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Abstract
The paper studies the linear regression model

vi=x/B+e&, t=12,...n,
where
d(c,‘[:)\.(l»l/—gf) dt+0d8[,

with parameters A, € R*, i € R and {B;, t > 0} the standard Brownian motion. Firstly,
the maximum likelihood (ML) estimators of 8, A and o2 are given. Secondly, under
general conditions, the asymptotic properties of the ML estimators are investigated.
And then, limiting distributions for likelihood ratio test statistics of the hypothesis are
also given. Lastly, the validity of the method are illuminated by two real examples.
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1 Introduction

Consider the following linear regression model
yt=x3ﬁ+8t, t=1,2,...,n, (1.1)

, . , . . .
where y,’s are scalar response variables, x,’s are explanatory variables, § is an m-dimen-
sional unknown parameter, and {e;} is an Ornstein-Uhlenbeck process, which satisfies the

linear stochastic differential equation (SDE)
de; =AM — &) dt + o dB; (1.2)

with parameters A,0 € R*, u € R and {B,, t > 0} the standard Brownian motion.

It is well known that a linear regression model is the most important and popular model
in the statistical literature, which attracts many people to investigate the model. For an
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ordinary linear regression model (when the errors are independent and identically dis-
tributed (i.i.d.) random variables), Wang and Zhou [1], Anatolyev [2], Bai and Guo [3],
Chen [4], Gil et al. [5], Hampel et al. [6], Cui [7], Durbin [8] and Li and Yang [9] used
various estimation methods to obtain estimators of the unknown parameters in (1.1) and
discussed some large or small sample properties of these estimators. Recently, linear re-
gression with serially correlated errors has attracted increasing attention from statisticians
and economists. One case of considerable interest is that the errors are autoregressive
processes; Hu [10], Wu [11], and Fox and Taqqu [12] established its asymptotic normal-
ity with the usual p,-normalization in the case of long memory stationary Gaussian ob-
servations errors. Giraitis and Surgailis [13] extended this result to non-Gaussian linear
sequences. Koul and Surgailis [14] established the asymptotic normality of the Whittle
estimator in linear regression models with non-Gaussian long memory moving average
errors. Shiohama and Taniguchi [15] estimated the regression parameters in a linear re-
gression model with autoregressive process. Fan [16] investigated moderate deviations for
M-estimators in linear models with ¢-mixing errors.

The Ornstein-Uhlenbeck process was originally introduced by Ornstein and Uhlenbeck
[17] as a model for particle motion in a fluid. In physical sciences, the Ornstein-Uhlenbeck
process is a prototype of a noisy relaxation process, whose probability density function

f(x,£) can be described by the Fokker-Planck equation (see Janczura et al. [18], Debbasch
et al. [19], Gillespie [20], Ditlevsen and Lansky [21], Garbaczewski and Olkiewicz [22],
Plastino and Plastino [23]):

of ) 3
at  ox

o2 92f(x,1)
2 a2

(A= w)f (x,0)) +

This process is now widely used in many areas of application. The main characteristic of
the Ornstein-Uhlenbeck process is the tendency to return towards the long-term equilib-
rium p. This property, known as mean-reversion, is found in many real life processes, e.g.,
in commodity and energy price processes (see Fasen [24], Yu [25], Geman [26]). There
are a number of papers concerned with the Ornstein-Uhlenbeck process, for example,
Janczura et al. [18], Zhang et al. [27], Rieder [28], Iacus [29], Bishwal [30], Shimizu [31],
Zhang and Zhang [32], Chronopoulou and Viens [33], Lin and Wang [34] and Xiao et al.
[35]. It is well known that the solution of model (1.2) is an autoregressive process. For a
constant or functional or random coefficient autoregressive model, many people (for ex-
ample, Magdalinos [36], Andrews and Guggenberger [37], Fan and Yao [38], Berk [39],
Goldenshluger and Zeevi [40], Liebscher [41], Baran et al. [42], Distaso [43] and Harvill
and Ray [44]) used various estimation methods to obtain estimators and discussed some
asymptotic properties of these estimators, or investigated hypotheses testing.
By (1.1) and (1.2), we can obtain that the more general process satisfies the SDE

dy, = ML(t, A, 11, B) — y:) dt + o dBy, (1.3)

where L(t, A, u, B) is a time-dependent mean reversion level with three parameters. Thus,
model (1.3) is a general Ornstein-Uhlenbeck process. Its special cases have gained much
attention and have been applied to many fields such as economics, physics, geography,
geology, biology and agriculture. Dehling et al. [45] considered the model with maxi-
mum likelihood estimate, and proved strong consistency and asymptotic normality. Lin
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and Wang [34] established the existence of a successful coupling for a class of stochastic
differential equations given by (1.3). Bishwal [30] investigated the uniform rate of weak
convergence of the minimum contrast estimator in the Ornstein-Uhlenbeck process (1.3).

