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1 Introduction

1
Suppose thatp>1, 3 + 1 = 1,f(x),g0) 2 0,f € [’(R,), g € LYR,), IIfll, = { [y~ /2 (x) dx}? >
0, llgllg > 0. We have the following Hardy-Hilbert integral inequality (cf. [1])

G i
dxdy < ———— , 1
[ [ by« el g
where the constant factor W is the best possible Assuming that a,,,b, > 0, a =

{am)3, € P, b ={b,}2 €l4, |lall, = {> o, ab }p >0, ||h||,, > 0, we have the following
Hardy-Hilbert inequality with the same best constant e /p (cf 1

Yy —n 5 Il 16l )

m=1 n=1

—_

Inequalities (1) and (2) are important in analysis and its applications (cf [1-6]). Also we
have the following Mulholland inequality (cf. [1]):

1 1
oo o0 oo P oo q
amby, T a, |? bl |
2D i 2wy | || ®)
Inmn  sin(w/p) ml-p ~ n
In 1998, by introducing an independent parameter A € (0,1], Yang [7] gave an extension

of (1) for p = g = 2. Yang [5] gave some extensions of (1) and (2) as follows: If 11,45, 1 € R,
A+ Ay = A, ki (x, y) is a non-negative homogeneous function of degree —A, with

k()\1)=/ k. (t,D)t" 1 dt e R,,
0
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P () =007,y (x) = 210727, (%), (p) > 0,

felpyRy) = {f; 1 llpp := {fo ¢(x)V(x)|pdx}p < oo},
g€ LQ:¢'(R+)r Hf”p,@ “g”q,x// > 0; then

fo /0 ko () (R)g () dx dy < k() [ s gl @)

where the constant factor k();) is the best possible. Moreover, if k; (x,7) is finite and

ki (%, )17 (K (%, ¥)y*?71) is decreasing with respect to x > 0 (y > 0), then for a,,, b, > 0,

. ;
a€lyy= {ﬂ5 llallpe = [Zqﬁ(ﬂ)lanlp} < oo],

n=1

b=1{b,}2, € lyys allpgs 115ll4y > 0, it follows that

DD kil manb, < k()@ 1Bl (5)

m=1 n=1

where the constant factor k(1,) is still the best possible.

Clearly, for A =1, ki(x,y) = ﬁ, AL = %, Aoy = 1%, inequality (3) reduces to (1), while (5)
reduces to (2). Some other results including the multidimensional Hilbert-type integral
inequalities are provided by [8-24].

About half-discrete Hilbert-type inequalities with the non-homogeneous kernels, Hardy
et al. provided a few results in Theorem 351 of [1]. But they did not prove that the con-
stant factors are the best possible. However, Yang [25] gave a result with the kernel m
(0 < A <2) by introducing a variable and proved that the constant factor is the best possi-
ble. In 2011 Yang [26] gave a half-discrete Hardy-Hilbert inequality with the best possible
constant factor. Zhong et al. [27-33] investigated several half-discrete Hilbert-type in-
equalities with particular kernels. Using the way of weight functions and the techniques
of discrete and integral Hilbert-type inequalities with some additional conditions on the
kernel, a half-discrete Hilbert-type inequality with a general homogeneous kernel of de-

gree —) € R and a best constant factor k() is obtained as follows:

|56 kst miasds < kG gl (©)
n=1

(see Yang and Chen [34]). At the same time, a half-discrete Hilbert-type inequality with a
general non-homogeneous kernel and the best constant factor is given by Yang [35].

In this paper, by using the way of weight coefficients and technique of real analysis, a
more accurate multidimensional discrete Mulholland-type inequality with the best possi-
ble constant factor is given, which is an extension of (3). The equivalent form, the operator

expression with the norm as well as a few particular cases are also considered.
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2 Some lemmas
Lemmal If(-1)'h9(t) >0 (t>0;i=1,2), then forb>0,0 <a <1,

i Y e
(-1) %h((bﬂn x))>0 (x>Li=12).

