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1 Introduction

Let H be a real Hilbert space and let K be a nonempty closed convex subset of H.
Let T : K — K be a mapping. We denote by Fix(7T) the fixed-point set of T, that is,
Fix(T) = {x € K : Tx = x}. A mapping T : K — K is nonexpansive if | Tx — Ty|| < |lx — y||
for all x,y € K. Approximation methods for fixed points of nonexpansive mappings have
attracted considerable attention (see [1-5]). A mapping T : K — K is quasi-nonexpansive
if Fix(T) #¥ and || Tx — y|| < ||x — y|| for all x € K and y € Fix(T). It is well known that the
fixed-point set of a quasi-nonexpansive mapping is closed and convex (see [6, 7]). There
are some quasi-nonexpansive mappings which are not nonexpansive (see [8—10]). For ex-
ample, the level set of a continuous convex function is characterized as the fixed-point
set of a nonlinear mapping called the subgradient projection, which is not nonexpansive
but quasi-nonexpansive. Quasi-nonexpansive mappings have been discussed in the recent
literature (see [9-11]).

We say that a mapping T : K — K is demiclosed at zero if for any sequence {x,} C K
which converges weakly to x, the strong convergence of the sequence {Tx,,} to zero implies
Tx = 0. It is well known that I — T is demiclosed whenever 7 is nonexpansive. In fact, this
property is satisfied for more general mappings (see [12, 13]).

Let B be a mapping from H into 2. The effective domain of B is denoted by dom(B),
namely, dom(B) = {x € H : Bx # }. The graph of B is

Gra(B) = {(v,r) €H x H:rer}.
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A multi-valued mapping B is said to be monotone if
(x—y,u—v)>0 forallx,y e dom(B),u € Bx, and v € By.

A monotone operator B is said to be maximal if its graph is not properly contained in the
graph of any other monotone operator. For a maximal monotone operator B on H and
r > 0, we define a single-valued operator J,3 = (I + rB)™ : H — dom(B), which is called the
resolvent of B for r. It is well known that J,3 is firmly nonexpansive, that is,

(x =9, L% = Jyy) = s = Jisy|l* forany x,y € H.
A basic problem for maximal monotone operator B is to
findx € H suchthat 0 € Bx. (1.1)

The classical method for solving problem (1.1) is the proximal point algorithm which was
first introduced by Martinet [14]. Rockafellar [15] obtained the weak convergence of the
proximal point algorithm for maximal monotone operators. Giiler [16] constructed a prox-
imal point iteration that converges weakly but not strongly. Some researchers have de-
voted their work to modifications of the proximal point algorithm in order to obtain the
strong convergence theorem (see [17, 18]). For a positive constant o, a mapping A : K — H
is said to be -inverse strongly monotone if

(x—y,Ax — Ay) > a||Ax — Ay||> forallx,y € K.

We write (A + B)~'0 for the zero set of A + B, thatis, (A +B)'0={x e K:0 e (A + B)x},
where the mapping A : C — H is inverse strongly monotone and B is maximal monotone.
It is well known that (4 + B)™10 = Fix(J,5(I — LA)) for all A > 0 (see [19]). Takahashi et al.
[20] presented the following iterative sequence. Let u# € K, x; = x € K and let {x,} be a
sequence generated by

Kpp1 =ttt + (1 - O5;/1)])&,1}’3(%;«1 = LuAxy,).

Under appropriate conditions they proved that the sequence {x,} converges strongly to a
point zg € (A + B)~!0. Lin and Takahashi [21] introduced an iterative sequence that con-
verges strongly to an element of (A + B)™0 N F~10, where F is another maximal mono-
tone operator. Takahashi et al. [22] established an iterative scheme for finding a point of
(A + B)™10 NFix(T) as follows. Let x; = x € K and let {x,,} be a sequence generated by

Xn+l = ;ann + (1 - ﬂn)T[anx + (1 - an)]AnB(xn - )"nAxn)];

where T : K — K is a nonexpansive mapping.

