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1 Introduction

The study of equilibrium problems is an important branch of optimization theory and
nonlinear functional analysis. Numerous problems in physics, optimization, transporta-
tion, signal processing, and economics are reduced to find a solution to equilibrium prob-
lems, which cover fixed point problems, variational inequalities, saddle problems, inclu-
sion problems, and so on. A closely related subject of current interest is the problem of
finding common elements in the fixed point set of nonlinear operators and in the solution
set of monotone variational inequalities; see [1-15] and the references therein. The moti-
vation for this subject is mainly due to its possible applications to mathematical modeling
of concrete complex problems. The aim of this paper is to investigate a common element
problem based on a Halpern-type algorithm. Strong convergence of the algorithm is ob-
tained in the framework of real Hilbert spaces. The organization of this paper is as follows.
In Section 2, we provide some necessary preliminaries. In Section 3, a Halpern-type algo-
rithm is proposed and analyzed. Strong convergence theorems for common solutions of
two problems are established in the framework of Hilbert spaces. In Section 4, applica-
tions of the main results are provided.

2 Preliminaries

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C be a nonempty;,

closed, and convex subset of H and let Proj be the metric projection from H onto C.
Let T : C — C be a mapping. In this paper, we use F(T) to denote the fixed point set

of T. Recall that T is said to be contractive iff there exists a constant « € (0,1) such that

ITx - Tyl <alx-yl, VxyeC.
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For such a case, T is also said to be «-contractive. Recall that T is said to be nonexpansive
iff

Tx =Tyl < llx-yl, VxyeC.

It is well known that the fixed point set of nonexpansive mappings is nonempty provided
that the subset C is bounded, convex, and closed.
Let A: C — H be a mapping. Recall that A is said to be monotone iff

(Ax—Ay,x—-y) >0, VxyeC.

Recall that A is said to be inverse-strongly monotone ift there exists a constant « > 0 such
that

(Ax — Ay, x —y) > a||Ax — Ay||®>, Vx,y € C.

For such a case, A is also said to be a-inverse-strongly monotone.

Recall that the classical variational inequality is to find an x € C such that
(Ax,y—x) >0, VyeC. (2.1)

In this paper, we use VI(C, A) to denote the solution set of (2.1). It is well known thatx € C
is a solution of the variational inequality (2.1) iff x is a solution of the fixed point equation
Pc(I —rA)x = x, where r > 0 is a constant.

Recall that a set-valued mapping M : H = H is said to be monotone iff, for all x,y € H,
f € Mxand g € My imply (x—y,f —g) > 0. M is maximal iff the graph Graph(M) of R is not
properly contained in the graph of any other monotone mapping. It is well known that a
monotone mapping M is maximal if and only if, for any (x,f) e H x H, (x —y,f —g) > 0,
for all (y,g) € Graph(M) implies f € Rx.

For a maximal monotone operator M on H, and r > 0, we may define the single-valued
resolvent J,. : H — D(M), where D(M) denotes the domain of M. It is known that J, is
firmly nonexpansive, and M~1(0) = F(J,), where F(J,) := {x € D(M) : x = J,x}, and M~1(0) :=
{xe H:0 € Mx]}.

Let A : C — H be a monotone mapping, and let F be a bifunction of C x C into R, where
R denotes the set of real numbers. We consider the following generalized equilibrium
problem:

Find x € C such that F(x,y) + (Ax,y—x) >0, VyeC. (2.2)

In this paper, we use EP(F,A) to denote the solution set of the generalized equilibrium
problem (2.2).
Next, we give some special cases of the generalized equilibrium problem (2.2).
(I) If F=0, then problem (2.2) is reduced to the classical variational inequality (2.1).
(II) If A =0, the zero mapping, then problem (2.2) is reduced to the following
equilibrium problem:

Find x € C such that F(x,y) >0, VyeC. (2.3)

In this paper, we use EP(F) to denote the solution set of the equilibrium problem (2.3).
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To study the equilibrium problems, we may assume that F satisfies the following condi-
tions:

(Al) F(x,x)=0forallx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0 forall x,y € C;

(A3) foreachw,y,z€C,

limsup F(¢z + (1 - t)x,y) < F(x,9);
£40

(A4) for eachx € C, y+> F(x,y) is convex and weakly lower semi-continuous.

