) + X(J’ —Z4H 2t — ((1 -tz — }\Azt)) >0 (5.2)
forally e C.

Corollary 5.4 Suppose that S(MEP) # (). Then the net {z;} defined by (5.2) converges
strongly as t — 0+ to Psep)(0), which is the minimum-norm element in S(MEP).

(III) Taking u,; = O for all ¢ in (4.2), we get the following.

Algorithm 5.5 Forany ¢ e (0,1- %), define a net {z;} C C by the implicit manner:
y-zoz— (1 - )z, - 2Az)) > 0 (5.3)
forally e C.

Corollary 5.6 Suppose that S(VI) # ). Then the net {z,} defined by (5.3) converges strongly
as t — 0+ to Py (0), which is the minimum-norm element in S(VI).

(IV) Taking A = 0 in (5.1), we get the following.

Algorithm 5.7 For any ¢ € (0,1), define a net {z;} C C by the implicit manner:
1
F(z,y) + X(y —znz—(1- t)Tz,) >0 (5.4)

forally e C.

Corollary 5.8 Suppose that F(T) N S(EP) # (. Then the net {z;} defined by (5.4) converges
strongly as t — 0+ to Prrynsp)(0), which is the minimum-norm element in F(T) N S(EP).

(V) Taking A = 0 in (5.2), we get the following.

Algorithm 5.9 For any ¢ € (0,1), define a net {z;} C C by the implicit manner:

t
F(z,y) + X(y—zt,zt) >0 (5.5)
forally e C.

Corollary 5.10 Suppose that S(EP) # (). Then the net {z;} defined by (5.5) converges
strongly as t — 0+ to Psep)(0), which is the minimum-norm element in S(EP).
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