Motivated by the above results, especially by Chuang et al. [11] and Takahashi et al. [22],
we obtain the strong convergence theorem for the iterative scheme for finding a common
element of the fixed-point set of a quasi-nonexpansive mapping and the zero set of the
sums of maximal monotone operators in Hilbert spaces. Our results extend and improve
the recent results of [22] and [23].
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The rest of this paper is organized as follows. Section 2 contains some important facts
and tools. In Section 3, we introduce a new iterative scheme for finding a common ele-
ment of the fixed-point set of a quasi-nonexpansive mapping and the zero set of the sums
of maximal monotone operators, and we prove strong convergence theorem in Hilbert
spaces.

2 Preliminaries

Throughout this paper, let H be a real Hilbert space with inner product (-, -) and norm || - ||,
and let K be a nonempty closed convex subset of H. Let N be the set of positive integers.
We denote the strong convergence and the weak convergence of {x,} to x by x, — x and
x, — X, respectively. For any x € H, there exists a unique point Pgx € K such that

lle = Prx|l < llx—yll, VyeK.

Py is called the metric projection of H onto K. Note that Pk is a nonexpansive mapping.
For x € H and z € K, we have

z=Prx <= (x—-2zy-2)<0 foreveryyeKk. (2.1)

Let f be a proper lower semicontinuous convex function of H into (—oo, +00]. The sub-
differential df of f is defined as

8 () = {2 € H:f(0) ~f(x) > &y~ ), ¥y € H} (2.2)

for all x € H. Rockafellar [24] claimed that 9f is a maximal monotone operator. Let x be
the indicator function of K, i.e.,

0, xe K,
Sk (x) =
+00, x¢ K.

The subdifferential 96k of dx is a maximal monotone operator since x is a proper lower
semicontinuous convex function on H. The resolvent /.j5, of 3k for r is Px (see [21]).

Let A : K — H be a nonlinear mapping. The variational inequality problem is to find
% € K such that

(Ax,y —x) >0 foreveryyeK. (2.3)

The solution set of (2.3) is denoted by VI(K,A). Some methods have been proposed to
study the variational inequality problem (see [25—-28] and the references therein). It is easy
to see that VI(K,A) = (A + 38x) ™10, where A is an inverse strongly monotone mapping of
K into H (for more details, see [21]).

We collect some useful lemmas.

Lemma 2.1 [29] Let A: K — H be an a-inverse strongly monotone mapping. For all x,y €
K and A > 0, we have

| (= 24)x = (1= 24)y]” < llx = yI1” + (1 - 200) | Ax - Ay,

In particular, if 0 < A < 2a, then I — LA is a nonexpansive mapping.
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Lemma 2.2 [30] Let {T",} be a sequence of real numbers that does not decrease at infinity

in the sense that there exists a subsequence {T;} of {T',} such that
F”i < F,,jﬂ foralljeN.

Define the sequence {T(n)},>n, of integers as follows:
T(n) = m/flx{k <n:Tr<Trah

where ng € N such that {k < no : Ty < Tk} #9. Then, for all n > ny, the following hold:
1) tn)<tn+1)<--- and 1(n) - oo;
(2) F‘L’(}’I) =< 1—“[(n)+1 and Fn = 1—“[(;4)+1~

Lemma 2.3 [22] Let B be a maximal monotone operator on H. Then the following holds:

s—1
2
~ Usex = Jigx, Jopx — %) > || Jspx — Jipx||

foralls,t>0andx<cH.
The following lemma is an immediate consequence of the inner product on H.
Lemma 2.4 For all x,y € H, the inequality |x + y||> < ||x||? + 2(y,x + y) holds.

Lemma 2.5 [31] Let {a,} be a sequence of nonnegative real numbers satisfying a,,; < (1 -
ap)ay, + A, By, where

(i) {an} C(0,1), > 07 ay = 00;

(ii) limsup,_, ., B, <O.
Then lim,,_, o a, = 0.

3 Strong convergence theorems
In this section, a new iterative scheme for finding a common element of the fixed-point
set of a quasi-nonexpansive mapping and the zero set of the sums of maximal monotone

operators is presented.