Proof We find
d 1 1 1 1,
d—h((b+ln"‘x)“):y—ch’((b+1n°‘x)°’)(b+ln"‘x)°‘ In*!x <0,
d* 1 dJ1, w L w Lol o
e 2h((b+ln x)“)—%[a—ch ((b+ln x)"‘)(b+ln x)“ "In lx:|

=—xl—zh’((b+ln"‘x)é)(b+1n°‘x)é_lln“’1x
1 7 o é o %_2 2002
+;h ((b+In®x)*)(b+In"x)e " In*x
1 1 / o é o é—Z 2002
to E_l ;h((b+1n %)) (b+In"x)« " In** P x
1 / o é o é_l a-2

+(o¢—1);h ((b+Inx)®)(b+1In%x)" " In**x

=[-H((b+ lnax)‘l’)(b+ln°‘ x)Inx

(b +10% ) ) (b + In %) 7 In

+bo - l)h’((b +In® x) é)]9% (b +In? x)éf2 In“2x>0.

Then we have (7).

If ip,jo € N (N is the set of positive integers), «, 8 > 0, we set

Q=

<Z |xk|°‘) (x:(xl,...,xio) eRiO),

%l :=
k=1
jo % 4
Iyl = <Z |yk|ﬂ) (y=01-.,5,) €RO).
k=1

7)

(8)

)

Lemma?2 IfseN, y,M >0, V(u) is a non-negative measurable function in (0,1], and

o] 500}
then we have (cf. [36])

[~ ] v (”( )y)dxl...dxs

MTH(3) ! s
= 73/ V(u)u? " du.
I Jo
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Lemma3 IfseN,y>0,6>0,d=(d,...,ds) € [%,1]5, then

s—e 1
A (e) = 1 d -
s(€) ;H n(m + )||y Ttmi+ )
FS(%) o) (e—0") (11)
=—r — 0%).
858/;/)/3—11*(%) + €
Proof For M > s'7, we set
0, O<u< -,
W (1) y ; My
(MM }/) I S US 1

Then by the decreasing property and (10), it follows that

e dx
" | DI —
(e) = /{xeRi;xPe_di} [ in + )HV [T5, (e + di)

”i:ln(:xi‘*'di)/ ||u||7sfp du
{ueRS;u;>1}

lim / /
M—o0 Dt
T |

. M) Y r°()
lim ———— (M) uy T dy = ————.
M—o0 )/SF(;) SIMY SSE/V)/S_IF(;)

B oo

i=

In the following, by mathematical induction we prove that, for any s € N,

r'()

gss/yys—lr(%) (£—> 0+)- 12)

As(e) < O5(1) +

For s =1, by the Hermite-Hadamard inequality (cf [37]), it follows that

i In™¢(my + dy) . i I~ (my + dy)

A =
1(8) my + dl my + dl
mp=1 my=3
00 14—-1-¢ oo -1-¢
< Ol(l)+/ In (x+dl)dx501(1)+/ In"*(x + dq) dx
5 x+d; e—d; x+d

2

. o 1
) o) (1)+/ u " du =01+ =,
1 I

and then (12) is valid. Assuming that (12) is valid for s — 1 € N, then for s, we set

—s—& 1
A)= > memed)] " s

{mENS;EIi(),m,vO =1,2}
1

+ Z [in(m + d) ”;H 1_[5‘71(77”1‘ Pyt

{meNS;m;>3}
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There exist constants a, b € R,, such that

s—e 1
Z HIH(WI + d) Hy 1_[?:1(7”1’ + di)

{meNS:Elio,m,-O =1,2}

—(1+¢) 1
[T (mi + dy)

<a+b Z Hln(m +d) H;(H)

{meNs—Lm;>1}
By the assumption of mathematical induction for s — 1, we find

1

—(s=1)-(1+¢)
1 d —_—
2. el )

{meNs—Lm;>1}
s-1(1
reid)

< O41(1) + s
=0l (L+&)(s = )arys20 ()

and then

s—e 1
Yo mem+a]; T omvd) < 0,(1).