Recently, many authors have studied fixed point problems of nonexpansive mappings
and solution problems of the equilibrium problems (2.2) and (2.3); for more details, see
[16—25] and the references therein. In this paper, motivated and inspired by the research
going on in this direction, we consider common element problems based on a mean it-
erative process. Strong convergence of the iterative process is obtained in the framework
of real Hilbert spaces. The results presented in this paper improve and extend the corre-
sponding results in Hao [1], Qin et al. [24], Chang et al. [25].

In order to prove our main results, we need the following lemmas.

Lemma 2.1 [26] Assume that {«,} is a sequence of nonnegative real numbers such that
Uy <(1- ]/n)an + 0,

where {y,} is a sequence in (0,1) and {3,} is a sequence such that

1) ZE& Vn = 00;
(2) limsup,,_, o 8,/vn <0 0r Y 21 |84 < 00.

Then lim,_, oo ¢, = 0.

Lemma 2.2 [27] Let F: C x C — R be a bifunction satisfying (Al)-(A4). Then, for any
r> 0 and x € H, there exists z € C such that

1
F(z,9)+ -(y—22z-x) >0, VyeC.
r

Define a mapping T, : H — C as follows:
1
Tx = {ze C:Flzy)+-(y—zz—x)>0,Vy e C}, x € H,
r

then the following conclusions hold.
(1) T, is single-valued,;
(2) T, is firmly nonexpansive, i.e., for any x,y € H,

I Tx— Toyl* < (Tox— Ty, 6 y);

(3) F(T;) =EP(F);
(4) EP(F) is closed and convex.

Let {S; : C — C} be a family of infinitely nonexpansive mappings and {y;} be a nonneg-
ative real sequence with 0 < y; <1, Vi > 1. For n > 1 define a mapping W,, : C — C as
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follows:

un,n+1 =1,
Un,n = ynsnun,nﬂ + (1 - J/n)I,

un,n—l = J/n—lsn—l un,n + (l - yn—l)lx

Uni = ViSkluiar + (L= yi)d, (2.4)

U1 = VieaSkiUni + (1= yici)d,

Uy = oSl + (1 — ),
W= Uy = iSillyp + (1 - )L

Such a mapping W, is nonexpansive from C to C and it is called a W-mapping generated
by Sy, Su-1,...,S1and ¥y, Yu1, ..., 11; see [28] and the references therein.

Lemma 2.3 [28] Let {S;: C — C} be a family of infinitely nonexpansive mappings with a
nonempty common fixed point set and let {y;} be a real sequence such that 0 < y; <[ <1,
where [ is some real number,Yi > 1. Then

(1) W, is nonexpansive and F(W,) = (-, F(S), for each n > 1;

(2) foreach x € C and for each positive integer k, the limit lim,,_, o, U, exists;

(3) the mapping W : C — C defined by

Wx:= lim Wyx= lim U,;x, x€C, (2.5)
n—0o0 n— o0

is a nonexpansive mapping satisfying F(W) = (5, F(S;) and it is called the
W -mapping generated by S1,S,, ... and 1,2, .. ..

Lemma 2.4 [29] Let B: C — H be a mapping and let M : H = H be a maximal monotone
operator. Then F(J,(I — rB)) = (B + M)~\(0), where r is some positive real number.

Lemma 2.5 [25] Let {S;: C — C} be a family of infinitely nonexpansive mappings with a
nonempty common fixed point set and let {y;} be a real sequence such that 0 < y; <[l<1,
Vi> 1. IfK is any bounded subset of C, then

lim sup || Wx — W,x|| = 0.

=00 xeK

Throughout this paper, we always assume that 0 < y; <I<1,Vi>1.

Lemma 2.6 [30] Let A : C — H a Lipschitz monotone mapping and let Ncx be the normal
coneto Catx e C;thatis, Nex={y € H: (x —u,y),VYu € C}. Define

Ax+Ncx, x€C,
X =

] x ¢ C.

Then W is maximal monotone and 0 € Wx if and only if x € VI(C, A).
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Lemma 2.7 [31] Let {x,} and {y,} be bounded sequences in H and let {$,} be a sequence
in (0,1) with 0 < liminf,_, o B, <limsup,,_, ., Bx < 1. Suppose that x,.1 = (1 — B)yn + Bu¥n
foralln> 0 and

1imSUP(||J/n+1 _yn” - ||xn+1 _xn”) = 0.
n—00

Then llmn%oo “yl'l _xn” =0.