Theorem 3.1 Let K be a nonempty closed convex subset of a real Hilbert space H. Let A :
K — H and C: K — H be a-inverse strongly monotone and y -inverse strongly monotone,
respectively. Suppose that B and D are maximal monotone operators on H such that the do-
mains of Band D are contained in K and that T : K — K is a quasi-nonexpansive mapping
such that I - T is demiclosed at zero. Assume that Q := Fix(T)N(A+B)0N(C+D)™10 # 4.
Let {a,} and {B,} be sequences in (0,1) and let {u,} be a sequence in K. Let {x,} be a se-
quence generated by

x1 € K chosen arbitrarily,

I = iy + (L= o), (%0 — AnAxy),
Zn = Jy,0Wn — ¥uCyn),

Xne1 = Buon + (1= Bu) Tzp.
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Suppose the following conditions are satisfied:
(cl) lim, o0, =0and Y o2, o, = 00;
(c2) limy,_ o0 4y, = u;
(c3) 0<liminf,_, o B, <limsup,_ . B. <1
(c4) 0<a <A, <b<2a;
(c5) O<c<y, <d<2y.

Then the sequence {x,} converges strongly to Pqu.

Proof Observe that the set 2 is closed and convex since Fix(T), (A + B)™'0 and (C + D)0
are closed and convex.
By Lemma 2.1, for any p € €2, we have

llzw — pll = ”]WDO/n = VuCyn) _]w,,D(P - ¥.Cp) ” < ly.-pl

and

lyn =PIl < atulltty —pll + Q= o) |[J,8( = 2uA)x, — p|

< aullun = pll + A = an)llx, - pl.

It follows that

%511 =PIl < Bullxn — pll + (1= Bo)llzn = Pl
= [1 —a,(l- ,Bn)]”xn —pll +a,(1 = B,)lu, - pl

< max{|lx, - pll, 4, - pll}.

The sequence {u,} is bounded due to condition (c2). Hence there exists a positive number
L such that sup, {||#, — p||} < L. By a simple inductive process, we have

[%:1 — pll < max{|lx - pll,L},

which shows that {x,} is bounded. So are {y,} and {z,}.
Note that

2%t = X Xn = P) = %1 =PI = 1260 = pI” = %1 = 2>
and

Fne1 = %n = (1= Bu)(Tzy — ).
Thus we get

2 2 2
%01 = pI" = % =PI = 1041 — Xl
= 2<xn+1 — Xy Xn —P)

= (L= B[ Tz = pI* = | T2 = %4> = s — pII*]

Page 5 of 12
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< (= B[llzn = pI* = 1 T2 = xall* = 1% - pII?]

<o, (1= Ba)llun _P||2 - (1= BTz, _xn”2

and
%01 = pI* = 1% = pII* = (1= B T2w — %411
< au(1= Bl — plI* = (1= Bl Tz — x>
This implies that
(1= BBl Tz = xall* < 16 =PI = 121 = pII* + s (1 = Bl — pII*. (3.2)

Set I', = ||, — poll%, where po = Pqu. We divide the rest proof into two cases.
Case 1. Suppose that I',,,; < T, for all n € N. In this case, the limit lim,,_, o, I',, exists and
then lim,,_, oo (41 — T';;) = 0. We obtain

lim |7z, —x,] =0, (3.3)
n— o0
which implies
lim [|%,.q —,] = lim (1- :Bn)” Tz, — x4l = 0. (3.4)
n— o0 n— o0
Note that

”])\nB(xn - }\nAxn) —Po H2
= ” (1 - )\nA)xn - (1 - )\nA)pO “2

< [l%n —P0||2 + Au(Ay — 200) || A%, —AP0||2~
It follows that

”xn+1 —P0||2
2 2 2
< Bullxn = poll” + (1 - ,Bn)[an””n -pol*+(1- an)”]k,,B(xn — AnA%xy) = po ” ]
< Bullxn = poll* + otu(L = B) |t — polI*
+ (L= )L = B0 = poll* + 2n(hn — 200) | A,y — Apo |1%]
< 1% = poll* + (1 = B)llttn — po I

+ (1 —a,)1 - B)An(r, — 2a)||Ax, _Ap0||2¢
which yields

(I —a,)d = B)r,(2a — 1) || A%y, - Apo ”2

< [lxn _170”2 = 1%n41 _170”2 +a,(1-Ba)lu, —]90||2~
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Therefore we get
lim [[Ax, — Apo|l = 0. (3.5)
n—00
In a similar way, we have
lim |Gy, — Cpoll = 0. (3:6)
n—00
Letting 4, = J,,,5(I — A,A)x,, we have

s = pol* = |3, = 2n AV = Jo,nI = 2nA)po”
= ((1 = M)y — (I = Xy A)po, hy —P0>
1 2
= i[Hxn —P0||2 + |y —P0||2 - ” (X = H) = Au(Ax, _APO)” ],
from which one deduces that
2
10 = poll* < %0 = poll* = || (6w = 1n) = An(Axn — Apo) ||
Using (3.1), we see that
”xn+1 —POHZ
< Bullxn _170”2 +(1- ,Bn)[an”un —P0||2 + (L= o)y —P0||2]
< Bullxn — po ||2 + o, (1= B) | un —P0||2
+(1-a,)1- ,3,,)(”96,, —P0||2 = l%n = hn||2 + 20 (A%, — Apo, xn — hn))