[mENS;EIio,m,'O =1,2}

By Lemma 1 and the Hermite-Hadamard inequality (cf. [37]), we obtain

s—¢ 1
Z ||1n(m +d) ||y l_[s'—l(mi +d;)

{meNs;m; >3}

s—e 1
< nGx+d)| " = d
- /{xeki;x,-zg} ” e+ )H" [Ty (xi + di) *
s 1
< nx+d)| = d
N /{xeRﬁ;xi>e—d,'} || n(x * )“]/ Hf’:l(xi + dl) *

1

u;=In(x;+d;) —s—¢ FS(;)
= loelly,™ du = —— 3 — =5y
(UeRS u;>1) estvy F(;)

Hence we prove that (12) is valid for s € N. Therefore, we have (11).

Lemma 4 IfC is the set of complex numbers and Co, = CU {00}, zx € C\{z| Rez > 0,Imz =
0} (k=1,2,...,n) are different points, the function f(z) is analytic in Co, except for z; (i =
1,2,...,n), and z = 00 is a zero point of f (z) whose order is not less than 1, then for o € R,

we have

o 2T«
/ f@rdx= > Res[f(2)2 !z,
0 B k=1

where 0 <Imlnz = argz < 2n. In particular, ifzi (k =1,...,n) are all poles of order 1, setting

o(2) = (z - z)f (2) (@r(zk) #0), then

T

/ ” fl)x*dx =
0

sino

D (20" pnlan).
k-1
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Proof By [38, p.118], we have (13). We find

1-e?™% =1—cos2ma —isin2nwa
= —2isinma(cosma +isinwa) = —2ie™ sinwa.
In particular, since f(2)z% = = Zk L (gr(2)z*™), it is obvious that

Res[f(2)2°™", —ar] = 2 pilzr) = €™ (~z)* " pu k).
Then by (13), we obtain (14). O

Example 1 For s € N, we set
2 1
kxy=|]—— O<ca< <, 0<A=<5).
2(%,9) !:!(ka_+6kykm) O<a 00 <A <s)

For 0 < X1 <ip, 0 < Ay <jo, A1 + Ap = A, by (14), we find

— )»1 1
ks(1) 2= / 1_[ tk/s +cx dt
u:t)‘/s S /oo 5 1 SAl 1
£ [
A Jo e Ut ck

S 2
TS L 1
= 7)\ ( A) Ck || p eR,. (15)
S ha j=1(k)

In particular, for s = 1, we obtain

1 [ee) u(kl/}»)—l T 1_171
ki(r1) = —/ du=———c/ .
Ao u+ta Asin(%L)

Definition 1 For se N, 0<,8<1,0<¢ < - <¢, 0<A <5 0<Xt <ip 0<Ay <
oo M+ A2 =4, T = (1,...,T) € 5,110, 0 = (01,...,0)) € [3,1)°, In(m + T) = (In(m +
7),...,In(my, + 7)) € RY, In(n + o) = (In(m + o1),...,In(n;, + 0jy)) € R?, we define two

weight coefficients wj (12, ) and Wy (Aq, m) as follows:
I + o) [ || In(m + 7) | 3170
[Tica [l G + D125 + il In(n o+ 0) |5 T, (mi + 7)

1n(m + )[4 | InG + o) |27
WA()\I,M) = Z

Hk 1[” In(m + T)”MS + il In(m + O—)”MS] j= 1(”] + U/)

WA()»z, }’1) = Z

(16)

where ¥, = X0 -+ X and ¥, = X - X

Hjg =1

Lemma 5 Let the assumptions as in Definition 1 be fulfilled. Then:

