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1 Introduction and preliminaries
In the past two decades, the oscillation, nonoscillation, and existence of solutions for some
kinds of neutral delay differential equations have been extensively studied by many au-
thors. See, for example, [1-16] and the references cited therein.

Recently, Zhang et al. [14] and Ocalan [10] got several existence results of a nonoscilla-

tory solution or positive solution for the first-order neutral delay differential equations

%[x(t) +c(®)x(t - 7)] + P(O)x(t — ) - Q)x(t - B) =0, t>1to (1.1)

and

d m n
= [%(8) + cOx(t - 7)] + ;Ai(t)x(t —0) - ig;lAi(t)x(t ~0)=0, >ty 1.2)
where 7 > 0, «,8,0; € RY, ¢ € C([tp,+00),R) and P,Q,A; € C([ty,+00),R*) for i €
{1,2,...,n}. Shen and Debnath [12] obtained some sufficient conditions for the oscilla-
tions of (1.1) and Luo and Shen [9] established a few oscillation and nonoscillation criteria
for (1.2). Liu and Huang [6] used the coincidence degree theory to get the existence and

uniqueness results of a T-periodic solution for the first-order neutral functional differen-
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tial equation with a deviating argument of the form

d
p [x(t) +cx(t — r)] =g (t,x(t)) +9 (t,x(t - a(t))) +£(8), (1.3)

where ¢, T are constants, ¢ # £1, f,a € C(R,R), g1,g, € C(R%,R), f, o are T-periodic and gi,
g are T-periodic in the first argument. Using the Banach fixed point theorem, Kulenovi¢
and HadZziomerspahic [4] studied the existence of a nonoscillatory solution for the second-

order neutral delay differential equation with positive and negative coefficients

2
7 [x(t) +cx(t — r)] +P(t)x(t—0) - Qt)x(t—8) =0, &>ty (1.4)
where ¢ € R\ {£1}, 0,8 € R* and P,Q € C([ty,+00),R"). Kong et al. [3] established a
complete classification of nonoscillatory solutions for the higher-order neutral differential

equation

n

d
e [x(t) —x(t— )] +fO)x(t —) =0, £ > 1o, (1.5)
and gave conditions for each type of nonoscillatory solutions to exist, where # is an odd
number, 7 > 0, @ € R, and f € C(R*,R*). Zhou and Zhang [16] extended the results in [5]
to higher-order neutral functional differential equation with positive and negative coeffi-
cients

n

d

T [x(t) + cx(t — ‘L')] + (=1 [P(t)x(t —0) - Q(t)x(t - 8)] =0, t>ty, (1.6)
where c € R\ {#1}, 7,0,8 € R* and P, Q € C([£y, +00), R"). Liu et al. [8] investigated the
higher-order neutral delay differential equation with positive and negative coefficients

D0 + extc - 0] + Y [POX(0) - Quis(e)] =0, 1210 w7)
where c € R\ {-1}, 7 € R*, P,Q € C([£y, +00), R"), f,g € C([ty, +0),R), and lim,_, ;o0 f () =
lim;_, 0o g(£) = +00. Utilizing the Banach fixed point theorem, they obtained the existence
of bounded nonoscillatory solutions for (1.7), suggested some algorithms for approximat-
ing these bounded nonoscillatory solutions, and discussed the convergence and stability
of iteration sequences generated by the algorithms. Parhi [11] discussed the oscillation of

solutions for the higher-order neutral delay linear differential equation

n

d m

PT [x(t) +cx(t — r)] + Zq,»(t)x(t - oz,-(t)) =0, t>0, (1.8)
i=1

where c € [0,1), T > 0, ¢; € C(R",R), and «; € C(R*,R*) for i € {1,2,...,m}. Li et al. [5]

considered the following higher-order neutral delay differential equation with unstable

type:

n

% [x(t) + c(t)x(t — 7,')] =q(t) |x(t - 0)|a_1x(t —-o0), t>0, 1.9)
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proved bounded oscillation and nonoscillation criteria and the existence of an un-
bounded positive solution for (1.9), where # is an even integer, « > 1, 7 > 0, 0 > 0,
¢,q € C([ty, +00),R*). Zhou and Zhang [15] used the Krasnoselskii and Schauder fixed
point theorems to prove the existence of a nonoscillatory solution for the forced higher-
order nonlinear neutral functional differential equation

n

:[x(t)+ct)xt—t) Zq,(t (5t -0)) =g(®), t=to, (1.10)

where 7,0; € R*, ¢,q;,8 € C([ty, +o0),R) for i € {1,2,...,m} and f € C(R,R). Liu et al. [7]
got the existence of infinitely many nonoscillatory solutions for the nth-order neutral delay

differential equation

n

d
g [%() + cx(t—1)] + (1) f (£, 6(t = 01), 6(t = 02), ..., x(t —0%)) = g(£), t>to, (L11)
where c e R\ {1}, 7 >0, 0; € R* for i € {1,2,...,k}, f € C([to,+o0) x RK,R), and g €
C([to, +00), RY).

However, to the best of our knowledge, there exist no results for the existence of solu-
tions of the higher-order nonlinear neutral delay differential equation

n

d m
30+ pOx(e = O] + (1™ D qiO(ei(t))

i=1

+ ()" (L x(Bi@), ... x(Bi(D)) = (), > to, (1.12)

where 7 >0, n,m,l e N, p,1,q;, 04, B; € C([to,+00),R), and f € C([to, +00) x R’, R) satisfy-
ing

tl}m o;(t) = hm ﬂ,(t) =400, i€{l,2,...,m}hje{1,2,...,1}.

It is clear that (1.12) includes (1.1)-(1.11) as special cases. The purpose of this paper is
to study the solvability of (1.12) under various ranges of the function p. Utilizing the
Krasnoselskii and Schauder fixed point theorems and some new techniques, we study suf-
ficient conditions of the existence of uncountably many bounded nonoscillatory solutions
for (1.12) relative to various ranges of the function p. The results presented in this paper
extend, improve, and unify the corresponding results in [4] and [13-16]. Six nontrivial
examples are also given to illustrate the importance of the results obtained in this paper.

Throughout this paper, we assume that R, R* and N denote the sets of all real numbers,
nonnegative numbers and positive integers, respectively, and

y =min{to — 7,inf{o;(t), B;(t) : £ € [to, +00),i € {1,2,...,m},j € {1,2,..., [} }}.

Let CB([y, +00),R) stand for the Banach space of all continuous and bounded functions
on [y, +00) with norm ||x|| = sup,., |x(#)| for all x € CB([y, +00), R) and

AN, M) = {x € CB([y,+¢),R) : N <x(t) <M,t >y},
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where M,N € R with M > N. It is easy to see that A(N, M) is a nonempty bounded closed
convex subset of CB([y, +o0), R).

By a solution of (1.12), we mean a function x € C([y, +00), R) for some T > £, such that
x(¢) + p(t)x(t — t) is n times continuously differentiable on [T, +00) and (1.12) holds for
t > T. As is customary, a solution of (1.12) is said to be oscillatory if it has arbitrarily large
zeros and nonoscillatory otherwise.

The following lemmas are well known.

Lamma 1.1 (Krasnoselskii fixed point theorem [1]) Let X be a nonempty bounded closed
convex subset of a Banach space E and let U, S be maps of X into E such that Ux + Sy € X for
every pair x,y € X. If U is a contraction and S is completely continuous, then the equation
Ux + Sy = x has a solution in X.

Lamma 1.2 (Schauder fixed point theorem [1]) Let X be a nonempty closed convex subset
of a Banach space E. Let S : X — X be a continuous mapping such that SX is a relatively
compact subset of X. Then S has at least one fixed point in X.

2 The existence of uncountably many bounded nonoscillatory solutions

Now we investigate sufficient conditions for the existence of uncountably many bounded
nonoscillatory solutions of (1.12) under various ranges of the function p. The proofs of the
results presented in this section are based on the Krasnoselskii and Schauder fixed point
theorems and a few new and key techniques, one of which is to construct the mappings
U and Sy, satisfying the conditions in the cited fixed point theorems for each constant L,
which belongs to certain interval. Let

H() =M |qit)] + 7] + (), Vee[T,+o0).
i=1

Theorem 2.1 Assume that there exist h € C([ty, +00), R*) and constants M, N, py, and c

satisfying
[f(tsus,.om)| < h(e), Yt u,...,w) € [, +00) x [N, M} 2.1)
+00 m
f " max Z|qi(s) , 17(s)], A(s) } ds < +00; (2.2)
to i=1
0<N<(1+po)M, -l<po<p(t) <0, Vt>c>ty. (2.3)

Then (1.12) has uncountably many bounded nonoscillatory solutions in A(N, M).