3 Main results

Theorem 3.1 Let C be a nonempty closed convex subset of a Hilbert space H and let F be
a bifunction from C x C to R which satisfies (Al1)-(A4). Let A : C — H be an a-inverse-
strongly monotone mapping and let B : C — H be a B-inverse-strongly monotone mapping.
Let M : H = H be a maximal monotone operator. Let {S; : C — C} be a family of infinitely
nonexpansive mappings. Assume that F := [\ F(S;) N EP(F,B) N (A + M)™(0) # (. Let
f:C— C bea k-contraction. Let {x,} be a sequence generated by the process: x; € C and

Fu,y) + (B, Y = thy) + 3 (y =ty thy = 22) 20, ¥y €C,
Tl = of (Xn) + BuXn + Yu Wy Projc Jy, (un — rpAuy), Vn>1,
where {W,, : C — C} is the sequence generated in (2.4), {o,}, {By}, and {y,} are sequences
in (0,1) such that a,, + B, + Yn = 1 and {r,,} and {s,,} are positive number sequences. Assume
that the above control sequences satisfy the following restrictions:
(@ O<r<r,<r<2a,0<r"<s,<r"<28;
(b) lim,_ oy =0andy -, oy = 00;
(c) 0<liminf, o B, <limsup,_, ., Bu <1
(d) limy— o0 |8y = Sps1l = limy— 0 [7n = 1] = 0.
Then the sequence {x,} converges strongly to x = Proj. f (x).

Proof First, we show that I — r,A is nonexpansive. For Vx,y € C, we have

| = )z = (1 = r,A)y |
= = yI* = 2r, (x -y, Ax — Ay) + 1yl Ax - Ay|®
< llx=yI* = 2ruer | Ax - Ayll* + 77 Ax - Ayll?
= [l = yI* + rulry — 200) | Ax — Ay|>.
Using restriction (a), we have I — r,A is nonexpansive, so is I —s,B. Fix x* € F. It follows
that |lu, —x*|| < (I - s,B)xn — (I = s,B)x*|| < |lx,, — x*||. Putting y, = J,,,(uy — rnAu,), one
finds that ||y, —x*|| < ||u, —x*| < ||, — x*||. It follows that
o = &% < e [ n) =& || + B[ — %[ + v || Wo Projc 3, — #* |
< aul[f@) = f ()| + ol f(57) =27 + B0 = [ + | yn =27
< (1= a1 = 1) [0 = a7 + e f (") = 7]

bounded. Therefore, both {y,} and {u,} are also bounded. Next, without loss of generality,

Hence, we have ||x, — x| < max{|x; — «*||, W}. This yields the result that {x,} is
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we assume that there exists a bounded set K C C such that x,,y,,u, € K. Notice that
F(un+1¢y) + ﬁ(}’ — Up+1 Uptl — (1 - Sn+lB)xn+1> = 07 Vy € C7 and F(unry) + iO’ — Uy, Uy —
(I —s,B)x,) =0, Vy € C. It follows that

Uy — (1 - SnB)xn Uyl — (1 - Sn+1B)xn+1
Upsl — Uy, s - P > 0.
n n+l

Hence, we have

2
letps1 — unll” < <un+1 — ty, (I = Sy By — (I — s,B)x,

+ <1 - Sn >(Mn+1 - (1 - Sn+1B)le+1)>

Sn+l
= ”Mn+1 — Uy ” (” (1 - Sn+lB)xn+1 - (1 - SnB)xn ||

Sn

+11-

- =518, ).

Sn+l

This yields the result that

”un+1 - un” = || (1 _Sn+lB)xn+l - (1 - SnB)xn ||
I$1+1 = Sl
+ A || Ups1 — (I - Sn+lB)xn+1 ||
Sn+l
= || (1 _Sn+lB)xn+l - (1 - Sn+lB)xn + (1 _Sn+lB)xn - (I - SnB)xn ||
I$1+1 = Sal
+ A || Ups1 — (1 - Sn+lB)xn+1 ||
Sn+l
< %1 — Xnll + [Sp41 — 80| M, (3.1

where Mj is an appropriate constant such that

M = SUP{ [1Bxull +

n>1

”un+1 - (1 _sn+lB)xn+1” }
7 .