Page 6 of 13
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(i) we have
wy. (A1) <Ky (n € NP), 17)
Wi (A, m) <K;  (meNY), (18)
where
r/o(%) [io(L)
Ky = —————k(\y), Ky = ———ki(M1), (19)
BT () 0T ()

and ks(\1) is indicated by (15);
(ii) forp>1,0<e<pmin{iy,1 - Ay}, settingil =\ - f;, g = Ao + f;, we have

0 < Ky (1= 6,(m)) < ws(Rs, m), (20)
where
1 i meo S
Bin) = / Vg
T () [T v+
1
InGz + o)1
- DLk
K, = M €R,. (22)

a0 T (2)

Proof By Lemma 1, the Hermite-Hadamard inequality (c¢f [37]), (10), and (15), it follows
that

LN ()\27 Vl)

/ ||ln(n+a)||“||ln(x+r)||’\1’i° dx
(

ooy0 [Ty [N + D12 + cill InG + o) 151 T2 (i + 72)

ui:lngciﬂ:i) / ” 1Il(l’l + O-)”ﬂ2 ||”||§1_i0
( I5"]

ueRlP;upln(%Hi)l Hiﬂ[”””é/s +ckllIn(n + o) B

A Ay—i
I = o[l |1~

RO [Toc [lull3” + cxll In(n + o)1)

= lim

M—>oo

/’ 1n(r + o) |2 M- [ Y000, (4] Ga=io)e
xci,’u

Dar [Ty (M5 [0, (44)e]e + eyl In(n + o) 5}
MioT(Ly (1 [[In(n + ) |2 M1~ faioVer -1

:N}lm ; ioa . X dt
— 0 L A A 5
oo adl(Z) Jo ]—[Zzl(Mstas+ck||ln(n+a)||ﬁ)

. s
MMTio(L) In(n + o) |2t w !

:Mgnoo iOF(iO) A A A dt
@) o [T (M=t + ]| In(n + o) ;)
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sh
t=|| ln(n+a)H%M’”V‘“/)‘ Sl"to( ) o0 yal

a0 1T(2) Joo [T (v + Ck)

ro(l)
= ———ki(h) = K;.
a0 1T ()
Hence, we have (17). In the same way, we have (18).
By the decreasing property and (10), similarly to the proof of (11), we find

W,\(Xzyﬂ)
/ nGr -+ o)1 InGe + 7) [0 dx
xRz [ [y [ InGe + )35 + cell InGr + ) 541 T2, i + )

Gz + o) 2 f = du
nz+o
? Juerou=n T UluelZ + cill nn + o) [15°]

u;=In(. xl+rl

| - ﬁ)w}%Mirt’o duy - - duy,
_ || n(n+o) ”/3 lm " —
Dt [Tre 1[{2 (“)oyas Ms + ¢l In(n + 0)[I7"]

MioTio(L) ' ocd
_ 7[0 ||ll’1( n+ g)”ﬁ2 hm Al dt
aidol (2 e [Tl t’“MS + ¢kl In(n + 0)157]
sTio(L) Oo m_ldv K 0,
) A ) e = Ky (1= 8,(m)) > 0
oo () S Tl e
0<Bh(n) = — / i o) 51
<Op(n)=——— TT15 (44 )
Aes(A1) Jo [Tea v + Ck)
s i )5 5 .
S vy
)"ks(}"l)nkzl Ck
i 1 ig"
ks (1) [Tezr €k [ In + a)ll?;1
Hence, we have (20) and (21). .

3 Main results and operator expressions
Setting ®(m) := [12,(m; + 7}~ || In(m + )|[Plio=A )70 () « Nio) and W(n) := ]_[j‘il(n,» +

o))" In(n + U)IIqOO Yo (n € NJ0), wherefrom

Jjo
[\IJ(n)]l_p = H(n,» +0j) ||ln(n + U)HIMZ_J0

j=1
we have the following.

