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1 Introduction
Let E be a real Banach space and £* be the dual space of E. Let / be the normalized duality
mapping from E to 2¥" defined by

J@) = {f € E* = @ f) = I IFIL Il = Nlell}

for all x € E where (-,-) denotes the generalized duality pairing. A single-valued duality
map will be denoted by .

An operator T : E — E is said to be

« pseudocontractive if there exists j(x — y) € J(x — y) such that

(Tx = Ty, j(x - ) < llx = yl?

for any x,y € E;
« accretive if for any «, y € E, there exists j(x — y) € J(x — y) satisfying

(Tx - Ty,j(x - 3)) = 0;

« strongly pseudocontractive if there exist j(x —y) € J(x — y) and a constant A € (0,1)
such that

(Tx - Ty, j(x — ) < Alx - yII?

for any x,y € E;
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« strongly accretive if for any x, y € E, there exist j(x — y) € J(x — ) and a constant
t € (0,1) satisfying

(Tx = Ty, j(x - ) = tllx - yl?

forallx,y € E.
As a consequence of a result of Kato [1], the concept of pseudocontractive operators can
equivalently be defined as follows:
T is strongly pseudocontractive if there exists A € (0,1) such that the inequality

lx =yl < ||x—y+ r[([— T—-A)x—(I- T—)J)y] H (1.1)

holds for all x,y € E and r > 0. If A = 0 in the inequality (1.1), then T is pseudocontractive.

Itis easy to see that T is pseudocontractive ifand only if I — T is accretive where I denotes
the identity mapping on E.

Let C be a compact convex subset of a real Hilbert space and let T : C — C be a Lipschitz
pseudocontraction. It remains as an open question whether the Mann iteration process
always converges to a fixed point of T. In [2] it was proved that the Ishikawa iteration
process converges strongly to a fixed point of 7. In 2001, Mutangadura and Chidume
[3] constructed the following example to demonstrate that the Mann iteration process is
not guaranteed to converge to a fixed point of a Lipschitz pseudocontraction mapping a

compact convex subset of a real Hilbert space H into itself.

Example [3] Let H = %? with the usual Euclidean inner product, and for x = (a,b) € H
define x* = (b,—a). Now, let C = B;(0); the closed unit ballin H andlet C; = {x e H : ||x|| <
1}, Cy={x€H:} < x| <1}. Define the map T': C — C by

x+xt, ifx e Cy;

Tx =
X _

X+ xt, ifxeC.

Observe that T is pseudocontractive, Lipschitz continuous (with Lipschitz constant 5) and
has the origin (0, 0) as its unique fixed point; C is compact and convex. However, for any
x € C1, we have

(= 2)x+ ATx”Z = (L+22)|I%1% > x> VA €(0,1),
while for any x € C;, we have

|@=nx+2Tx|* = S %1%, VA€ (0,1),

N =

and therefore no Mann sequence can converge to (0, 0), the unique fixed point of T, unless
the initial guess is the fixed point itself.

Moore [4] introduced the concept of a Mann-type double sequence iteration process
and proved that it converges strongly to a fixed point of a continuous pseudocontraction
which maps a bounded closed convex nonempty subset of a real Hilbert space into itself.
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Definition 1.1 [4] Let N denote the set of all nonnegative integers (the natural numbers)
and let E be a normed linear space. By a double sequence in E is meant a function f :
N x N — E defined by f(n,m) = x,,,, € E. A double sequence {x,,,} is said to converge
strongly to x* if given any € > 0, there exist N, M > 0 such that ||x,,,, —x*|| < € forall# > N,
m> M. IfVn,r > N,Vm,t > M, we have ||x,,, —x,,+|| < €, then the double sequence is said
to be Cauchy. Furthermore, if for each fixed n, x,,,, — %}, as m — 0o and then x}, — x* as

n— oo, then x,,,, —> x* as n,m — oo.

Theorem 1.1 [4] Let C be a bounded closed convex nonempty subset of a (real) Hilbert
space H,and let T : C — C be a continuous pseudocontractive map. Let {at,,} >0, {ak } >0 C
(0,1) be real sequences satisfying the following conditions:
(i) limkﬁoo ai = 1,

(i) limg,—oolax —a,)/(1—ax)=0,¥0<r <k,

(iii) lim,_ o, =0,

(iv) Dm0 = 00.
For an arbitrary but fixed w € C, and for each k > 0, define Ty : C — C by Tjx = (1—ag)w +
aiTx, Vx € C. Then the double sequence {xi,}k>0,n>0 generated from an arbitrary xgo € C

by
Kt = (L= 0n)Xien + 0 TiXpns ko =0,
converges strongly to a fixed point x%, of T in C.
The following lemma will be useful in the sequel.