Proof Let L € (N, (1 + po)M). It follows from (2.2) and (2.3) that there exist constants 6 €
(0,1) and T > |y + T + |c| + || + n sufficiently large satisfying

~ 1 +00 1 m ’
O=lpol+ = [ s CI 2.4
and
! /+Oos"_1H(s)ds<min{(p +1)M-L,L-N} (2.5)
(=11 Jz B S '
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Define two mappings U; and S; : A(N, M) — CB([y, +o0),R) by

L-p®x(t-1)+ ﬁ AR

(Urx)(t) = x (37 qi()x(eu(s)) + (<1)"r(s))ds, ¢>T,
(Ux)(T), y <t<T;
e < | LT E 0GB BN s, 2T,
(S1x)(T), y <t<T,
for each x € A(N, M).

First of all we show that

Ux+ Sy € AN, M), lUpx — Uyl <Ollx—yl, Y,y € AN,M).

Letx,y € A(N,M) and t > T. By (2.3)-(2.6), we get

(Urx)(8) + (Sry)(¢)
=L-pt)x(t-1)+ ; /+°0(S -t i '(s)x(a»(s)) +(=1)"r(s) | ds
=L-p ) ) il
vt [ 60 (). (B ds
e PN s N

<L+ |p(@)||x()|

1 +00 ol m ‘ ‘
o el BICRL (;mswx(al(sm el

1 +00
<L-poM+ —— / S"LH(s)ds
(n-1'Jr

<L-poM +min{(po + )M - L,L - N}
=M,

(Upx)(t) + (Spy)(8)

1 +00 . m
e 1<§!qi<s>|lx(ai<s>)> )
+ [f(s,y(ﬁl(s))»~~»J’(,31(S)))|> ds

1 +00 1
> - — "H(s) d.
> (n_l)!/T S LH(s) ds

> L -min{(po + )M - L,L - N}

>N

Page 5 of 34
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and

|(Urx)(®) - (Upy) ()|

L-pte-0)+ 2 [ -0 (21 a(Ox(a(s) + (—1)"r<s)> ds

—L+pt)yt-r1)-

1 +00 ol m ' 4 .,
(n-1)! /t (s—1) (; ql(s)y(az(s)) +(-1) Y'(S)) ds

(n 1 1)' L+<>° SVl—l §IQI(S)| |x(Oli(S)) —y(ai(s)) ‘ ds

=-pollx—yl +
S 9 ”x - y”,
which imply (2.7).
Second, we show that S; is continuous in A(N, M) and S (A(N, M)) is relatively compact.
Let {x}ken be an arbitrary sequence in A(N, M) with
klim xx = x € CB([y, +00), R). (2.8)

Since A(N, M) is a closed subset of CB([y, +00), R), it follows that x € A(N, M). Put

Gi(s) = |[f (5,2 (B1(5))5 - -, 2k (Bi(5))) = f (5:%(B1(9))s - .., x(Bi(s)) )
V(s,k) € [T, +00) x N.

’

From (2.8) and the continuity of f and g; for j € {1,2,...,/} we infer that
lim Gi(s) =0, Vse|[T,+00),
k—o00

which together with (2.6) and the Lebesgue dominated convergence theorem yields for
any ¢ € [T, +00)

|(Sexe) () = (SL2)(2) |

1 +00
S — / (s = )" f (5,46 (Br(5)), .,k (Bi(5))) —f (5,%(B(5)), ..., %(Bi(5))) | ds

1
<
T (n-1)!

/ S"LGr(s) ds
T

—0 ask— oo,

which gives

k—00

lim [}, — Syxl) = lim sup|(S.xi0)(6) ~ (S12)(8)] = lim sup|(SLx)(6) ~ (S,2)(8)] = 0,
k—00 k—00 >y t>T

which implies that S; is continuous in A(N, M).

Page 6 of 34
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Using (2.1), (2.5), and (2.6), we conclude that for any x € A(N,M) and ¢t > T

1
(n—1)!

|(S0)(0)] =

/wo(s - t)"_lf(s,x(ﬁl(s)), e ,x(ﬁ;(s))) ds

/ s"h(s) ds
T

<min{(po + )M - L,L - N}

=

(n-1)

<M,
which yields
[Sexll =M,  Vx e AN, M). (2.9)
That is, SL(A(N, M)) is uniformly bounded in [y, +00). In order to prove that S;(A(N, M))

is relatively compact, we have to prove that Sy (A(N, M)) is equicontinuous in [y, +00). Let
& > 0 be given. Equation (2.2) ensures that there exists T* > T satisfying

” 2 D /+00 s h(s)ds < e. (2.10)
- s JTE
Put
. & &
5:mm{1+M'1+maX{h(t):te (T, T*]}}' 211)

Now we consider the following possible cases:
(i) £ > tn > T* with |£; — 1] < 8. By (2.1), (2.6), and (2.10) we have

|(SLx)(£2) — (Spx) (1)
B 1
(-1

_ / (s — )" (5,2(B1(5)), ... x(Bi(5)))

i

2 +00
/ s Vh(s) ds

<
-0 Jp

<g, VxeA(N,M). (2.12)

/ (s— tz)”_lf(s,x(ﬁl (5)),...,%(Bi(s))) ds

(i) T < t1 <t < T* with |t — #1| <8 and n = 1. By means of (2.1), (2.6), and (2.11) we
infer that

|(SLx)(£2) = (S12) (1) |

/wof(s,x(ﬁl(s)), e ,x(ﬂ;(s))) ds — / f(s,x(ﬁl(s)), s ,x(ﬂ;(s))) ds

t h

< /‘tz If (s,2(B1(5))s ..., x(Bi(s))) | ds

i

Page 7 of 34
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< /ttz h(s)ds

1

<g, VxeANN,M). (2.13)

(i) T <ty <t < T* with |, — 1] < 8 and n > 2. In light of (2.1), (2.5), and (2.6), we get

d 1 d [
‘E(SLx)(t)‘ = D ‘ 7 /t (s =" (s,5(B1(5)), ..., x(Bi(s))) ds

1
(n-2)

1 +00
< PR f §2h(s) ds
-0 )

< ” ! 1)‘/ " h(s)ds
EENT .

<min{(po + )M - L,L - N}

/+00(S - t)”’zf(s,x(ﬁl(s)), e ,x(ﬁ;(s))) ds

<M, Vxe€AN,M),te[T,T*],
which together with the mean value theorem and (2.11) yields
|(SLx)(82) = (S ()| <Mty -t <&, Vx € AN, M). (2.14)
(iv) y <t <ty < T with |t; — #1] < . Clearly (2.6) means that
[(S.x)(t2) = (Sx)(t1)| =0 <&, Vx € AN, M). (2.15)

It follows from (2.12)-(2.15) that Sy (A(N, M)) is equicontinuous in [y, +00). Thus Lem-
ma 1.1 means that there exists x € A(N, M) such that U;x + S;x = x. That is,

x(t) =L—-pE)x(t—1)+

1 +00 el m ' | )
(n_nz/t =1 (;%@)x(%(s))ﬂ—l) r(s)> ds

1 /+00(S - t)”_lf(s,x(ﬂl(s)), ... ,x(ﬂl(s))) ds, Vt>T,

T =1

which implies that

n

d
o [%(2) + p(e)x(t - 7)]

- ()" (Z ai(Ox(e(0)) + (—1)"r<r>> (U (Lx(BD),- o x(Bi0)), VE=T,
i=1

that is, x(¢) is a bounded nonoscillatory solution of (1.12) in A(N, M).

Finally, we show (1.12) has uncountably many bounded nonoscillatory solutions in
A(N,M).Let L, Ly € (N, (1 +po)M) with L; # L,. As in the above proof we can deduce that
for each k € {1,2}, there exist constants 6x € (0,1), Tk > |to| + T +|c| + | ¥ | + n, and mappings
U, S1; t AN, M) — CB([y, +o0),R) satisfying (2.4)-(2.6), where 6, T, L, U; and S; are re-
placed by 6, T, Ly, Uy, S, respectively, and Uy, + Sy, has a fixed point z; € A(N, M).
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That is, z; and z, are also bounded nonoscillatory solutions of (1.12) in A(N, M). We now
need to show that z; # z;. In view of (2.2) there exists T5 > max{7T1, T} satisfying

1 o0 Li-L
T / s Lh(s) ds < |1472| (2.16)
-1 /g,

Note that (2.6) means that for t > T3,

z1(t) = L1 - p)z(t - 1)

1

o /t (s—2)"! (; qi(s)z1 (ai(s)) + (—1)”r(s)) ds

(n i 1)! / =" (s21(h1()),--.. 21 (Bi(5))) ds,

z3(t) = Ly — p(t)z2(t — 1)

+

(2.17)

1

gy /t (s—o)"! <; qi(8)z2 (cti(s)) + (—1)”r(8)) ds

+ ﬁ /t. (s— t)”_lf(s, 2(B1(9),...,22(Bils))) ds.