Theorem 1 IfseN,0<a,8<1,0<c < -<¢, 0<A<50<X; <ip, 0<Ay <jo, A +
ha=h T e300 0 € (3,100 thenforp>1, 5+ ¢ =1, @by 2 0,0 < [lallpe, [Bll4w < 00,
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we have

amb,
I:=
22T

G + )[IE" + cxll In(n + o) [15°]

11
< K{ K Nlallpo1blg.0, (23)

where the constant factor

L[ TRG) [ () T
1<1 I<2 _|:13/01F(%))i| |:13i0—11"(%0)i| ks()"l) (24)

is the best possible (ks(A1) is indicated by (15)).

Proof By the Holder inequality (¢f. [37]), we have

1
- ZZ [Teci Ll i + f)II“S+Ck||1n(n+0)||”s]

nim + T Wl + 'Cl

In( (lo -M)lq o 1 yWa
X a
(10 A2)lp 1o

s [T

m
I n(# + o)| (15 + 0))VP

0 + )97 T2, (my + o)
X [ b }

-21)/ n
G + 7)1 87 T2, m; + )V

1
p
{ E WA()\lrm)l | m; + 1) 1||1n(m + f)”P(lo 5)) ~io p }

i=1
1
q
{wa )»z,n)l_[ n; +0,)"||In(n + o) ||q(’° +2) "’bq} :
j=1
Then by (17) and (18), we have (23).

ForO<e¢ <pmin{k1,1—kz},xl =M - ;,Kz =Xy + ;,we set

L0+)»1—7 1
7’
Hiol(mz +1;)

—jo+Az— q 1

A = ||1n(m + r)“

b, = |In(n+o) m e N©, neNP),
| s ( )

;gl(”j + 01)

Then by (11) and (20)-(22), we obtain

. 1
) . X P
1015l g0 = {Z [T + 7y | inGm + r>||§<‘°‘“>“°afzn}

m  i=1

1

jo ‘ Y
X {Zl_[(n] + O'j)q—l ”111(}1 + o,)”lé(lo—)uz)—jobz}

noj=1

1
_ 1 r
1 lo £ }
{ E [in(m + 7] o omem
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{Z”ln n+a)||"° 87}2

21 (nj + 0y)

io(1 : o _ :
:%[M+SO(1{| [% SO(l)i| , (25)

ig/aazo—lr(%o) //313,0 1T (L

5¥)> = 5 )P

n l_[k 1 (I In(m + T) |5 + ek || In(m + o) ||

1

j‘gl(nj + 0/)

1
> K; 1-0 nm+o)| 70— —
22( (||1n(”+<7)|| >>” ” 10 (nj + o)

j=1

N Vo(L -
=% [# +0(1) - 0(1)]. (26)
&]o po 1l—‘(lo)

—Zwk()\z,n)||ln(n+a)|| ~o~e

11 11
If there exists a constant K < K{' K}, such that (23) is valid when replacing K{ K by K,
then we have

ol

B ~
(1(2 + 0(1)) [m + SO(I) - 80(1)1|

1

T < ekl olBlos = K] — & com |- E 5]’
y=K| —-% 4 4 .
<el <eKlallpy g ig/“aio—lr(%) € 49/,3’310 1F(F0) &

For ¢ — 0%, we find

1

o ()Mo (1)k (k) <1<[ rio(l) F[ rio(4) ]q

po T (B ir (@) = Lo (@) ] Lpoir )

11 11
and then K} K;' < K. Hence, K = K/ K, is the best possible constant factor of (23). [

Theorem 2 With the assumptions of Theorem 1, for 0 < ||al| 5,0 < 00, we have the following
1 1

inequality with the best constant factor Kl’; Kf :

o 1-p A b }7
" {Z[W” (; [Tl 1n<m+r>||g/s+ck||1n(n+o)ng/s1> }

n

1

1
< K{ K allpo, (27)
which is equivalent to (23).