Since J,, is firmly nonexpansive, one sees that

1yn+1 = yull

= ”]r,, (Mn+l - rn+1A”n+1) _]r,, (Mn - rnAun) H

IA

H Ul — Tn Aty — (U — 1,AW,) ”

|| (1 - rn+1A)un+1 - (1 - rn+1A)Mn + (rn - rn+l)Aun ||

IA

2tps1 — wnll + 170 = Puaa || Az . (3.2)

Substituting (3.1) into (3.2), one finds that

”yn+1 _yn” S ”xn+1 _xn” + (|Sn+1 _Snl + |rn - rn+1|)M2: (33)
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where M, is an appropriate constant such that M, = max{sup,.,{l|Au,l},M;}. On the
other hand, one has

” Wn+1 Projcynﬂ - Wn Projcyn ”
5 ” Wn+1yn+l - Wnyn“

S M WasYner = Wnall + Wy — Wyl + | Wy, — Wyl

< sup{ | Wyax = Wal| + [|Wa = Wl } + (191 = 9, (3.4)
xeK

where K is the bounded subset of C defined above. Combining (3.3) with (3.4), one finds

” Wn+1 Projcynﬂ - Wn Projcyn ”

= Sup{” Wnx — Wxl| + || Wa — an”} + (%1 = %]
xek

+ (|rn+1 _rnl + |Sr1 _Sn+1|)M2-

(3.5)
Letting x,,,1 = (1 — B)z, + Bnx, we see that
(07795 ] o
1Zns1 = zull < = Hf(xrul) = Wui1¥nn ” + - Hf(xn) -~ W “
1- :3n+1 1- ﬂn
+ ” Wn+1 Projcyn+1 - Wn PrOjc)/n ” (36)
Substituting (3.5) into (3.6), we see that
”ZVI+1 - Zn” - ”anrl _xn”
o a
S ﬁ “f(xnﬂ) - Wn+lyn+l ” + 1 —nﬁn Hf(xn) - Wnyn ||
+ sup{ | Wy — Wael| + | Wa — W] }
xeK
+ (|rn+1 = Tul + ISn _Sn+1|)M2~
It follows from restrictions (a), (c), and (d) that limsup,,_, . (|zns1 — Zull = |%ne1 —24]]) < O.
Using Lemma 2.7, we find that lim,,_, o ||z, — x| = 0. It follows that
lim ||%,.1 — 4] = 0. (3.7)
n—0oQ
For any x* € F, we see that
>k 2 k 2 * 2 . * 2
[omer = 2" < o [ Gon) =2+ Bl — 7" + 3 | W Projc g — 7|
2 2 2
< a||[fGon) = |7+ Bulown = 2|+ vy — 2| (3.8)
Since
2 2
|yn =" = [T o — ruAm) = ¥

=< || (1_ rnA)un - (I_ r,,A)x* HZ
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= ||u,, —x* ||2 - 2rn<un —x*,Au, —Ax*) +72 ||Auy, — Ax* ||2

< ||x,, —x* ||2 + 11y, — 2(x)HAu,, — Ax* 2,
we find from (3.8) that
lim || Au, — Ax*| = 0. (3.9)
n—00

It also follows from (3.8) that

vt < o) -7+ Bl =+ bt — 50 (B3~ B
< | @) | + Buflwn - 2|
+ V(|0 = 2| * + 52 | B — Bx*||* = 25,,(Bx, — Bx*,x, —2*))
< o[£ Gon) =2+ Bl =¥ |* + yu | — ¥

2
— 8, Y0 (28 —s,) ||Bx,, — Bx* || .
Using (3.7), one arrives at
lim | Bx, - Bx*| = 0. (3.10)
n—00
Since Ty, is firmly nonexpansive, we find that

||un —x* ||2 < ((1 —s,B)x, — (I —s,B)x*, u, — x*>
1
< 5 (=" 1t = | = Wit = 0l = 5} | By — B

+ 23,,(an — Bx*, %, — un>),
which implies that ||z, —x*||> < ||, — &*||2 = 1% — 4 ||? + 25, ||Bx,, — Bx* ||| %, — u,,||. Hence