It follows from (2.1), (2.4), and (2.17) that for ¢ > T3
|21(t) - 22(2)|

Li-L, —p(t)(zl(t —-T)—2z(t - r))

1

1) (/t (s—1)"! ; qi(s) (z1(ai()) — z2(ei(s))) ds

+

. / =0 (s, 21 (er®), .21 ()

—f(s22(B1(5))s -, 22(Bi(9)))) ds)

T3

2 +00
/ s Yh(s) ds

(-1,

1 +00 m
21l - Lal = | =po+ =55, / "1 ais)| ds |1z - 2|
: i=1

2 +00
> L= Ly —Ollz1 - 2] — —— / S h(s) ds,
(}’l - 1)‘ T3

which together with (2.16) implies that

1 2 oo
- — | |Li - Ly - ——— n-l
lz1 = z2ll = 1+0 (| 1—Lo| n—1)! ‘/;3 s""h(s) dS)

1 Ly — Ly|
— (1L, -
>1+9<| 1~ Lol 2
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_ =L
2(1+0)

>0,
which yields z; # z;. This completes the proof. 0

Theorem 2.2 Assume that there exist h € C([ty, +00), R*) and constants M, N, po and c
satisfying (2.1), (2.2), and

0<N<(1-po)M, 0<pt) <po<], Vit >c>ty. (2.18)

Then (1.12) has uncountably many bounded nonoscillatory solutions in A(N, M).

Proof Let L € (N, (1 — po)M). By (2.2) and (2.18), we choose constants 6 € (0,1) and T >
lto| + T + |c| + |y | + n satisfying (2.4) and

1

+00
=D / s"YH(s)ds < min{M — L,L — poM — N}. (2.19)
“ ),

Define two mappings U; and S; : A(N, M) — CB([to, +00), R) by (2.6).
Letx,y € A(N,M) and t > T. In terms of (2.6), (2.18), and (2.19), we arrive at

(Urx) () + (SLy)(0)

=L-pt)x(t—1)+ ” 1 W /t+oo(s -t (; qi(8)x(ci(s)) + (—1)”r(s)) ds

1

MY

/ (=27 (s, 3(B1)s .y (B(S))) ds

1

e n-1 . i .
sLegm) € (;\qxs)ux(axsm )

* V(S»y(ﬁl(s)),~~»y(ﬁz(s)))|) ds

1

+00 L
§L+—(n—1)!/; s""H(s)ds

<L+min{M -L,L — poM — N}
S M7
(Ux)(®) + (S1y)(8)

> L |p(®)||x(z - )|

m

G i 1! / (s—=0"" (Z|qi(s)| [1(cri(9)) | + |r(s)|

+V@ﬂm®%wﬂmmm)¢

>L—poM —

TR /T S H(s)ds
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> L — poM —min{M — L,L — poM — N}

>N,

which yields U x + Sy € A(N, M) for any x,y € A(N, M). The rest of the proof is similar to
that of Theorem 2.1 and is omitted. This completes the proof. O

Theorem 2.3 Assume that there exist h € C([to, +00), R") and constants M, N, po, p1, and
¢ satisfying (2.1), (2.2), and

po(p} —po)

M > Nmax{
Pl(Po - p1)

}>0, pe>p1=p(t) =po>1, Vt>c>ty. (2.20)

Then (1.12) has uncountably many bounded nonoscillatory solutions in A(N, M).

Proof Let L € (ﬁ—éM + p1N, poM + 1;—‘1’N). It follows from (2.2) and (2.20) that there exist
constants 6 € (0,1) and T > [ty| + T + |c| + |y | + n satisfying

) [ B

" pol

and

1 +00 PO pO
— / s”_lH(s)dsfmin{poM L+—=N,—L-M- pON} (2.22)
(n-1!Jr P § 2!

Define two mappings Uy and Sy : A(N, M) — CB([ty, +00),R) by

L x(t+7) 1 +00 n-1
plt+t) — plt+r) T plt+r)(m-1) Ji+t (S —i- 7:)
(Upx)(t) = x (37 gi(s)x(ei(s)) + (=1)"r(s)) ds, t>T,
(Upx)(T), y =t<T; (2.23)

S Jee 6=t =0 (52(B15), ... x(Bi)) ds, =T,
(Spx)(T), y<t<T.

(Sex)(®) =

We show that (2.7) holds. In fact, for every x,y € A(N,M) and ¢t > T, by (2.1) and (2.20)-
(2.23), we get

(Urx)(®) + (SLy)(2)

L x(t—1) 1
pt+1) B pt+1) * pt+7)(n-1)

x /t (s—t—7)! (;qi(s)x(ai(s)) +(—1)”r(s)) ds

1 +00
+ m _/;H (s—t- t)""lf(s,y(ﬂl(s)), . ~~’J’(/31(5))) ds

L N 1 +oo
=N, 1 / S VH(s)ds
po p1 poln-1)!Jr
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I N 1
<= 2, —min{poM—LJr@N,@L—M—pON} - M,

TP P11 Po P p
(Upx)(t) + (Spy)(2)

L M 1 +oo

z—————/ s"YH(s)ds
p1 po poln-1!Jr
L M 1

> —min{pOM—L+ @N,@L—M—pozv} >N
pP1 Po  Po o p1

and

(U (®) - (Upy)(®)|

_ L x(t—1) 1
B pt+1) _p(t+ ) +p(t+ )(n—1)!

x / P (Z qi(s)x(e(s)) + <—1)”r(s>) ds

+T i=1

L y(t—1) 1
_p(t+ ) * pt+71) B pt+1)(n-1)!

x / (s—t—7)1 (Zqi(s)y(ai(s)) + (-1)"r(s)> ds

+T i=1

1 (Bl /*“ e
< —lx-yll+ ——— s" qi(s)| ds
Po ) po(n=1)! Jr ;‘ ’

= 0llx =y,
which means that we have (2.7).
Next we show that S;(A(N, M)) is equicontinuous in [y, +00). For any given ¢ > 0, (2.2)
guarantees that (2.10) holds for some sufficiently large 7* > T'. Set

f= max{b’(t,ul,...,ul)‘ ‘te [T, T + r],u}- e [N,M],je {1,2,...,[}}. (2.24)

It follows from the uniform continuity of p in [N, M] that there exists §y > 0 such that

&
t - p(t S — 2.25
lp(t +7) p(z+f)|<4(M+N) (2.25)
whenever #1,t, € [T, T*] with |t; — t,] < 8o. Put
5= min{SO, A } (2.26)
dn(M +N) 4(1 + f)(T* - T)r!

We have to consider the following possible cases:
(i) £ > t; = T* with |t; — £1] < 8. It follows from (2.1), (2.10), (2.20), (2.23), and (2.26) that

|(SLx)(82) — (SL2)(11)|
1 +00

(s—t - T)”‘lf(s,x(,Bl(s)), —ox(Bils))) ds

’p(tz +T)(m =1 Jpyir
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1 +00

n-1
_ m - (s—t1 =) (s;%(B1(5)), - ... x(Bi(5)))

2 +00 L
<— " h(s)ds
~ po(n-1)! /T* ()

<g, VxeAN,M). (2.27)

(ii) T < t; < tp < T* with |t, — 1] < 8. For each s € (£, + 1, +00), it follows from the mean
value theorem that there exists & € (s — ¢, — 7,5 — f; — 7) satisfying

-t-7)"" G-t -1)""=(n-1E"*(t ~ ta),

which together with (2.1), (2.20), (2.22), and (2.26) yields for each n > 2

1 +00

m - ‘(s -1 (s—t — r)”’1| [f(s,x(ﬁl(s)), . ..,x(ﬁ;(s))) ’ ds

[ty — ta] oo

- Po(”—z)! t+T
1 t t

< (l’l | 2~ 1|/ §" lh(S)dS
po(n—1)!

n-1 e
<. - @
~ po 4n(M+N)

E"2h(s)ds

min { poM — L +
J 2! Pl

Po po }
£
<Z’ Vx € AN, M),

which implies that for each n e N

m f ls=to =) = (s—t1 = )" H|f(:2(B1(5))s...,%(Bi(s))) | ds

< 2, Vx € A(N, M). (2.28)
By means of (2.1), (2.20), (2.22)-(2.26), and (2.28), we get

|(SLx) (&) — (Sex) (1)
I I
(=1 plta+ 1) Sy

1 +00

(5=t =) f(5,2(B1(9),...,x(Bi(s))) ds

(s—t1 = 7)Y (s;2(B1(9), ..., x(Bi(s))) ds

N p(tl +7) t+T

/+m(s —t - t)"_lf(s,x(ﬁl(s)), . ..,x(ﬂ;(s))) ds

+T

1 1
< - -
~ (n-1) (p(tz +7)