Lemma 1.2 [5] Let {§,} and {0,} be two sequences of nonnegative real numbers satisfying
the inequality

5r1+1 =< )/871 + Oy n= 0.
Herey €[0,1). Iflim, ., 0,, = 0, then lim,,_, . §,, = 0.

It is our purpose in this paper to extend Theorem 1.1 from Hilbert space to an arbitrary
real Banach space with no further assumptions on the real sequences {o,},>0, {@k}k>0-

2 Main results
Theorem 2.1 Let C be a bounded closed convex subset of a Banach space Eand T : C — C
be a Lipschitz pseudocontraction with F(T) # (. Let {oty}n=0,{ar}i=0 C (0,1) be real se-
quences satisfying the following conditions:

(i) limk_mo ai = 1,

(if) 1im,, o0 @ = O.
For an arbitrary but fixed € C, and for each k > 0, define Ty, : C — C by Trx = (1—ax)w +
arTx,Vx € C. Then the double sequence {Xi,}k>0.>0 generated from an arbitrary xoo € C

by
Kpne1 = L — )% + 0 Tik s, k,n >0 (2.1

converges strongly to a fixed point x* of T in C.
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Proof Since T is Lipschitzian, there exists L > 0 such that
1Tx — Tyl < Llx -yl forallx,yeC.

Since T is pseudocontractive, for each k > 0, we have
(Tix = Tiy, jlx = ) = aw T = Ty, j(x - 9)) < allx = ylI>.

Hence, Ty is Lipschitz and strongly pseudocontractive. Also, C is invariant under T} for
all k > 0, by convexity. Thus, for each k > 0, T} has a unique fixed point x7, say, in C.
Now, we proceed in the following steps.
(I) foreach k>0, xx, — xf € Cas n — o0.
() x; — x* € Cas k — oo.
(1) x* € F(T).
Proof of (I). In fact, it follows from (2.1) that

Kn = Kkl + Xk — O TiXicn
= L+ ap)xnne + on( = Tie = A1 = (2 = A)onXieni1 + QX
+ 0y (Tuxkns1 — ThXien)
= (1 + &)t + n(I = T = M)gni1 — (2 = M)t (L= n)Xn + 0t Tikicn]
+ i + o (Tixp ni1 — TiXan)
= (1 + an)xpmer + (I = The = A)xgnsr — (1= At

+ (2 = Mg @in = Tivin) + o Tii — Tickion)-
Thus, if x}, is a fixed point of Ty, k > 0, then

Xkn+l — x]t = (1 + an)(xk,rHl - x]t) + an(I - Tk - )J) (xk,n+1 - x]t)

= (L= Nt (wan — x5) + (2 = Mg @rn — Tekien) + n(Tiiner — Tikien)-
Using inequality (1.1), it follows that

[orme1 = x| = @+ o) |armen = 25| = (4 = Rt ||, — 2 |

— (2= N2 e — Tixkon | = ot ll Teiensr — Tl (2.2)
On the other hand, by (2.1) we obtain

%641 = Xl = ull T — Xl
< (|| Taowin = | + [0 — )
= (]| Toen — ]| + [in — 2]
< atn(anL [ =] + [ — 5]

< (L + 1) || — -
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Therefore,

I Txxrne1 = Tixionll = arcll Txinsr — Txanll
< arL||%g ne1 = Xl
< L”xk,n+l — Xk,n ”

< o L(L +1)|| 2 — - (2.3)
Substituting (2.3) into (2.2), we arrive at

o = 2| = (L + o) [|mar — 25| = (1= R)evn |t — 4 |

’

— (2 = Napllxgn = Tl = LIL + 1o | — x5

which implies that

i 55 = (1= ey = 51|+ 02[LAL + D 5]

+ (2 = W%k = Texinll],
and so

[insn = ]| = @ = 2 awin = ]| + @[ 1AL + D) 25|

+ (2 = M |%n = Texaull]- (2.4)

Since C is bounded, there exists M > 0 such that

M= max{L(L +1) sup||xk,n = x|, (2 = A) sup 1%k — Tixicnll }
n>0 n>0

Hence, it follows from (2.4) that
e =] = @ = 1) [ = 25| + M.