Yl = 11> < cn[f (o) = || + (200 = 2| + 01 =% ) 120 = % |

+ 25, HBx,, — Bx* ” 1%, — wl.
Using (3.7) and (3.10), one has
lim [|%, — ]| = O. (3.11)
n—0oQ
Similarly, one also has
lim ||y, — ] = 0. (3.12)
n— o0
Since

NWiyn = Yull < Nyn — thull + [ty — x|l + |20 — Wiyl

Page 8 of 13
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we find from (3.11) and (3.12) that
lim || Wy, = yull = 0. (3.13)

Now, we are in a position to show limsup,,_, .. {(f(X) — x,x, —z) < 0, where X = Proj. f (x).
To prove this, we choose a subsequence {x,,} of {x,} such that

lim sup(f(a'c) — X, Ky — 9_C> = 1i1£10<f(9_c) — X, Xy — 9_6) (3.14)

n—0o0
Since {x,,} is bounded, without loss of generality, we may assume that x,,, — g. Using (3.11)
and (3.12), we have lim,,_, o ||, — ¥4 || = 0. Therefore, we see that y,, — g. Now, we are in a
position to prove g € (A + M)~}(0). Notice that % —Au, € My,. Let © € Mv. Since M is
monotone, we find that (% —Au, — 4, y, —v) > 0. This implies that (—~Ag — u,q—v) > 0.

This implies that —Ag € Mg, that is, g € (A + M)~}(0). Next, we show that g € EP(F, B).
Since u, = T, (I — 5,B)x,, we find from (A2) that

Up; — Xn;

(Bxp;, y — thy;) +<y—uni, >2F(y,uni), VyeC. (3.15)

nj

Putting y; = ty + (1 — t)q for any ¢ € (0,1] and y € C, we see that y, € C. Using (3.15), we
find that

(e — uni,Byt)

Uy

=Xy,
ls nl>+F(yt; uni)

nj

Z ()’r - anByt) - (ani:yt - Mn,-) - <_yt - un,-y

uni _xnl-
= (¥t = Up;; Bys — Buty,) + (s — Up;, By, — Bxy,) —{y: — thy,, .

ni

+ F(yt, I/lnl.).

Since B is monotone, we obtain from (A4) that (y, —w, By;) > F(y;, w). Using (A1) and (A4),
we find that
0 = F(yt»yt) S tp()/try) + (1 - t)F()/t, W)
< tF(yp,y) + (1= )y — w, By:)
= tF(y;,y) + 1 — £)t{y — w, By,).
Hence, 0 < F(y,,y) + (1 — t){y — w,By,), Vy € C. It follows from (A3) that w € EP(F, B).
Next, we prove that g € (5, F(S;). Suppose to the contrary, g ¢ (5, F(S:), i.e., Wq # q.
Since y,, — g and the space satisfies Opial’s condition, one has
liminf 1y, - qll < liminf lly,, — Wg
1—> 00 11— 00
< ligigf{llyni = Wyl + 11 Wy, — W}

< timinf{lly,, — Wy, | + llyn, - qll}. (3.16)


http://www.journalofinequalitiesandapplications.com/content/2014/1/313

Zhang Journal of Inequalities and Applications 2014, 2014:313 Page 10 0f 13
http://www.journalofinequalitiesandapplications.com/content/2014/1/313

Since [|Wy,, — yull < sup,ex | Wa — Wix|l + (| Wyyn — yull, we find from Lemma 2.5 that
lim,—, o | Wy, — yull = 0. It follows that liminf;_, o |ly,, — gll < liminf_, ||y, — gll. This
leads to a contradiction. Thus, we have g € (.5 F(S;). This proves that g € F. Therefore,
one has

lim sup(f (%) - &, %, — x) < 0.
n—0o0

Finally, we show that x,, — x, as n — 0o. Note that

[Emeh
< ol () = f (%), X1 — &) + nlf () — X, 01 — &)
+ Ballstn = &l net = El + Vi llyn — N %001 — X
< gan(nxn ZEI + Wonet — EI?) + 0lf E) - & %1 - F)

+ (1 =) 1o = X[ |01 — ]|
< 1_w”f(l_lc)llxn - x|+ %”xnﬂ =% + otulf (%) — X X1 — X),
which implies that
et = &I < (1= ctn(1 = 1)) ot = FI + 2000{f R) = &, 211 ).