- / (s—t - r)"_lf(s,x(ﬁl(s)), ox(Bils))) ds

1+7T

s ’ 1 1
pltr+1) plt+1)

/ (s=t =" Mf(s;%(Bi(5)), ..., x(Bi(5)))| ds)

+T

1 +00
SW(/QH- |(S—t2—t)”’l_(s_tl_f)n71|

x V(s,x(ﬂl(s)),...,x(ﬂl(s)))|ds
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+ / ’ |(s =t = )" M [f(,2(Bi(5)),....x(Bi(s))) | ds

+T

lp(ta + 7) —pth + T)| [+

(s—t-1)"f(s%(Bi(5)),....x(Bi(s))) | ds)

p(tl + 'E) tH+t
T* - T)"'f t -plt +oo

§£+4( ) f|t2—t1|+ pitz +7) ~plty + 7)| s Vh(s)ds

4 po(n-1)! po(n—1)! T

* _ n-17

L2, =Dty Pot

4 po(n-1)!  4T*-T)y'1+f)

£ . bo . Po
+ miny poM — L + —N,—L - M — pgN
4(M + N)po(n -1)! {po o p Po }

e € ¢
<—+—+ =

4 4 4
<g, VxeAN,M). (2.29)

(i) y <ty <ty < T with |t — 11| < 8. Obviously, (2.23) guarantees that
|(SLx) (&) = (Spx)(t1)| =0 <&,  Vx € AN, M). (2.30)

Using (2.27), (2.29), and (2.30), we conclude that S;(A(N,M)) is equicontinuous in
[y,+00). As in the proof of Theorem 2.1, we prove similarly that S; is continuous in
A(N,M) and Sp(A(N,M)) is uniformly bounded. It follows that S (A(N,M)) is rela-
tively compact. Consequently, Lemma 1.1 shows that there is x € A(N, M) such that
Upx + Spx = x. That is,

L x(t+ 1)
ST T
+;/+oo(s—t—r)n—1 i .(S)x(aA(s))Jr(_l)nr(s) ds
p+r)n=-1! )y, . qi i
b /-+00(s—t—r)n4f(s ©(Bi9)), ..., x(Bi(s))) ds, VE>T+t
pt+t)m=1)! J;,, ,%(B1(8)), .., x( B : > ,
which yields

x(t+ 1)+ p(t + 7)x(2)

e [N (e (o)) 4 (1
_L+(n_1)!/ (s—t-1) <lzl:q,(s)x(a,(s))+( 1) r(s)>ds

t+t

L /+00(S —t- t)"‘lf(s,x(ﬁl(s)), . ..,x(ﬁ;(s))) ds, VYt>T+1,

* (l’l - 1)' 4T
which implies that

dn

Pr [x(8) + pO)x(t - T)] = (-1)" (Z qi(t)x(ei(0)) + (—1)”r(t)>

i=1

Y (Ex(BO), . x(BID)), Ve T,

that is, x(¢) is a bounded nonoscillatory solution of (1.12) in A(N, M).
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Finally we show (1.12) has uncountably many bounded nonoscillatory solutions. Let
L, L, € (%M + p1N, poM + ’;—‘I)N) with L; # L,. As in the above proof, we infer that for
each k € {1,2}, there exist constants 6 € (0,1), Tk > |to| + T + |c| + |¥| + 1, and mappings
U, St AN, M) — CB([y, +o0), R) satisfying (2.21)-(2.23), where 6, T, L, U;, S; are re-
placed by 6k, T, Lk, Uy, S, , respectively, and (1.12) possesses a bounded nonoscillatory
solution zx € A(N, M). In terms of (2.2), we select T3 > max{71, T} satisfying

1 [ Li-L
/ s Ln(s) ds < Pl = el 2.31)
(n=1)! Jr, 4p

It follows from (2.21), (2.23), and (2.31) that for t > T3 + T

|Zl(f) —Zz(f)|

Li-L, zi(t+1t)-2(t+7)
pt+1) B pt+1)

1 +00 1 m ’
m(/ (== D a0 (al9) - 2() s

+T

+ / s—t=0)"(f(s2(B), ..., z1(Bi(s)))

+T

—f(5,22(B1(5)), ... 22(Bi(5)))) dS)

Li-L - 1
Zl 1—La| |z Zz||(1+ )

/+00 §"1 Z|%‘(S)| ds
T i=1

n Po (n—-1)! A
2 +00
- 7/ s Vh(s) ds
po(n—1)! Jr,
Li-L 2 Li-L
. [L1 = Ly Ozl - 2 poll - Ly
»1 Po 4p,
|Ly — Lo|
=2 bl -zl
2p
which yields
Li-L
llz1 = z2ll > M= Lol >0,
2p1(1+0)
that is, x; # x,. This completes the proof. O

Theorem 2.4 Assume that there exist h € C([ty, +00),R") and constants M, N, py, p1, and
¢ satisfying (2.1), (2.2), and

1 1
M>N >0, p0N<1+—>>p1M(1+—>,
p1

Po (2.32)

p1<plt)<po<-1, Vi >c>ty.

Then (1.12) has uncountably many bounded nonoscillatory solutions in A(N, M).
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Proof Let L € (piM(1 + pio),poN(l + pil)). It follows from (2.2) and (2.32) that there exist
constants 0 € (0,1) and T > t + |fo] + |c| + |y | satisfying (2.21) and

1 +00 polL 1
—/ s"1H(5)ds§min{—M(Po+1)+—’P0N<1+ —) —L}. (2.33)
(I’l—l)' T p1 P

Let the mappings U; and S; : A(N, M) — CB([ty, +00),R) be defined by (2.23).
Note that (2.1), (2.21), (2.23), and (2.33) imply that for each x,y € AN, M), and t > T

(Ux)(t) + (SLy)(t)
L x(t—1) 1
B pt+1) _p(t+ 7) " pt+1t)(n-1)

y / e (Z qi(s)x(e(s)) + (—1)”r(s>) ds

i=1

1 / (== (s0(B1(5)),....¥(Bi(s))) ds

’ p(t + ‘L’)(l’l - 1)! t+t

L M 1 +oo

5—————/ s"YH(s) ds
P po po(n=1)Jr
L M 1 L 1

<—=—- —min{—M(po +1) +‘UL,poN<1 + —) —L}
P11 Po Po p1 J41

<M

and
(Upx)(2) + (SLy)(2)
L x(t—1) 1

- pt+1) _p(t+ 7) +p(t+ )(n-1)!

x / e (Z qi(s)x(e(s)) + (—1)”r(s>) ds

+T i=1

! f (5=t =1V F(s,3(B:), .. (Bi(s))) ds

+ —_—
p(t + ‘L’)(Vl - 1)! t+1

L N 1
=t
po p1 po(n—1)!

L N 1 L 1
{—M(po +1) +pL,p0N(1+ —) —L}

> — - —+ —min
Po P1 Po b b

>N,

/ S H(s) ds
T

which yields Uy x + Sy € A(N, M) for any x,y € A(N, M). The rest of the proof is similar to
that of Theorem 2.3 and is omitted. This completes the proof. O

Theorem 2.5 Let n = 1. Assume that there exist h € C([ty, +00), R*) and constants M, N,
and c satisfying (2.1), (2.2), and

0<N<M, p)=1  Vt=c>t,. (2.34)

Then (1.12) has uncountably many bounded nonoscillatory solutions in A(N, M).

Page 16 of 34
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Proof Let L € (N, M). It follows from (2.2) and (2.34) that there exists a constant 7 > T +
lto] + |c| + |y | satisfying

+00
/ H(s)ds <min{M - L,L — N}. (2.35)
T
Define a mapping S, : A(N, M) — CB([y, +o0),R) by

L+ 000 [ et e (T 4i(9x(eui(s)) = r(s)
(Spx)(t) = +£(5,%(B1(5))s ..., x(Bi(5))) ds), t>T, (2.36)
(Spx)(T), y<t<T.

For every x € A(N,M) and ¢t > T, by (2.1), (2.35), and (2.36), we deduce that

& t+2at
(Spx)(®) =L + Zf (Z qi(s)x(ei()) = () + £ (&, x(B1(5))s ...,x(ﬂl(s)))) ds

a-1 Y t+(2a-1t

§L+/ H(s)ds

<L+min{M-L,L - N}

S M’
(S > L - / ™ Hs) ds

>L-min{M - L,L - N}

>N,

which yield S(A(N,M)) € A(N,M) and hence S(A(N,M)) is uniformly bounded in
[y, +00).
Let {x}ren be a sequence in A(N, M) and x € A(N, M) satisfying (2.8) and let

m

Gi(s) = Z}qt(s)| |k (ci(s)) = x(eti(9) | + [f (5,26 (B1(5))s - .. 2 (Bi(5)))

i=1

—f(,2(Bi(S)),-- ., x(Bi(s))) |, V(s,k) € [T, +00) x N. (2.37)

Using (2.8), (2.37), and the continuity of f, ¢g;, a;, and g; for i € {1,2,...,m} and j €
{1,2,...,1}, we obtain lim;, ,oc Gi(s) = 0 for all s € [T,+00). In light of (2.36) and the
Lebesgue dominated convergence theorem, we conclude that for any t > T

|(Sexe) () = (SLa)(2) |

[ (Sl -slato)

t+(2a-1)t

t+2at

+ |f (% (BL(®))s - 4k (B1(D))) = (5:%(B1(D)) ..., x(Bs(s))) |) ds

5/ Gi(s)ds— 0 ask — oo,
T

Page 17 of 34
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which means that

klim Spxx — Spxll = klim sup|(Spxi)(£) — (Sex)(8)] = 0,
— 00 — 00 tZT

which implies that S; is continuous in A(N, M).