Proof We set by, as follows:

- 1-p o a
by = [\Ij(n)] (Z [Tici (N iz + )12/ + x| In(m + G)”ﬂ/s)> '
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Then it follows that J? = ”b”Z,\l" If J = 0, then (27) is trivially valid, since 0 < ||a]|,,¢ < 00;
if J = 0o, then it is a contradiction since the right hand side of (27) is finite. Suppose that
0 <J < co. Then by (23), we find

11
1617y = )7 =1 <K Ky lallpo1llgw,

11
namely, ||b||3;ﬁ =] < K{ K, ||al|p,0, and then (27) follows.
On the other hand, assuming that (27) is valid, by the Holder inequality, we have

-1 A
N Xn:(\y(n)) [; [Teci (NG + )13 + cxcll In(r + a)||/§/5)]
X [(W00)7b,] < 1Bl o8

Then by (27), we have (23). Hence (27) and (23) are equivalent.
11
By the equivalency, the constant factor K{’ K, in (27) is the best possible. Otherwise, we
1 1

would reach a contradiction by (28) that the constant factor Kf Kf in (23) is not the best
possible. d

For p > 1, we define two real weight normal discrete spaces [, , and [ as follows:
1
p
bpy = {“ ={an};llalpe = {Z d>(m)a‘,’n} < oo},
m

lgy = {b ={bu}; 1bllgw = {Z\If(n)bZ}q < oo}.

11
With the assumptions of Theorem 2, in view of ] < K{ K} |||, we have the following

definition.

Definition 2 Define a multidimensional Hilbert-type operator T': ¢ — 1, ¢1-» as fol-
lows: For a € [,,¢, there exists an unique representation 7a € [, y1-p, satistying for n € Nbo,

aAm
(0= 2 i+ 5 = xll i+ o) ] (29)

For b € [y, we define the following formal inner product of 7z and b as follows:

amub,

(0= 2 2 L Titor+ 1

+ el In(n+ o) 1571 o

Then by Theorem 1 and Theorem 2, for 0 < [|a||y,¢; |6l4y < 00, we have the following
equivalent inequalities:

11
(Ta, b) < K Ky llallp0 151140, (31)

11
I Tall,u1-» < K Ky llallp,o- (32)

Page 11 0f 13
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It follows that T is bounded since

I Tall,,g1-»

1 1
T = < KlpKZq. (33)

a®)eo lalpe

11
Since the constant factor K{’ K, in (32) is the best possible, we have:

Corollary 1 With the assumptions of Theorem 2, T is defined by Definition 2, it follows

that
]II’[ r(z) Fk(k) (34)
) aio—ll"(%o) s(A1).

Remark 1 (i) Setting @, (m) := ]_[fﬂl(mi + 1P In(m + 1)|[E0 7470 (337 € Nio) and W, () :=
5.21(11,» + 1) In(n + 1)||§(’°7A2)7’° (n € N0), then putting T = o =1 in (23) and (27), we
1 1

have the following equivalent inequalities with the best constant factor Kf Kf:

11
T =KK,) = [
j

by, 11
Z Z TS g <KL Nl 1Bl (35)
k=1

|35 + cll In(n + DI

P 1
w 1"’( - ) }"
{Z[ O\ 2 T i + DI # e DI

n

1 1

<KV K ||allpa,- (36)

Hence, (23) and (27) are more accurate inequalities than (35) and (36).
(ii) Putting ip = jo = 1, A = 5, ¢ (m) := (m + 1)P1 1P 4+ 1) (m € N) and ¥y (n) :=
(n +1)7 11271 4 1) (n € N), in (32), we have the following new inequality:

ZZ [Tie; In(m +;)(n + 1)

m=1 n=1

Sy M Z H ||a||p¢1||b||m (37)
j-1G7k) ©
In particular, for s =¢x =1, A1 = é, Ay = 1% in (37), we can deduce (4). Hence, (23) is an

extension of (4).
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