The solution of model (1.2) is given by
t
ag=eeg+ul-e*)+o / &9 4B, (1.4)
0

—2\
where fot 59 dB, ~ N(0, l_e’;i t).

The process observed in discrete time is more relevant in statistics and economics.

Therefore, by (1.4), the Ornstein-Uhlenbeck time series for t =1,2,...,#n is given by

e = o _ad 1-e2d
r=e e+ M(l e ) +0 o N, 1.5)

where n; ~ N(0,1) i.i.d. random errors and with equidistant time lag d, fixed in advance.
Models (1.1) and (1.5) include many special cases such as a linear regression model with
constant coefficient autoregressive processes (when u = 0; see Hu [10], Wu [11], Maller
[46], Pere [47] and Fuller [48]), Ornstein-Uhlenbeck time series or processes (when 8 = 0;
see Rieder [28], Iacus [29], Bishwal [30], Shimizu [31] and Zhang and Zhang [32]), constant
coefficient autoregressive processes (when p = 0, 8 = 0; see Chambers [49], Hamilton
[50], Brockwell and Davis [51] and Abadir and Lucas [52], etc.).

The paper discusses models (1.1) and (1.5). The organization of the paper is as follows.
In Section 2 some estimators of 8, @ and o2 are given by the quasi-maximum likelihood
method. Under general conditions, the existence and consistency of the quasi-maximum
likelihood estimators as well as asymptotic normality are investigated in Section 3. The
hypothesis testing is given in Section 4. Some preliminary lemmas are presented in Sec-
tion 5. The main proofs of theorems are presented in Section 6, with two real examples in

Section 7.

2 Estimation method

Without of loss generality, we assume that ;= 0, &9 = 0 in the sequel. Write the ‘true’

model as
ye=xBo+e, t=12,..,n (2.1)
and
1 - exp(-2iod)
e; = exp(—rod)e;_1 + 09 #nt, (2.2)

20

where n; ~ N(0,1) i.i.d.
By (2.2), we have

1 - exp(—2hod)
e = 0o /# > " exp{-nod(t - )}n;. (2.3)
j=1
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Thus e; is measurable with respect to the o-field H generated by 1y, 75,...,n: and

,1—exp(- ZAOd)

Ee; =0, Var(e;) = 0 7
0

xp{-Aodt(t—1)}. (2.4)

Using similar arguments as those of Rieder [28] or Maller [46], we get the log-likelihood
of ¥2,93,...,y, conditional on y;,

W, (B,1,0%) =logL,

1 2\ 1
= —E(n -1) log(%) - E(n -1) log(l - exp(—ZAd))

A 2
o2 —exp(23d) Z —exp( Ad)st_l) . (2.5)

We maximize (2.5) to obtain QML estimators denoted by 62, B> An (When they exist).
Then the first derivatives of ¥, may be written as

%z 7 o1 - c:p( Zxd))z —explad)e)’ 20
e e L=l
Ry e orn)
and
00y _ 22 Z — exp(—rd)ert) (x; — exp(—Ad)xey). (2.8)

98 o2(1-exp(-21d))

Thus 67 s Buis satisfy the following estimation equations:

n

z & — —nd)?, 2, )
(n—l)(l—exp(—ZAnd))g(S exp(~tnd)é1-1) (2.9)

.y vy

an

&3(1_(1+2din)exp(_2ind)) 2, exp(—nd) — 3 (6 - explAud)ir)ic
t— t—

2 n=1 =2
1-Q+ 2dkn26xp(—2knd) 3 (8 - exp(-, d)é,1)" =0 (2.10)
(1 -exp(-21,d))(n-1) ‘=
and
Z(ét _ exp(—ind)éz—l) (xt — exp(—And)x; ) = (2.11)
t=2
where

—xT B, (2.12)
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To obtain our results, the following conditions are sufficient (see Maller [46]).

(Al) X, =), ,xx! is positive definite for sufficiently large # and

lim max x/ X%, = 0. (2.13)

n—>o01<t<m

~ _1 _T
limsup |Almax (Xn 2 Z, X, 2 ) < 1, (2.14)

n—00

where Z,, = % Z:’zz(xtxi Lt xeaxl), |4 |max(+) denotes the maximum in absolute
value of the eigenvalues of a symmetric matrix.
For ease of exposition, we shall introduce the following notations which will be used
later in the paper.
Let (m + 1)-vector 6 = (8, 1). Define

ov oy, 0w 2w,
S,,(@):aza—en :0'2< alB ) akn)’ F,,(G):—Uzm. (215)

By (2.7) and (2.8), we get the components of F,(6)

—o? Wy 2% i(x — exp(=Ad)x,_1 ) (%, — exp(=Ad)x )T
0pIBT  1—exp(—2ad) Lzt T PTG T EXPImAG

t=2

2 xw. (2.16)

1—exp(-21d)
, %W,  2diexp(-id) —

“7 980 1-exp(-2:d) ;(St‘lxt +ecxion — 2exp(-Ad)xar)

1-(1+2dA)exp(—=2Ad)
- exp(—2Ad))?