Let ¢ be an arbitrary positive number. It follows from (2.2) that there exists 7* > T large

enough such that
+00 &
H(s)ds < —. (2.38)
- 4
Set
€ *
= 3KB and B=1+max{H(s):s€e [T, T* +2Kz]}, (2.39)

where K € N satisfies

either T+2(K-1)t<T* and T+(Q2K-1)t>T" or
(2.40)
T+Q2K-1)t<T* and T+2Kt>T"

We consider the following possible cases:

(i) & > &1 > T* with |, — £1] < 8. From (2.1), (2.36), and (2.38), we conclude immediately
that

|(S1x)(82) = (Sex)(81) |

0 ty+2at
< Zf (Z|q,(s)“x ai(s))] + | r(s)| + [f(t,x(,Bl(s)),...,x(ﬁl(s)))|> ds
a=1"¢

2+(2a—
+Z/ ety <Z|q, Hx a;(s | | [f(t,x(ﬁl(s)),...,x(ﬁl(s)))|>ds
a=1 t1+ a—
<2 +OOH(s)cis
T*
<§, Vx € A(N, M). (2.41)

(ii) T < t; < tp < T* with |4 — £5] < 8. In terms of (2.1) and (2.36)-(2.40), we deduce that
|(SLx)(t2) = (SL2)(11)|

K ty+2at
> f (Zq,(s)x () = () + £ (£,2(B1(5)), - x(ﬁl(s)))>ds

=
a=1 +(2a-1)t

K ty+(2a-1)t m
+ Z/t (Z qi(s)x(ati(s)) = () + f (£, %(Br(5)), - .,x(ﬂl(s)))) ds
i=1

a=1 1+2at

K ty+(2a-1)t m
- / (qu x(eti(s)) = r(s) + £ (£, (B (s )),m,x(ﬁz(s)))> ds

a=1 1+2at


http://www.journalofinequalitiesandapplications.com/content/2014/1/302

Liu et al. Journal of Inequalities and Applications 2014, 2014:302 Page 19 of 34
http://www.journalofinequalitiesandapplications.com/content/2014/1/302

K t1+2at
_ Z/ (Z qi(s)x(cti(s)) — () + £ (&, x(B1(5)), .. x(ﬂ;(s)))) ds

-1 Y1+Q2a-1)t

+2/

a=K+17 12

+Zf

a=K+1 t1+(2a-1)t

ty+2at

(Z‘qz )2 (i(s)) | + |r(s)| + [f(t,x(ﬁl(s)),...,x(ﬁl(s)))|>ds

+(2a-1)t

t1+2at

(ZWS)H?C ai(9)| + |r(s)] + [f(t,x(/%(S)),.--,x(ﬁz(S)))|> ds

ty+2at ty+(2a-1)t +00
< Z / H(s)ds + Z / H(s)ds +2 / H(s)ds
+2at t+(2a-1)t T*
<2KB|t, — 4| + E
<g, VxeANN,M). (2.42)

(i) y <t < tp < T with |t — £, < 8. Equation (2.36) means that
[(S.2)(t2) = (Sx)(t1)| =0 <&, Vx € AN, M). (2.43)

It follows from (2.41)-(2.43) that S;(A(N, M)) is equicontinuous in [y, +00). Thus Lem-
ma 1.2 means that S, has a fixed point x € A(N, M), thatis, forany t > T + t

o t+2at m
x(t)=L+ 2_1: /t+(2a—1)1: (Xl: qi(s)x(a,'(s)) —r(s) +f(s,x(;31(s)), e ,x(ﬁl(s)))> ds

and

a-1 +2(a-1)t

x t+(2a-1)r [ M
M-1)=L+Y / (Zqi(s)x(al< ) = r(s) + (s, %(Bu)), ..,x(ﬁz(s»)) ds,

which give forany t > T +

x(t) +x(t—1)=2L+ / <Z qi(8)x(ati(s)) — () + f (s,%(Br(5)), - ..,x(,Bl(s)))) ds,
¢ i-1

which implies that

d m
E[x(t) +x(t-1)]+ Zqi(t)x(ai(t)) +f(6x(B1(D), ..., x(Bi(8)) =r(®), t=T+r7,

i=1

that is, x € A(N, M) is a bounded nonoscillatory solution of (1.12). The rest of the proof is
similar to that of Theorem 2.1 and is omitted. This completes the proof. |

Theorem 2.6 Let n € N\ {1}. Assume that there exist h € C([ty, +00), R*) and constants
M, N, and c satisfying (2.1), (2.2), and (2.34). Then (1.12) has uncountably many bounded

nonoscillatory solutions in A(N, M).
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Proof Let L € (N, M). It follows from (2.2) and (2.34) that there exists a constant 7 > T +
lto] + |c| + |y | satisfying

ﬁ / - S H(s)ds < min{M - L,L — N}. (2.44)
“ ),

Define a mapping S, : A(N, M) — CB([y, +0),R) by

L + (n— 2 1 Za 1 tTinl)td fu+oo(s_
x (37 qi(s)x(a(s)) + (=1)"r(s)

(Spx)(t) = (2.45)
+f(s,2(B1(5)), ..., x(Bi(s)))) ds, t>T,
(Spx)(T), y<t<T,
for each x € A(N, M).

Letx € A(N,M) and ¢t > T. By (2.44) and (2.45), we get
t+2at m

(SO -L] = —— ‘Z / s f (5 - u)™-2 (le gi(9%(a(s)

+(=1)"r(s) + £ (5,2(Bi(5)),.. ..,x(ﬁ;(s)))) ds

< (n—12)! /+00 du/.wo(s—u)”’zH(s)ds

ds

VIZH

_ Y
-(n_l)!/t (s~ 0/ H(s) ds

<min{M - L,L - N},

which gives that S(A(N, M)) C A(N, M) and S(A(N, M)) is uniformly bounded in [y, +00).

Let {xi}ren C AN, M) satisfy (2.8) for some x € A(N, M) and {Gi}xen be defined by
(2.37). Using (2.8), (2.37), (2.45), the continuity of f and g; for j € {1,2,...,/}, and the
Lebesgue dominated convergence theorem, we conclude that for any ¢ > T

|(Sexe) () = (SLa)(2) |

-1y / S / "m0 30 ) = (o)
- (l’l—2)! a1 Yt (Q2a-1) u Y

+ |f (55 (BL(®)), ..o %k (B1(0)) = £ (5:%(B1(D)) ..., x(Bs(5))) |) ds

1 +00 +00 e
< m‘/t du/u (s—u)"*Gy(s)ds

/+00(S —T)"1Gi(s)ds
T

<
T (n-1)!