< %0 = poll + & (1 = B,) |t = poI?

-(l-a)- ,Bn)”xn - hn”2 +2(1 —a,)(1 - ﬁn))\n (Axy — Apo, %y — hy).
Thus,

(I-a,)1- ﬂn)”xn - hn”2
=< “xn —P0||2 - ”xn+l _170”2 + Ol,,(l - ﬁn)”un —P0||2

+2(1—a,)(1- ,Bn))‘n (Ax, — Apo, %y — hy).

It follows from (3.5) that

lim (%, — Ayl = 0. (3.7)
This implies that
lim |, =y, = 0. (3.8)

By (3.6), a similar argument shows that

lim |1y, -zl = 0. (3.9)

Page 7 of 12
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172, = zull < | T2n — Xull + %0 = Yull + 1lyn = zall,
combining (3.3), (3.8) and (3.9) gives
lim || T2y, — 2|l = 0. (3.10)
n—00
Next we prove that

lim sup{u — po, ¥, — po) < 0. (3.11)

n—00

To show this inequality, we choose a subsequence {y,,} of {y,} such that

limsup(u — po, yu — po) = lim (= po, yn; — Po). (3.12)
Jj—>00

n—o0

In view of the boundedness of {y,,}, without loss of generality, we assume that y,, — o.
Now we show that w € Q. According to the fact that {y,} is contained in K and K is a
closed convex set, one has w € Q.

Note that the expressions (3.8) and (3.9) yield Xy, — @ and Zy; — . By the factthat /- T
is demiclosed at zero, the expression (3.10) implies w € Fix(T).

We prove that w € (A + B)~10. Due to (c4), there is a subsequence {)Lnji} of {An/} such that
)Lnji — Mo € [a, b]. Without loss of generality, we assume that Ay = Mo Observe that

[0 = Tron(T = hoA)ec |
< 1y = Y |l + (9 = [ttty + (L= @ VoI = Ao A, ]|
[ty + (1= 005U = oAVt = oI = o A)i |
< 16, =yl + (=) [T, BU = Ry Aok, = oI = RoA) |
iy = FgnlT = oAy |
< 1, = |+ U= 0t )[ [T, B = M), = Jigb (I = Ay At |

+ ||])»oB(I - )"n]'A)lej _])»OB(I - )‘OA)xVIj ”] + O[y,j ” unj _])»()B(I - )“OA)le/‘ H

o = |
u ||])»()B(1 - )"I’le)xn}' - (1 - )‘n]‘A)xn]‘ ||

< ||xn,' _ynj” +(1- 0[,,].)|: Y
0

+ p‘n, - }"Ol ”Axn/ ”:I + an/ || unj _])\.OB(I - )"OA)‘XVI]' || .
Hence,
lim ||x,11. —JroB( = AoA )%y, | =o. (3.13)
J—> 00

Since J;,5(I — A0A) is nonexpansive, the demiclosedness for a nonexpansive mapping im-
plies that w € Fix(J,,5(I — AoA)), that is, » € (A + B)™0.
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Note that

19 = Tyon = Y6 C)y
=y =2l + ”]WL'D(I_ Vi, Oy = Ty = Yo C),; H
< 1y = 2| + [Ty, 0 = ¥, )9 = T, D = Y0 C)y,

+ ||fwiD(1— YVoC)yn, = Jyopd = Vo C)yn, |-

Using a similar argument, we get » € (C + D)~!0. In fact, we have obtained w € Q.
By (3.12) and (2.1), we have

lim sup{u — po, y¥» — Po) :jl_iglo(u = P0Yn; = Po)

n—00
= (M —Po,w —P0>
<0.