. Z(st —exp(-Ad)e,1) (% — exp(=Ad)x,_1) (2.17)

t=2

and

_0232\11,4 _ o2(n-1) ~ 20%(n—1)d? exp(-2Ard)  2d*1exp(-2rd) «

2
922 22 (—exp(-20d)> 1-exp(—22d) ;: f-1
2d(1 — dx — (1 + dA) exp(-21d)) exp(-Ad) —
' (1 - exp(-2Ad))> ;:(gt - exp(-Ad)ec-1)eiy
2d exp(-Ad)[1 — (1 + 2d1) exp(—21d)] —
' (- exp(21) 2 e explidecey
4d exp(=21d)[d) —1 + (1 + d)) exp(-21d)] — 2
’ (1 - exp(-21d))3 g(& - exp(-hd)er-1)
~0*(n-1) 20%(n—-1)d’exp(-2rd) = 2d*)exp(-22d) °
ST 02 T (—exp(2ad)? T 1—exp(—22d) 2 et

t=2
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2d exp(-Ad)[(2 — d1) — d exp(-21d)]
* (1= exp(—22.d))? pC

—exp(—Ad)e;1) 1
t=2
4dexp( 20d)[d) — 1+ (1 + dA) exp(—2Ad)]

(1 —exp(-21d))3

n

> (er —exp(-rd)e. ). (2.18)
t=2
Hence we have
22 202w,
E,(0) = e ()~ apon ) (2.19)
* _o2&
A2

where the * indicates that the elements are filled in by symmetry. By (2.18), we have

E _02&
A2

- (- 1)o? 1 2d exp(—21od)[-1 + (1 + d)g) exp(—2Aod)]
' 90} I {ﬁ ' koL~ exp(~2kod))? }

2d2 Ao exp(—2Aod) ZE
1 —exp(—2X1¢d)

(1 + 2dxo) exp(—21rod)]?
222(1 — exp(=2Aod))?

~ (-

2d% 0 exp(—2iod) —
Eé?
1 —exp(=2x¢d) Z

= A, (6p,00) = O(n). (2.20)
Thus,

D, = E(Fn(Go))

2
— 1—exp(—()2A0d)X”(k0) 0 (221)
0 An (90: 00)~

3 Large sample properties of the estimators
Theorem 3.1 Suppose that conditions (Al)-(A2) hold. Then there is a sequence A, | 0
such that, for each A > 0, as n — oo, the probability

P{there are estimators én,8,f with S,(6,) = 0,and (é,,, Anz) € N;I(A)} — 1. (3.1)
Furthermore,
(A,,,&f) —p (60,05), n— oo, (3.2)

where, for eachn=1,2,...,A >0 and A, € (0,03), define neighborhoods

Ny (A) = {0 € R™' 1 (0 - 09)" D,y (0 - 6p) < A%} (3.3)
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and
N/ (A) =N,(A)N {02 € [ag — Ay 0} +A,,]}. (3.4)
Theorem 3.2 Suppose that conditions (A1)-(A2) hold. Then

1 7 o .
O_TFn2 (971)(0}1 - 90) —D N(071m+1)r n— oQ. (35)

n

In the following, we will investigate some special cases in models (1.1) and (1.5). From
Theorem 3.1 and Theorem 3.2, we obtain the following results. Here we omit their proofs.

Corollary 3.1 If 8 =0, then

VA B0,00) +
VA0 5 N, 1 o, (3.6)
&n

Corollary 3.2 If 8 =0, then
V(o = 20) >p N(0,0¢), n—> oo. (3.7)

4 Hypothesis testing
In order to fit a data set {y;, ¢t = 1,2,...,n}, we may use model (1.3) or an Ornstein-
Uhlenbeck process with a constant mean level model

dy; = AL — y;) dt + o dB;. (4.1)

If B #0, then we use model (1.3), namely models (1.1) and (1.2). If 8 = 0, then we use
model (1.4). How to know 8 = 0 or 8 # 0? In the section, we shall consider the question
about hypothesis testing and obtain limiting distributions for likelihood ratio (LR) test
statistics (see Fan and Jiang [53]).