— 0 ask— oo,
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which yields
klim 1SLxx — Sexl| = klim sup| (Spax)(£) = (SLx)(8)] = 0,
— 00 — 00 tZT

that is, S; is continuous in A(N, M).
Next we show that S; (A(N, M)) is equicontinuous in [y, +00). Let & > 0. Equation (2.34)
ensures that there exists 7* > T large enough satisfying

1 +00 1 &
D ——— " H —. 2.4
o) /T* s (s)ds < 16 (2.46)

Let B and K be defined by (2.39) and (2.40), respectively. Put

5= . £ , (2.47)
4[nKmin{M — L,L — N} + B(T* + 2K1)"1]

Now we have to consider the following possible cases:
(i) tp > t1 > T* with |t; — £5| < 8. In terms of (2.45)-(2.47), we know that

|(SLx) (1) — (SL)(12)|

_ 1 00 t1+2at i +oo( )n_2 m ( ) ( ) ( 1)n ( )

+f(s,%(B1(9),... ,x(,Bl(s)))) ds

o ty+2at +00 m
[ [ s (Y aom(e) « (1)
£ u i=1

a-1 2+(2a-1)t

+f(s,x(/31(s)), . ,x(ﬂl(s)))) ds

< ” i %) (f;oo du /;oo(s —u)"2H(s)ds + /t:oo du /Mwo(s —u)"2H(s) ds)

(nfl)!/T* s"TH(s)ds

=

<g, VxeA(N,M). (2.48)

(i) T <ty <t < T* with |t — t3]| < 8. By means of (2.39), (2.40), (2.44)-(2.47), and the
mean value theorem, we conclude that

|(SLx) (1) — (SL)(12)]

K t1+2at +00 m
S - (Z 4i©)(@i(s) + (1)r(s)
u i=1

1

- (Vl—2)‘ a-1 Ya+Q2a-1)t

+f(s,%(B1()),... ,x(ﬂl(s)))) ds

K ty+2at +00 m
_ Z/ du/ (s—u)"? (Z 4i(8)x(ei(s)) + (=1)"r(s)

a1 1+(2a-1)t i=1
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+f(s,%(B1(9),... ,x(,Bl(S)))) ds

K ty+2at +00 m
' aZ:I: —/t1+(2a—1)r du /u - M)wz (; %(S)x(ai(s)) +(=1)"r(s)

+f(s,%(B1()),... ,x(,BZ(S)))) ds

K ty+2at +00 m
S [ (Z gi(5)e(e(s)) + (~1"r(s)
L u i=1

a-1 ¢ 2+(a-1)t

+f(s,x(ﬂ1(s)), ... ,x(,BZ(S)))) ds

00 t1+2at +00 "
" a§l /;ﬁ(mm du/M (s—u)"2 (; qi(S)x(ai(s)) + (=1)"r(s)
+f(s,%(B1(5)), - ..,x(,Bz(S)))) ds

o0 ty+2at +00 "
) a;l '/t2+(2a—1)r du/u (S - u)”_z (; qi(S)x(ai(S)) + (—1)”1"(8)
+f(s x(ﬂl(s)) ----- x(ﬂl(s)))) ds

1 K ty+2at +00 )
=< du/ (s—u)"“H(s)ds
(n - 2)! ;(/t;ﬂm u
tr+(2a-1)t +00
+ / du / (s —u)"2H(s) ds)
t1+(Qa-1)t u
+00 +00
+ / du / (s—w)"*H(s)ds
H+(2K+1)t u

+00 +00
+/ du/ (s—u)"2H(s)ds
tr+(2K+1)t u

K
1 +00
<— (s—t —2at)" = (s -t — 2at)" Y|H(s) ds
(l’l - 1)' |:; (»/t'2+2ar[ ! 2 ]
ty+2at
+ (s—t —2at)"'H(s)ds
t1+2at

+ f+m [(s-t1—(2a- 1)1)"_1 —(s-tr-(2a- l)t)n_l]H(s) ds
ty+(a-1)t

tr+(2a— l)r o
+/ s—tl— (2a-1t ) H(s)ds>
15

1+(Qa-1)t

+ (s—t — (2K +1)7)" " H(s)ds
H+(2K+1)t

+ / (s—tr- QK+ 1)1)”‘1H(s) ds]
+(2K+1)t
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2 +00 o
5m<1((n—1)|t1—t2|/T* s"“H(s)ds

+00
+ B(T* +2K7)" |ty — 1o + / s"TH(s) ds)
T*
<2[K(n-1)min{M - L,L - N} + B(T* + 21(1)"_1]|t1 — b+ g
<g, VYxeANN,M).

(i) y <ty <t < T with |5 — £5| < 8. It is easy to see that

|(SLx)(82) = (Sex) ()| = 0 <.

(2.49)

(2.50)

It follows from (2.48)-(2.50) that S.(A(N, M)) is equicontinuous in [y, +00). Consequently
SL(A(N, M)) is relatively compact. Thus Lemma 1.2 ensures that S; possesses a fixed point

x € AN, M), that is,

©-L 1 o0 t+2at J +oo( )n—2 m © ©
x wet (Vl — 2)‘ ;/t;—@a—l)r u/u o ;ql ’ x(al ’ )

+ (=1)"r(s) +f(s,x(,31(s)), . ..,x(ﬂl(s)))) ds, t>T+1

and

t+2(a-1)t

o0 t+(2a-1)t +00 m
wlt—1) =L+ 1 Z/ 2a-1 du/ (s — )™ (Z qi(s)x(cti(s))
u i=1

(n-2) =

+ (=1)"r(s) +f(s,x(ﬂ1(s)), . ..,x(ﬂl(s)))) ds, t>T,

which imply that

x(t) +x(t — 1)
1 +00 +00 . m
=2L + o /t du/u (s—u)"? (FZI qi(s)x(i(s))

+(=1)"r(s) +f(s,x(ﬁ1(s)), . .,x(ﬂl(s)))> ds

=2L + r _1 2 [Jroo ds '/ts(s —u)"? (; Qi(s)x(ai(s))
+(=1)"r(s) +f(s,x(,31(s)), ... ,x(ﬁl(s)))) du

=2L+

1 +00 el m ' 4
(n—-1) /t (s=1) (21: q:(s)x(ati(s))

+(=1)"r(s) + £ (s,2(Bi1(5)),.. ..,x(ﬁl(s)))> ds, t>T+r,
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which yields

n

o [x(2) +x(t - 7)] + (-1)"*! Z 7i()x(ei(1))

i=1

+ ()" (6x(B1@), o x(Bi(0)) = 1(8), =T +7,

which together with (2.34) means that x is a bounded nonoscillatory solution of (1.12) in
AN, M).

Let Ly, L, € (N, M) with L; # L,. For each k € {1,2}, there exist a constant T} > |fo| + T +
lc| + || + n and a mapping Sy, : AN, M) — CB([y, +00), R) satisfying (2.44) and (2.45),
where T, L, and S are replaced by T, L, and Sy, respectively, and (1.12) possesses a
bounded nonoscillatory solution zx € A(N, M). By (2.2), we choose some T3 > max{T}, T>}
with

+00 m L —L
” i W / st (M2|qi(s)| + h(s)) ds < 2 ) 2|. (2.51)
: i=1

T3
Using (2.1), (2.45), and (2.51), we infer that for £ > T5 + ¢

|Zl(f) —Zz(f)|

1 o t+2at +00 )
S e D N
(}’1 - 2)! ; t+(2a-1)t u

X (i\%(s)Hzl(“t(s)) - 25(ai(s))|
i1
A BE) 2 (BO)) (52 B 22(B16) |) s
2L~ Lol - 7 _22)! /tm du/um(s —u)"? (Miiml](fli(sn + h(s)) ds
=|L; —Ly| - ﬁ /tm ds/ts(s— u)"2 (Mélqi(s)l + h(s)) du

2 +00 m
=|L, - Ly| - m /; (s—t)"t (M;|q,'(s)| + h(s)) ds

2Ly — Ly|
4

>|Ly = La| -

L - Ly

>0,
2

that is, z; # z,. Consequently (1.12) has uncountably bounded nonoscillatory solutions in
A(N, M). This completes the proof. d

Theorem 2.7 Assume that there exist h € C([ty, +00), R*) and constants M, N, and c sat-
isfying (2.1),

+00 m
/ s” max { Z |qi(s)
f i=1

r(s)

’

,h(s)} ds < +00 (2.52)
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and
0<N<M, pl)=-1, Vt>c>t. (2.53)
Then (1.12) has uncountably many bounded nonoscillatory solutions in A(N, M).

Proof Let L € (N, M). It follows from (2.52) that there exists a constant T > t + |£y] + |c| +
ltol

ly| + =2 + n satisfying
1 +00
_ / s"H(s)ds < min{M — L,L — N}. (2.54)
t(n-1)!Jr
Let £ > ¢ and [#] denote the largest integer not exceeding H%Tf Note that

s
<—, Vs>t+Tr,
T

T

s—t-Tt s—t-Tt
1+| — [ <1+ —
T

and (2.52) implies that

+00

i /+00(S —t—at)"'H(s)ds < i §"YH(s) ds
t a=T

a=T +at t+at

= /+00 (1+ [ﬂ})sn_lH(s) ds
t+Tt T

1 +00
<- / s"H(s) ds < +00,
t

T Ji+Te
which yields
o +00
Z/ (s—t—at)"'H(s)ds < +00. (2.55)
a=1 t+at

Define a mapping S; : A(N, M) — CB([¢y, +00), R) by

L+ oty Xt Jrrar =t —ar)™!
X (1 qils)x(ai(s)) + (<1)"r(s)
+f(5,2(B1(5), ..., x(Bi(s))ds, t=>T,

(Srx)(T), y<t<T.