Using Lemma 2.1, we find that lim,_, « [|x, — ¥|| = 0. This completes the proof. (]

4 Applications
Recall that a mapping T: C — C is said to be a k-strict pseudo-contraction if there exists
a constant k € [0,1) such that

1T Ty11% < e =yl + k|| (I = T)x = (I - Ty|*

for all x,y € C. Note that the class of k-strict pseudo-contractions strictly includes the
class of nonexpansive mappings. Put A =1 — T, where T : C — C is a k-strict pseudo-
contraction. Then A is %—inverse—strongly monotone. Now, we are in a position to state
a results on fixed points of strict pseudo-contractions.

Theorem 4.1 Let C be a nonempty closed convex subset of a Hilbert space H and
let F be a bifunction from C x C to R which satisfies (Al)-(A4). Let T : C - H
be a k-strict pseudo-contraction, B : C — H be a B-inverse-strongly monotone map-
ping, and {S; : C — C} be a family of infinitely nonexpansive mappings. Assume that
F:=(2, F(S) NEP(F,B)NF(T) #@. Let f : C — C be a k-contraction. Let {x,} be a se-
quence generated by x, € C and

F(tty, ) + (Bxp, vy — tty) + sin(y—un,un —-x4) >0, Vye(C,
Yn = (l_rn)un + 1, Tuy,

Xn+l = anf(xn) + ,ann + Vn Wn_ym Vn > ].,
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where {W,, : C — C} is the sequence generated in (2.4), {o,}, {Bu}, and {y,} are sequences
in (0,1) such that o, + B, + v, = 1 and {r,}, and {s,} are positive number sequences. Assume
that the above control sequences satisfy the following restrictions:

(@) 0<r<s,<r<2B,0<r<r,<r"<1-k;

(b) lim,_, oty =0and Y, oy = 00;

(c) 0<liminf,_, B, <limsup,_, . By <1

(d) Tlimyo0 I8y = Spstl = 1imy oo |1y = 1i1] = 0.

Then the sequence {x,} converges strongly to x = Projp f (x).

Proof Taking A =1 — T, wee see that A : C — H is a «-strict pseudo-contraction with
o= % and F(T) = VI(C, A). Using Theorem 3.1, we find the desired conclusion immedi-
ately. O

Let g: H — (—00,+00] be a proper convex lower semi-continuous function. Then the
subdifferential dg of g is defined as follows:

dfg(x) = {yeH:g(z) >g(x) + (z—x,y),zeH}, Vx € H.

From Rockafellar [30], we know that dg is maximal monotone. It is not hard to verify that
0 € dg(x) if and only if g(x) = minyey g(y).
Let I¢ be the indicator function of C, i.e.,

0, xe(C,
Ic(x) =
+00, x¢C.

Since I¢ is a proper lower semi-continuous convex function on H, we see that the subdif-
ferential 3¢ of I¢ is a maximal monotone operator. It is clear that J,x = Pcx, Vx € H. Notice
that (A + d1c)71(0) = VI(C, A;). Now, we are in a position to state the result on variational

inequalities.

Theorem 4.2 Let C be a nonempty closed convex subset of a Hilbert space H and let F be
a bifunction from C x C to R which satisfies (Al1)-(A4). Let A : C — H be an a-inverse-
strongly monotone mapping, B : C — H be a B-inverse-strongly monotone mapping, and
{Si: C — C} be a family of infinitely nonexpansive mappings. Assume that F := (5 F(S;) N
EP(F,B)NVI(C,A) #9. Let f : C — C be a k-contraction. Let {x,} be a sequence generated
byx, € Cand

F(uty,y) + (Bxp, vy — ty) + Sin(y— U, Uy — %) >0, VyeC,
Xntl = ar(f(xn) + ﬁnxn + Vu WnPC(un - SnAMn): Vn = 1:

where {W,, : C — C} is the sequence generated in (2.4), {o,}, {By}, and {y,} are sequences
in (0,1) such that o, + B, + v, = 1 and {r,}, and {s,} are positive number sequences. Assume
that the above control sequences satisfy the following restrictions:

(@) O0<r<s,<r<2B,0<r"<r,<r"<2a;

(b) lim,_ oy =0andy -, oy = 00;
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(c) 0<liminf,_, B, <limsup,_, . By <1

(d) limy, o0 |81 = Sus1l = limy, s 00 |7 = 741| = 0.

Then the sequence {x,} converges strongly to x = Proj. f (x).
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