Under the null hypothesis

HO: 130 = 07 )\'0 > O; oy > 01 (42)

let Bous Aons 62, be the corresponding ML estimators of §, A, 2. Also let

A

Ly = =2, (B s 67) (4.3)
and
i()n = _zwn(EOn;XOW: 5§n) (4-4')

By (2.9) and (2.5), we have that

n w62 ~
L,=mn-1) log(T") +(n-1) log(l - exp(—ZAnd))

23,
+ S
82(1 — exp(~24.,d))

n

3 (B - exp(=ind)ér)’

t=2
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=(m-1) log(ﬂ?’%) +(n-1) log(l - exp(—ZX,,d)) +(n-1)

n

= (n-1)log(m +1) + (n - 1)log(6;)

+(n—1)(log(1 - exp(—2):nd)) - log():n)). (4.5)
And similarly,

io,, =(m-1)log(mr +1)+ (n-1) log(&én)

+(n—1)(log(1 - exp(~240,d)) — log(hon)). (4.6)
By (4.5) and (4.6), we have
d(n) = Loy~ L,
“(n-1) lg(") Fn- %@%) 1g(1_))

52 1—exp(=2ion Aon
= (n—l)(({()z” —1) + (n—l)(M - Ai) +0p(1)
s 1-exp(=2X1,d) X,

52 — 62 1-exp(—2Aio,d) A
:(n—l)%" o +(n—1)<LAO”)_ A°”>+0p(1)
(o 1—exp(-2r,d) Ay
62 - 62
=(n-1) 0"02 1 0y(1). (4.7)

0

Large values of d(n) suggest rejection of the null hypothesis.

Theorem 4.1 Suppose that conditions (A1)-(A2) hold. If Hy holds, then
d(n) —p x*(m), n— oo. (4.8)

5 Some lemmas
Throughout this paper, let C denote a generic positive constant which could take differ-
ent value at each occurrence. To prove our main results, we first introduce the following

lemmas.

Lemma 5.1 Ifcondition (Al) holds, then for any ) € R* the matrix X,()) is positive definite

for large enough n, and

lim max x! X;'(A)x, = 0.
n—>ool1<t<nm

Proof Let A1 and A,, be the smallest and largest roots of |Z,, — AX,| = 0. Then from Ex. 22.1
of Rao [54],

i< ulZ,u <3
1= =<
uTX,u "
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for unit vectors u#. Thus by (2.18) there are some § € (0,1) and n¢(5) such that n > Ny
implies

|uTZ,,u| <(1-8u’X,u. (5.1)

By (2.16) and (5.1), we have

n

uTX,(\u = Z(uT(xt —exp(—kaf)xt_l))2

=2
> Z(uTxtf + m/\in exp(—2Ad) Z(uTxt_lf
t=2 t=2

— max exp(=rd)u’ Z,u
> ul X,u + mkin exp(=2Ad)u’ X, u — u* Z,u
> (1 + mxin exp(-2rd) - (1- 6))uTX,,u

- (mkinexp(—Z)Ld) 4 rS)uTXnu = CO, 8)uT X, (5.2)

By Rao [54, p.60] and (2.17), we have

(”Txt)z

—_ 0. 5.3
uTX,u - (5:3)

From (5.3) and C(A,6) > 0,

_ (uTx,)? (uTx,)?
"anIWt:S‘;p(m) —P(m) -0 G4)

Lemma 5.2 The matrix D, is positive definite for large enough n, E(S,(0)) = 0 and

Var(S,(60)) = 2 D,.

Proof Note that X,,(Ao) is positive definite and A,(6y,00) > 0. It is easy to show that the
matrix D,, is positive definite for large enough n. By (2.8), we have

ow
°3E( %

) _ 20
0=, T1- exp(=2Xiod)
: ZE(et - exp(—kod)et_l) (xt - exp(—)»od)xt-l)
=2

210 1—exp(2dio)
= o
1—exp(—24od) ° 2o

n

. Z(xt - CXP(—)\Od)xtfl)Ent

t=2
-0. (5.5)
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Note that e;_; and 5, are independent, so we have E(n;e;_1) = 0. Thus, by (2.7) and En; = 0,
we have

o,
E
(%

> _n-1 (n-1)dexp(-21od)
0= 210 1—exp(=2Xiod)

1= (; +2d)o) exp(=2X0d) o2 1—exp(2dio) Zn:Enf
o5 (1 - exp(—2xrod))? 20

t=2
n-1 (m-1)dexp(=2xod) 1-(1+2dkro)exp(—2rod)

_ -1
2o 1-exp(—2iod) 2o —exp2iod) "7V
- 0. (5.6)
Hence, from (5.5) and (5.6),
v, v,
E(Su(60)) = agis( S > =0. (5.7)
aﬂ 6=0p ax 6=0p
By (2.8) and (2.20), we have
(4%,
Var| o,
8ﬁ 6=0y
= Var 2* Xn:(et - exp(—kod)et_l) (xt - exp(—kod)xt_l)
1 —exp(—2x¢d) p
20’3)»() "
= m Var{ tzzz(xt - exp(—kod)xt_l)m}
208
9020 X, (o). (5.8)