(Spx)(t) = (2.56)

Notice that (2.1) and (2.55) mean that the mapping S; is well defined. Let x € A(N, M). In
view of (2.1), (2.54), and (2.56), we conclude that for any £t > T

m

Z/ (s—t—at)"! (Z qi(8)x(ati(s)) + (=1)"r(s)
a=1 Yttat

i=1

1
00 ~L| = o,

+f(s,%(B1(9),... ,x(,B;(s)))) ds
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1 e +00 .
< s"H(s)ds
T (n-1) ;/t;ar )

1 +00
_ "H(s)d.
= r(n—l)!/T s"H()ds

<min{M - L,L — N},

which shows that S;(A(N,M)) € AN, M) and S (A(N,M)) is uniformly bounded in

[y, +00).
Let {xi}ren be a sequence in A(N, M) and x € A(N, M) satisfying (2.8) and let Gy be

defined by (2.37). By means of (2.37), (2.56), the continuity of f, g;, o; and g; for i €
{1,2,...,m}andj € {1,2,...,/}, and the Lebesgue dominated convergence theorem, we de-

duce that forany t > T

|(Sza)(2) - (S2)(8))|

1 o) +00 m
< — (s—t—ar)“( qi(s)| |2k (i) — x(ctils)
e a9 )

+ [f(s,xk(ﬂl(t)), . ..,xk(ﬁ[(t))) —f(s,x(,Bl(t)), . ..,x(ﬁ[(s))) |) ds

1 et +00
Z / " LGr(s) ds
t

- (Vl - 1)' a=1 +at

1

- - n 61
sr(n_l)!/T §'Gi(s) ds

— 0 ask— oo,

which gives
Jim 1Sy~ S = lim sup|(S.0(6) - (S19)(0)| = O,
that is, S; is continuous in A(N, M).

Next we prove that S;(A(N,M)) is equicontinuous in [y, +00). Given a positive num-
ber ¢. It follows from (2.52) that there exists 7* > T large enough satisfying

1 o0 I3
_ "H —. 2.
Y ‘/T* s"H(s)ds < 3 (2.57)

Let B and K be defined by (2.39) and (2.40), respectively. Put

5 =minl1, ——, * . (2.58)
8KB 4Kt(n—-1)min{M - L,L — N}

Now we have to consider the following possible cases:
(i) tn > &1 > T* with | — 5] < 3. In view of (2.1) and (2.56)-(2.58), we get

|(SLx) (1) — (S1)(12)|

/‘+00 (s—t —at)"? (Z’ql‘(s)‘ ‘x(ai(é‘m + |V(S)’
2 i=1

oo

1
S(n—1)12[

a=1

1+at
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+ [f(S,x(,B1(S)),...,x(ﬁ,(s)))|> ds

+ f (s—ty—at)™" (Z!qi(s)’ |x(cti(9)) | + ()]

tr+at i-1

+ [f(s,x(,Bl(s)),...,x(ﬁl(S)))|> d5:|

1 [ee]

+00 n_lH /+OO n_lH
= (l’l - 1)' ; (/t;+ur ’ (S) dS * ty+at ’ (S) dS)

1 +00 +00
<— (/ s"H(s)ds +/ s"H(s) ds)
‘L'(I’l - 1)! h+t t+T

2 +00

< m . H(s)ds

< Z, Vx € AN, M). (2.59)

(i) T <t <ty < T* with |t; — | < 8. Let n > 2. In light of (2.1), (2.54), (2.56)-(2.58), and
the mean value theorem, we conclude that

|(SLx)(81) — (Sx) ()|

2K +00 m
/ (s—t1—ar)"! (Z qi()x(ati(s)) + (=1)"r(s)
t1+at i-1

1
S(n—1)zZ

a=1

+f(s,%(B1(9)),... ,x(ﬁl(s)))) ds

m

_ / (s—ty—ar)™! (Z qi(8)x(ati(s)) + (=1)"r(s)

1+at i=1

+f(s,x(/31(s)), . ,x(ﬂl(s)))) ds

+ / (s—t, —at)"? (Zqi(s)x(ai(s))+(—1)”r(s)

i=1

+f(s,%(B1()),... ,x(ﬂl(S)))) ds

+ (nil)! a%l[/mﬂ(s—tl —at)"! <;|qi(8)||x(ai(8))| +[r(s)]

+00

+ [ (52(B1(9),-...,x(Bi(s))) |> ds + / (s—ty —ar)"

+at
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x (iiqi(S)Hx(Oli(S)H + |r(s)| + lf(s’x(ﬁl(s))’""x(ﬁl(S)))|> ds}

1
S(n—l)!;[

tr+at
+ / (£ +at —s)"TH(s) ds]
5]

+at

/HXJ [(s —t—at)" V= (s—t, - ar)"‘l]H(s) ds

1+at

1 o +00 +00
+ Z ( / S"YH(s) ds + / " LH(s) ds)
(n-1)! asaka1 \Ja+at ty+ar

2K +00

1
<— (n-1)|t, -t
(n—-1)! ;( 1f2= 4] ti+at

1 +00 +00
_ (/ s"H(s)ds + / s"H(s) ds)
T(”l 1! f1+(2K+1)T t+Q2K+1)t

2K ([T
—) ((n 1)/T s H(s)ds+B>

s"2H(s)ds + Blt, — t; |">

<
T (n-1)!
2 +00 Y
+ Y /T* s"H(s)ds
e & ¢
<—+—+=
2 4 4
<e&. (2.60)
Let # = 1. By means of (2.1), (2.54), and (2.56)-(2.58), we get
|(SLx)(t1) — (Sex)(82)|
) (Z 4i&x(e(5)) =) +£ (5.5(B1(5). x(ﬁz(S)))) ds
-1 Jhtar
- Z/ <Z qi()x(ci(s)) = r(s) + £ (s,%(B1(s)), .. x(ﬁz(S)))) ds
a=1 tr+at
2K ty+at o0 +00 +00
§Zf H(s)ds + Z ( H(s)ds + H(s)ds)
a=1 t1+at a=2K+1 fi+at ty+at
<2KBl|ty — 1] + 2 f+<>0 sH(s)ds
T Jr*
e ¢
<=+ =
4 4
<e. (2.61)
(i) y <ty <tp < T with | — £,| < 8. It is easy to see that
(2.62)

’(SLx)(tZ) - (SLx)(tl)‘ =0<es.

It is easy to see that (2.59)-(2.62) ensure that S;.(A(N, M)) is equicontinuous in [y, +00).
Consequently S;(A(N,M)) is relatively compact. Thus Lemma 1.2 implies that S; pos-
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sesses a fixed point x € A(N, M), that is,

x(t) =L+ o) ; /Hm (s—t—at)™! (121: q,-(s)x(a,'(s)) +(=1)"r(s)

+f(s,%(B1(5))> - . ,x(ﬁ;(s)))) ds, t>T+7t

and

x(t-1)=L+ ﬁ ; _/:(::)T (s—t—(a- 1)T)n_1 (; qi(s)x(ai(s)) + (=1)"r(s)
+f(s,%(B1(5)), ...,x(,B,(s)))) ds, t>T+r1,

which imply that

dVl

Tl —at = D]+ (1™ Y gi0x(()

i=1

+ ()" (6x(B1@)), o x(Bi(0)) = 1)), =T +7,

which together with (2.53) means that x is a bounded nonoscillatory solution of (1.12) in
A(N,M).

Let L; and L, be two different numbers in (N, M). Similar to the above proof, we in-
fer that there exist constants 77, T and mappings Sy, Sz, : A(N,M) — CB([ty, +00),R)
defined by (2.56), where L, T, and S; are replaced by L, Ty, and Sj,, respectively, and
Tk > T + |to| + lc] + Y] + ‘tr—o‘ + n for k € {1,2}, such that S;; and S;, have, respectively,

fixed points z; and z; € A(N, M), which are bounded nonoscillatory solutions of (1.12) in
A(N, M), that is,

(0= Lo o > [ mr-any (Z 46)24 (@) + (17r(5)
+f(s, Zk (,31 (s)), e Zk (,81(5)))> ds, t>Ty. (2.63)

Note that (2.52) ensures that there exists T3 > max{71, T} satisfying

(2.64)

1 oo - |Li — Lo|
m/ s max{2|q,»(s) 14 2 }

T3 i=1

,h(s)} ds < min{l,

Combining (2.1), (2.63), and (2.64), we deduce that for any £ > T5

|21() — 22(2) |

1
ZlLl—L2|—mZ

a=1

[/ (s—t—at)"! (Z\qi(s)\ |21 (cti(s)) — 22 (cxis)) |
t i=1

+at
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+|f (s, 2(B1(S))s ., 21 (Bi(5))) = f (8,22 (B1(S))s - .., 22(Bi(5))) I) dS]

1 00 +00 m
2\ =Ll = oy, le / s (Z!q,»(s)\ llz1 - zall + 2h(s)) ds

i=1
1 +00 m
2|L1—L2|—7/ s qi(s)|llz1 — z2|| + 2h(s) | ds
(=D s Zl| I
>|Li-L |—M/+Oos”i‘ <(s)’d$—42 /wos”h(s)ds
=T t(n-1)! Jr, — % tn=-1)!Jr,
2Ly - Ly|
> 1Ly - Ly -l -zl - =2
4
:M—Ilz Al
9 1 21
which implies that
Li-L
o - zall > 222,

4

that is, z; # z,. Consequently, (1.12) has uncountably bounded nonoscillatory solutions in

A(N, M). This completes the proof.