The inequality (3.11) is obtained.
Finally, we prove that x, — po. With the help of Lemma 2.4, we obtain

”xn+1 —P0||2
< ,Bn”xn —P0||2 + (1 - ﬂn)”yn —P0||2
< Bullxn —poll* + (1= B)[(L = &) s — Poll* + 20t (te — P, Y — o) ]

= [1 - Oln(l - ,Bn)] [l —190||2 + 20571(1 - ﬂn)((un —UYn —170) +(u —PoIn _pO))'

It follows from (3.11) and Lemma 2.5 that {x,} converges strongly to p.
Case 2. Suppose that there exists a subsequence {I',,} of {I',;} such that

[y <Tpa forallieN.
We define t : N — N by
t(n) =max{k <n:T <Tral).

Lemma 2.2 shows that I';(,;) < I';(s)+1. Therefore we have from (3.2)

lim || Tz (n) — %)l =0 (3.14)
n— 00

and
lim ||xr(n)+l — Xz (n) ” =0. (315)
n— 00

As in the proof of Case 1, we obtain

lim sup(u — po, yz(n) — po) < 0. (3.16)

n—0oQ0
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Observe that

”xr(n)+1 _170”2
< [1 = aen@ = Beo) |11 = polI?

+ 2O(r(n)(1 - ﬁr(n))((ur(n) — U Ye(m) — Po) + (U = P0o, Ve (n) —P0>)-

It follows that

%26y = Poll> < 2((she(ny = s Yo () = Po) + (= P0s Ye(u) = o)) (3.17)
which implies that

limsup [|xz(») — poll* < 0.

n—00

Thus we get
lim [|%(x) = poll = 0. (3.18)
n—00

It follows from (3.15) and (3.18) that

lim ||xr(n)+1 —P0|| =0. (319)

n—00

Lemma 2.2 implies that
lim |x, — poll = 0.
n—00
The proof is completed. d
The following result is a direct consequence of Theorem 3.1.

Corollary 3.2 Let K be a nonempty closed convex subset of a real Hilbert space H. Let A
be an o-inverse strongly monotone operator of K into H and let B be a maximal monotone
operator on H such that the domain of B is contained in K. Let T : K — K be a quasi-
nonexpansive mapping such that I — T is demiclosed at zero. Assume that Fix(T) N (A +
B)'0 #0. Let {a,,} and {B,} be sequences in (0,1) and let {u,} be a sequence in K. Let {x,)

be a sequence generated by

x1 € K chosen arbitrarily,
Yn =0Quly + (1 - an)])mB(xn - )‘«nAxn)y (320)
Xn+1 = BnXn + (1- ﬁn)Tyn'

If conditions (c1)-(c4) are satisfied, then the sequence {x,} converges strongly to the element

Prix(r)n(a+-104-
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Proof Letting C = 0 and D = 38 in Theorem 3.1, the desired result follows. O

Let us consider the variational inequality problem. Recall that the subdifferential 05x of
8k is a maximal monotone operator and VI(K,A) = (A + 38x)~10, where A is an inverse

strongly monotone mapping. We obtain the following result.

Corollary 3.3 Let K be a nonempty closed convex subset of a real Hilbert space H. Let
A be an a-inverse strongly monotone operator of K into H and let T : K — K be a
quasi-nonexpansive mapping such that I — T is demiclosed at zero. Assume that Fix(T) N
VI(K,A) #0. Let {a,,} and {B,} be sequences in (0,1) and let {u,} be a sequence in K. Let
{x,} be a sequence generated by

x1 € K chosen arbitrarily,
Yn =0yl + (1 - an)PK(xn - }\nAxn): (321)
Xn1 = Bun + (1= B) Ty

If conditions (c1)-(c4) are satisfied, then the sequence {x,} converges strongly to the element

Prixmynvi,a)t.
Proof Corollary 3.2 easily yields the desired result. O

Remark Corollaries 3.2 and 3.3 improve and extend Theorem 3.1 of Takahashi et al. [22]
and Theorem 4.2 of Takahashi and Takahashi [23] in the following aspects, respectively.
(1) The nonexpansive mapping is extended to the quasi-nonexpansive mapping.
(2) The constant vector u is replaced by the variables u, with lim,_, o 1, = u.
(3) The condition lim,,_, 5o (A;41 — Ay) = 0 is removed.
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