" 1-exp(-2hd)
Note that {n,e; 1, H;} is a martingale difference sequence with
Var(n.e;_1) = EnfEe?_l = Ee?_l,
SO

n 2

210
=E d —Aod), | —————— E _
9=60> {UO eXP( od) l—eXp(—)Lod) 2 Ntér 1}

+E{002[1—(1+2dlo)eXP(—2d)‘0)] Xn:( 2 1)}2

220(1 — exp(—210d)) oy e

LW,
Var (o) a—)\_

N V203dexp(-rod)[1 — (1 + 2dro) exp(=2do)]
VoL - exp(~2hod))?

t=2

) 21003 d* exp(—2iod) Xn:Eez
l-exp(-hod) & !
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{ 0l[1— (1 +2dXo) exp(—2dio)]

2
4
200(1 - exp(~240d)) } (n=1)(En 1)

\/—agdexp( Aod)[1 - (1+2dk0)exp( 2dMo)]
Vo(l - exp(~2hod))

(e + X))

t#k

_ 203d” exp(- 220d) — ZE
N 1—exp(=Aod)

o2 [1— (1 + 2dAo) exp(-2d)] }2

+2n- 1){ 200 (1= exp(=2hod))

= G(?AW(QO: GO)~

By (2.7), (2.8), and noting that e, ; and 7, are independent, we have
, 0¥, 0w, 31— (1+2dA)exp(—2Ad)
Cov(og—",0¢ -0, 3
0B A/ lg=g, V20 (1 — exp(—2Ad))2

E (Z > el - GXP(—M)xH))
t=2 t=2

o 1-(1+2dA) exp(—2kd)E 3
VZho( - exp(=2rd))?

n

. Z(xt —exp(-Ad)xe1) = 0.

t=2

From (5.8)-(5.10), it follows that Var(S,(6y)) = 0¢ D,,. The proof is completed.

(5.9)

(5.10)

O

Lemma 5.3 (Maller [55]) Let W, be a symmetric random matrix with eigenvalues i,'(n),

1<j<d. Then
W,—,1 & in)—,l, n—oo.

Lemma 5.4 Foreach A >0,

_r

sup ||D F(Q)D 2
0eN, (A

—QDHH —,0, n— 00

and also
CDVI —D CI),

limlimsuplimsupP[ 1nf Am,n(D F(O)D ) }:(),

=0 40 nsoo HeN, (A

where
M(1—exp(=2drg))
Ao(l—exp(—de))Im 0
an = o2 2wy, | ’ D= Im+1~
0 ~7 g2 10=%

An(00,00)

(5.11)

(5.12)

(5.13)

(5.14)
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1 T
Proof Let X,(Lo) = X,? (*0)X,? (o) be a square root decomposition of X, (Ao). Then

1
2\ 2
Dn =1V l—exp(—OZdAO))(”2 ()\0) 0

0

v Ay(60,00)

T
2) 2
V l—exp(—OZdAo)X” ()‘0) 0

0 A;fl(QO!UO)

1T
=D2D?.

Let 6 € N,(A). Then

(6 —600)" D, (60 - 6p) =

240 ,
m(ﬁ - Bo)" Xu(Xo)(B — Bo)

+ (A = 10)* Ay(6,00) < A%

From (2.20), (2.21) and (5.14),

o e[ )

A1 —exp(—2dro))

Waa

(X0 )X (0% 7 (o) — L},

1
Wia =
and
Wo, =
Let
NJ(4)

and

N*A) = {9;|x—x0| <

~ ro(1—exp(=2dn))

1—exp(—2d)\o)X;% ()\'0)(_0_2 2w, )

250 EXER
Ay (6o, 00)
292y, 292y
-0 TZ” - 3)L2n |9=90
Ay(60,00)

- {ﬂ " 1— exp(—2dho)

20 108~ o) XE (ho)? 5A2}

A
k% An(GOra'O) }

As the first step, we will show that, for each A > 0,

sup
0eN?(A)

Wil — 0,

n— oQ.