O

Remark 2.1 Theorems 2.1-2.7 extend, improve, and unify the theorem in [4], Theorems 2

and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and Theorems 1-4 in [16].

3 Examples and applications

Now we construct six nontrivial examples to show the superiority and applications of the

results presented in the second section.

Example 3.1 Consider the higher-order neutral delay differential equation:

dt" 1+3¢2 1+ n+2 14 tn+3
(=1)" 7x5(2t) + (-1)"(t* + 2)x%(£3)  1-100¢ + £3
+ = Z 07
1+m8 4+ 12x2(3t - 1) 1+t

wherer>0isaconstant.Lett0=O,c=1,m=2,l=3,M=20,N=9,p0=—%,

1-£2
p(t) = 1332 ai(t) = %, o (t) =~t+1,
1-100¢ + 3
_ _ 43 _ _
pi(2) = 2, Ba(t) =1t, Bs(t) =3t -1, r(t) = g
In(1 + %) 1-3¢ MA2(M3E +t* +2)
nt)=——-, @)=-—0H>= ht)= IV
1+t 1+t 1+ 8 + 2N
Fud =t + 202
ft,u,v,w) = ( ) V(¢ u, v, W) € [to, +00) x R3.

L+ 8 4+ £2p2

n 2 2 2
d—[x(t)+ 1_—tx(t—t)] +(—1)"+1[l“(1” (@) - 2230 D)

(3.1)
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It is easy to verify that (2.1)-(2.3) are fulfilled. Thus Theorem 2.1 ensures that (3.1) has
uncountably many bounded nonoscillatory solutions in A(N, M). But the theorem in [4],
Theorems 2 and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and Theorems 1-4
in [16] are invalid for (3.1).

Example 3.2 Consider the higher-order neutral delay differential equation:

da" 3t sl 1-262 o0 (1-5)ln@+8)  ,
ﬁ |:x(t) + mx(t - T):| + (—1) [mx(t ) + W&c(t )]

1-269%2(t - 1)x°(3t — 2) — 2 In(1 + 242 (2t — 1)):|

+(=1 n+l
=) [ 1+ 201 4 (1= t)x(83 — 28 +1)]

Vi-t

= 1 + g2n+4’ >0, (32)

wheret>0isaconstant,t0:c:O,m=2,1=4,M=24,N=5,p0=%,

2
f)= ——, t) =13, t)=1t%, ty=t-1,
p(t) T o (2) o(£) Bi(2)
V-t

Ba(t)=3t-2,  Bs®)=2t-1,  Palt)=£-2t+1,  r(t)= Lot

1-2£2 (1-HIn(1 +£?) 1+2M7£9 + B1n(1 + £2M?)
qt)= ——, )= ——, h(t) = T ,

1+ 1+t 1+ 2t + Nt|1 - ¢

1-289421° — £ In(1 + £22?)

, Yt u,v,w,z) € [to, +00) x R*.
1+ 201 4 (1 - t)w| ( Jelto )

f&u,v,w,z) =

Obviously, (2.1), (2.2), and (2.18) hold. It follows from Theorem 2.2 that (3.2) has uncount-
ably many bounded nonoscillatory solutions in A(N,M). However, the theorem in [4],
Theorems 2 and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and Theorems 1-4
in [16] are unapplicable for (3.2).

Example 3.3 Consider the higher-order neutral delay differential equation:
dr [ ( 1)f } (3= t)x(t - /1)

—|x@®+ 1+ ) xt-7)|+

dag” ¢ (1+82)(t" + V1 +sin’¢)

L+ - +£%) 1 (4 1)+ P> 1, (3.3)

+ - ) -
L+ 2x2(2 = In(1 + £2)) + 2 /1 4 cos2(2£2 — 1) + 13142

where v > 0 isa constant. Let tg =c=m=1[=1, M =400, N =50,pp =2, p; =3,

p(t) = <1+ %) , () =t-t, Bi(t) = > —In(1+¢%),

") = 1-(t+1)" + > o) = (<13 -1
/e cos2(2£2 1) + £3nv2’ = (1+£2)(¢" + V1 + sin? t),
5 n+ 5
n(e) = A0 Pty = EAH 0w e [ty +00) X R.

1+ N2g2 4 g2’ 1+ 242 +tm2

Itis easy to verify that (2.1), (2.2), and (2.20) are fulfilled. Consequently Theorem 2.3 means
that (3.3) has uncountably many bounded nonoscillatory solutions in A(N,M). But the
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theorem in [4], Theorems 2 and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and
Theorems 1-4 in [16] are not applicable for (3.3).

Example 3.4 Consider the higher-order neutral delay differential equation:

@ [x(t) il 3tzx(t - r):| + Mx(tz -3vVEE+1+ 9)

ﬁ B 3+2£2 t"(l+t%)
(1-42)x°(83 -2) 1-£3 + 562
+ - , t>1, (3.4)
@T+83) A+t + 222 -2) 15 4 In(1 + V1 + £2)
where © > 0 is a constant. Let tg =1,c¢=2,m=[=1, M =33, N =27, py :—%,pl :—%,

4 + 312
p(t) = () =2=3VE2+1+9,

3422
1—¢3 +5¢2
B =-2,  rt)= ,
! 15 4 In(1 + /1 + £2)
(=11 (1 - 2¢) (1 +4t>)M°
Q)= ———, h(t) = 3 o3
tn(1+t§) (1+t)(1+tn)+tN

~ (_1)n+1(1 _ 4t2)M9
ft,u)= Q)00 o Y(t, u) € [tg, +o0) x R.

Obviously, (2.1), (2.2), and (2.32) hold. Consequently Theorem 2.4 shows that (3.4) has
uncountably many bounded nonoscillatory solutions in A(N, M). But the theorem in [4],
Theorems 2 and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and Theorems 1-4

in [16] are useless for (3.4).

Example 3.5 Consider the higher-order neutral delay differential equation:

d" - Ysinve-2 |
T [x(t) +x(t — 'L’)] + A2 x(3t - 24)
(1 +£3sin(1 - t*)x°(3t - 2) 2 -3t

+ = ’ t> 27 (3'5)
(L+2)e2 + 22223t — 2) + t5/1 + tat(28) 22 +1")

where 7 >0 isaconstant. Let g =2,¢c=3,m=1,[=2, M =4, N =2,

2 -3¢t
p=1  w@)=35-24, P()=3t-2, B)=2t, r(t)= o)
) = (—1)Vl+l(t2 — %) sinA/t —2 o) - (1 + tB)MB
n 1+ +2) (1+2)tm2 4 2N2 + t6/T + IN*
n+l 3 o 5
Fltyuy) = DA OSAENG o 400) x R2.

- (1 +£2)tm2 + 2042 + 5./T + 14

It is clear that (2.1), (2.2), and (2.34) hold. Consequently Theorems 2.5 and 2.6 ensure
that (3.5) has uncountably many bounded nonoscillatory solutions in A(N,M). But the
theorem in [4], Theorems 2 and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and
Theorems 1-4 in [16] are null for (3.5).
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Example 3.6 Consider the higher-order neutral delay differential equation:

d" 1-t—¢°
- —x(t— - X -1
T [x(t) —x(t—7)] + Letis tm%)x(t )
(t* — 1+ £3)/2t — 6)\/1 + t2x2(5t — 1)
L+e)A+ L+ t7x2(5t - 1))

_ 3 3
_ 2 -2 In(1 + +/1 + 2¢£ + 5£3) >3, (3.6)

Q+H)1+222+¢m) 7

where 7 > 0isaconstant. Let £g =3,¢c=3,m=1=1,M=6,N =5,

pt) = -1, o) =8 -1, Bi(t) =5¢-1,
_2-£1In(1 + V1 +2t+5%)

_ ) —-e-1%)

O M aa ey
) = (2 - (L+ )2t - 6)v/1 + t*M?
- A+t + 1+ N2
n+l(2 3./ /
f(t,u) = (C)™E - (1 + £) V2L - v+ t4u2, Y(t, u) € [ty, +00) x R.

@T+)A+ L+ tru?)

It is clear that (2.1), (2.2), and (2.52) hold. Consequently Theorem 2.7 shows that (3.6) has
uncountably many bounded nonoscillatory solutions in A(N, M). But the theorem in [4],
Theorems 2 and 3 in [13], Theorems 1-3 in [14], Theorems 1-6 in [15], and Theorems 1-4
in [16] are void for (3.6).
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