Since A € (0,1) and lim,,_, o, o, = 0, it follows from Lemma 1.2 that
i ] =,

i.e., X —> X as n —> 00.
Proof of (II). We prove that {x}}°, = {Tix}} 7o, converges to some x* € C. For this pur-
pose, we need only to prove that {x;}5° is a Cauchy sequence.

In fact, we have

o =5, 1* = (o5 = 5,0 (7 — %3,)
= (T — Tt () —5,))

= (A -a)o + a/Tx; — 1 - am)w — anTx,,j(x] - x5,))
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= (@ — ar)w,j(%] = x,)) + @ Txf = T, j(%) —%3,))
+ (a1 = am)(Txy, (] — %))

< lar = aml(loll|# - x5, | + | T, | 5 -5, ])
+ a(Tx; — Tx;y, j(%] - x3,))

< lar = al (Il + | T, |) |55 =, | + @) -3,

2

)

*

<la—aml(loll + | T, |) |47 = x5, || + 2] % - x5,

that is,

i =3 = [l =l (ol + 5, 2 -,

It

hence

|a; = am|
A

where d = diam C. If follows from condition (i) that

li T —xk 1l =0.
i [ -
This completes step (II) of the proof.

Proof of (III). In order to accomplish step (III), we first have to prove that {x}}22, is an

approximate fixed point sequence for T'. In fact, from Tyx} = (1 — ax)w + ax Tx}, we have

1 1-—ay
xp — —Trxy +
ak ak

1 l—ak
= |xf— —xp +
ak Ak

vk - 7ot

1—ay

_ ok
= P ((1) xk)

ak

= (jol + )

l—ﬂk

A

- 2d,
ay

where d = diam C. Hence lim;_, o [|%} — Tx%|| = 0. Since x; — x* as k — oo, T is contin-
uous and using continuity of the norm, we get limy_, , [|x* — Tx*|| = 0, i.e., x* = Tx*. This

completes the proof. O

Corollary 2.2 Let C be a bounded closed convex subset of a Banach space Eand T : C — C
be a nonexpansive mapping with F(T) # (. Let {0, }u=0, {ar}x=0 C (0,1) be real sequences
satisfying conditions (i)-(ii) in Theorem 2.1. For an arbitrary but fixed w € C, and for each
k>0, define Ty, : C — C by Tyx = (1 — ay)w + axIx, Vx € C. Then the double sequence
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{Xkn}k=0u>0 generated from an arbitrary xo € C by
K+l = (1- an)xk,n + 0 TiXp s k,n>0,
converges strongly to a fixed point of T in C.

Proof Obvious, observing the fact that every nonexpansive mapping is Lipschitz and pseu-
docontractive. d

The following corollary follows from Theorem 2.1 on setting w = 0 € C.

Corollary 2.3 Let C,E, T, {a,};20, {ax}ie, be as in Theorem 2.1. For an arbitrary but fixed
w € C, and for each k > 0, define Ty : C — C by Tix = ayTx for all x € C. Then the double
sequence {xi ,}k>0n>0 generated from an arbitrary xy € C by

X1 = (L= )xin + 2 Tikpn,  k,n>0,
converges strongly to a fixed point of T in C.

Remark 2.1 Theorem 2.1 improves and extends Theorem 3.1 of Moore [3] in three re-
spects:

(1) It abolishes the condition that lim, 4, “l’f‘]’(’ =0

(2) Itabolishes the condition that Y -, a,, = 00.

(3) The ambient space is no longer required to be a Hilbert space and is taken to be the

more general Banach space instead.

Remark 2.2

(1) Whereas the Ishikawa iteration process was proved to converge to a fixed point of a
Lipschitz pseudocontractive mapping in compact convex subsets of a Hilbert space,
we imposed no compactness conditions to obtain the strong convergence of the
double sequence iteration process to a fixed point of a Lipschitz pseudocontraction.

(2) Our results may easily be extended to the slightly more general classes of Lipschitz
hemicontractive and Lipschitz quasi-nonexpansive mappings.

(3) Prototypes of the sequences {ax}z, and {o,}oc, are

1
ar=—— and =
KT lvk o (m +1)2
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