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

Page 12 of 31
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In fact, note that

A(1 - exp(=2dirg))
Ao(1 - exp(—2d)»))
A(l —exp(—2dig))
~ Ao(1 —exp(-— 2dA))

X5 (h0) (Xah) = Xa(20)) X5 (ho)

1=

X, (o)(T1 + To = T5)X; 2 (ho), (5.24)

where

n

Ti = (exp(~dho) — exp(~di))xey (% — exp(~dio)xea)
t=2

n

Ty=) (exp(~dho) — exp(~dA)) (x; — exp(~dAo)xr1)x;

t=2

and

n

Ty=) (exp(-dA) - exp(—dho)) xeaxl .

t=2

_1 T
Let u,v € R, |u| = |v| = 1, and let u! = uX, % (o), vI = X,, % (Ao)v. By the Cauchy-

Schwarz inequality, Lemma 5.1 and noting N*(4), we have

(exp(—dho) —exp(=dA)) Y~ upary (e - exp(—dho)xi1) v

t=2

’uZTIV,,’ =

<max|exp —dAo) —exp( dA (Zu XXy u,,)

. (Z v (% — exp(=dho)x,1) (% — exp(~do)xe—1) Tv,,)

t=2

<d|io—Al- fmax(xt l(ko)xt)

n

Similar to the proof of 77, we easily obtain
|ul Tov,| — 0. (5.26)

By the Cauchy-Schwarz inequality, Lemma 5.1 and noting N}(4), we have

ufZ(exp(—dlo) - exp(—dk))zx,_lxtT_lvn

t=2

’uZTgv,,| =

< max|exp(—dko) — exp(—dk)’2

1
2
(E u xtxt Uy, E vTxtxtTv,,>

t=2
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<nlro - A|2E?<§(x{X;1(AO)xt)
A2

= mO(l) — 0. (5.27)

Hence, (5.23) follows from (5.24)-(5.27).
For the second step, we will show that

Wiz —, 0. (5.28)
Note that
_ Ta_ T
gt_yt_xtﬁ_xt (ﬁO_lg)+et (529)

and

1 —exp(—2dig)
N

e1 — exp(-do)er 1 = (¥ — exp(-dro)xi 1) (Bo - B) + 0o o (5.30)
0
Write
1- 2d\
exp( o) 2 ()»o) a )
\/ ﬁ o
- exp( 2dk0) 2dk exp(—id)
1 exp(—21d)
. Z(st 1% + &1 — 2 exp(—Ad)x;_ 1st_1)
- exp ZdAO 2 . ) — (1 +2dA)exp(-2)1d)
o7 (1 - exp(=2ad))2
. Z(Et —exp(—Ad)e;-1) (% — exp(—Ad)x,_1)
— 1
eXp( 2‘“0) 2dXexp(=2d) \ =5, T Ty 4 2T, + 2T, 4 2T5)
—exp(-2rd)
—exp —2dio) 1= (1 +2dA)exp(-21d) -1
X, 2 (X)) Ts, 5.31
1 exp(_2d))? (*0)Ts (5.31)
where

Ty =) 5l (Bo — B) (% — exp(=dod)x; 1),
t=2

n

Ty =Y (x - exp(-hod)xi) (Bo - B)xect,

t=2
n

Ty =) (exp(-rod) — exp(—d))x ,(Bo — B)%e1,

t=2

Page 14 of 31
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1—exp(—2rd) « -
=0, — ; NeXe_1, Ts = ;et—lxt—h

1-exp(—21d) —
T6 =0 12)7)\' Z Th(xt - exp(—)\.d)xt_l).
t=2

For B € Nf(A) and each A > 0, we have

1(Bo - )2 = (Bo - )X 00) X (r0)eexT Xy E (o) Xok (20) (o — B)
< max (x; X, (Lo)xc) (Bo — B)" Xu(X0)(Bo — B)

1<t<m

< A% max (x; X, (Ao)x,). (5.32)

1<t<n

By (5.32) and Lemma 5.1, we have

sup max |(ﬂ0 -B) x,:! -0, n—>00,A>0. (5.33)
BeNE (4 ) -

Using the Cauchy-Schwarz inequality and (5.33), we obtain

up Ty =y upx)4(Bo — B) (% — exp(—rod)x;1)
t=2
< {Z(x?l(ﬁo - /3))2}
t=2
) {Z u) (% — exp(=hod)xe1) (% — exp(—hod)x,_1) T,
t=2
< v/n max |(Bo — ) x| = o(v/n). (5.34)

1<t<nm

Using a similar argument as 77, we obtain that
ul Ty = 0,(/n). (5.35)

By the Cauchy-Schwarz inequality and (5.33), (5.25), we get

n

ur Ts = Y (exp(~rod) — exp(—rd))x; 1 (Bo — Bty 21

t=2

IA

t=2 t=2

iZ(eXP(—kod)—exr)(—kd)) (I (Bo—B)" Y (T 1)2]

n

< CMO—MiZ(xt 1(Bo— B))? Z(u Xi 1)2}7

t=2 t=2

SCW\/_O(I)OW—)—O(\/_) (5.36)
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By (5.25), we have

n

Var(uf T4) = 0‘2%;_2% Z(ufxt_l)z =o(n). (5.37)
t=2

Thus, by the Chebychev inequality and (5.37),
ul Ty = 0,(v/n). (5.38)

By Lemma 5.1 and (2.3), we have

Var(u5T5) = Var(Z u,{xtet_l)
t=2

51 —exp(-2Ad)

-0 2X0
n-1 n
Vm{Z(Z ufxtexp{—kod(t—l—j)}>nj}
j=1 \t=j+l

n-1 n 2
_ "3%@%‘1) Z(Z ul x, exp{~rod(t - 1 —j)})

j=1 \e=j+1

51 —exp(—2Ad) T
0y ——— max |unxt|
210 2<t<n

.f(iexp{-xod(t—l—ﬂ}f

j=1 \t=j+l

< szta} |ufx,|n = o(n). (5.39)

Thus, by the Chebychev inequality and (5.39),
ul Ts = 0,(/n). (5.40)
Using a similar argument as T, we obtain
ul Tg = 0,(/n). (5.41)

Thus (5.28) follows immediately from (5.31), (5.34)-(5.36), (5.38), (5.40) and (5.41).
For the third step, we will show that

W22 —>p 0. (54-2)

Write that

, %W, 0%,

A2 A2 |y

J=-0

n

_0*(n—-1) 20°(n-1)d*exp(-21d) N 2d* 1 exp(—2Ad) Z )
T2 (1 - exp(-21d))? 1 —exp(—2Ard) -1

t=2

Page 16 of 31
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s 2d exp(—Ad)[(2 — d)) — dxr exp(-2)1d)] Z(

(1 - exp(-2d))? —exp(-Ad)e;1)e

t=2

s ddexp(=2Ad)[d) — 1+ (1 + dA) exp(-27d)] Z(g

(1 - exp(~22d))? — exp(-2d)e; 1)’

t=2

od(n-1) N 208 (n—1)d* exp(-2xod)  2d*ro exp(-2Aod) Xn: )
22 (1 — exp(—21od))? 1-exp(-2hod) -1

2d exp(—rod)[(2 = dAg) — drg exp(—2rod)] ~—

- —exp(-Aod)es_1)es
(1— exp(—2hod))? Z(et exp(—Aod)e; 1)€t 1

t=2

4d exp(—2rod)[dro — 1 + (1 + d)rg) exp(=2X1od)]
B (1—exp(~240d))?

n

> (e — exp(—hod)er1)”. (5.43)
t=2

By (3.3) and (3.4), we obtain that

o*n-1) oZ(n-1)

T, = _
DY 222
n=1.,.5 .2 2 2 2

Zm(a ()\.0—)\,)+)\,(O' —UO))

=o(n) (5.44)
and

T, - 203 (n —1)d* exp(-2iod) ~ 202(n —1)d? exp(-2Ad)
(1 —exp(-2x10d))? (1 - exp(-21d))?
2d%(n-1)

= A= exp(—220d))2(1 — exp(—22d))? 100 (exp(~2od) - exp(-2d))

+exp(-rd)(op — ) + exp(—rd — Aod)
- [0 (exp(~=1od) — exp(~Ad)) + exp(-Ad) (o — 00)]}
- (00 exp(—rod) (1 — exp(-21d)) + o exp(-Ad) (1 — exp(-24od)))
= o(n). (5.45)

By (5.29), we have

2d’nexp(-20d) <~ ,  2d*rgexp(—2iod) —
T = ) L - e ed) 2
1 —exp(-21d) = 1 —exp(—24od)
2d2Aexp( 20d) —
ToexpCaid) 2 (B =)+ 25060 = Bl + )
2d% 1o exp(=2Aod) Z )
_ 24 Ao AP At0d) 2

1—exp(=2Xxd) Py -1

2d%)exp(=22d) x~, 1 2 2d*hexp(—2Ad) <~ 1
= 71 ~ exp(_z)\d) ;(xt (ﬂO - ,B)) + m tXZZ:th (,30 — ﬁ)et
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2dzxexp(—2xd) ZdZAo exp(—2Aod)
Z L

1 —exp(-21d) —exp(—21od) Py

_ 2d°).exp(-2)d) 4d*) exp(-21d)

Ty + Tss.
1-exp(-2:d) " 1-exp(-2xd) 2T

By (5.32), it is easy to show that
T31 = O(l’l).

By Lemma 5.1, (2.3) and (5.32), we have

Var(T3;) = Var(Z x; (Bo - 5)@)

t=2

n-1 n
i Var{ Z(fo(ﬂo Wexp|hodlt -1 —n})n,-}

j=1 \t=j+1

n-1 n )
= (Z’%T(ﬂo—ﬂ)exp{—kod(t_1_j)}>

Jj=1 \t=j+1
n-1 n 2
< max [x/ (Bo— B)| ) (Z exp{-Aod(t -1 —i)}>
== j=1 \t=j+1

< C max |x/(Bo = B)|n = o(n).
Thus by the Chebychev inequality and (5.48),

T35 = 0p(v/n).

Write
2d?hexp(=2Ad)  2d%hg exp(—2Aod)
1 - exp(-2)1d) 1—exp(=2Xiod)

~ 2d° u
"~ (1-exp(=22d))(1 — exp(-2Aod))

where
U = 1 exp(-2Ad) (1 - exp(—21od)) — Lo exp(—2rod)(1 — exp(-2Ad)).
Note that

U = hexp(—2Ard) (exp(-2Ad) — exp(—24od))

+ ()\. (exp(—2kd) - exp(—2k0d)) + (A = Ag) exp(—ZAOd)) (1 - exp(—2kd))

= 0(1)’
so we have

T33 = 0(14)

Page 18 of 31
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Thus, by (5.46), (5.47), (5.49) and (5.52), we have
Ts = o(n). (5.53)
By (5.29), we have

2d exp(-Ad)[(2 — dr) — drexp(-2Ad)] —

fa (1 - exp(-24d))? ;(St ~exp(-Ad)er)er
2d exp(—rod)[(2 — dhro) — dro exp(~24od)] —

) : (1- exp(—ozxoal))o2 == ) (e~ expl-rod)ern)es

t=2

_2dexp(-Ad)[(2 - d)) —drexp(-27d)]  [1—exp(-2Ad) x~ 1
B (1 - exp(—2xd))? 4 I th—l(ﬁo - Bne

t=2

{ 2d exp(-Ad)[(2 — d)r) — drexp(-20d)] |1 -exp(-2Ad)
+ o
(1 —exp(-2Ard))? 2

2d exp(=rod)[(2 — dho) — drg exp(=2Aod)]
- (1 - exp(—2Arod))>

/1 - exp(=22d) | —
+0 #}Zmem

t=2
= T41 + T42. (554)
It is easy to show that
Ty = o(n). (5.55)

Note that {n,e;_1, H;} is a martingale difference sequence, so we have

n n
Var(z ntet_l) = ZE@%_I = A,,(6o,00).
t=2

t=2

Hence,
T4z = o(n). (5.56)
By (5.54)-(5.56), we have
Ty = o(n). (5.57)
It is easily proved that

_4dexp(-22d)[d\ -1+ (1+ d)) exp(-21d)] < 5
N (1— exp(—21d))? Z(St —exp(-Ad)e; 1)

t=2

Ts

n

Z(et - exp(—kod)et,l)z

t=2

ddexp(—2rod)[dro — 1+ (1 + d)g) exp(=2X1od)]
- (1 - exp(—240d))
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4d exp(—2Ad)[dr —1 + (1 + d)) exp(=271d)] 1—exp(-2xrd)
- { (1—exp(—21d))? ? 2
4ddexp(—2rod)[dro — 1 + (1 + d)ro) exp(—2Xod)]
- (1 - exp(—210d))?

1—exp(—2i0d) | w 2
o0y | } ; n? = o(n). (5.58)

Hence, (5.42) follows immediately from (5.43)-(5.45), (5.53), (5.57) and (5.58). This com-
pletes the proof of (5.11) from (5.17), (5.23), (5.28) and (5.42).
1-exp(=2diop))

It is well known that X

(o2 — lasn— oo To prove (5.12), we need to show that

232w
=0~ 57" o=y

—,1, n— oo.
Ay (6o, 00) ’

This follows immediately from (2.20) and the Markov inequality.
Finally, we will prove (5.13). By (5.11) and (5.12), we have

1 T

D,>F(0)D,* —>p Ly, n— 0 (5.59)
uniformly in 6 € N,(A) for each A > 0. Thus, by Lemma 5.3,
_1 _T
)‘-min(Dn2F(9)Dn : ) —p 1, n—o0. (5.60)
This implies (5.13). a
Lemma 5.5 (Hall and Heyde [56]) Let {S,;,Fui,1 < i < k,,n > 1} be a zero-mean,
square-integrable martingale array with differences X,;, and let n* be an a.s. finite

random variable. Suppose that Y ; E{X2I(|X:| > €)|Fpi1} —p O for all ¢ — 0, and
ZiE{XﬁAFn,i—l} —p 7’]2. Then

Snkn = me’ —D Z:
i

where the rv. Z has the characteristic function E{exp(—%nth)}.

6 Proof of theorems
Proof of Theorem 3.1 Take A >0, let

M,y(A) = {0 € R (0 - 00)"Du(6 - 6) = A} (6.1)

be the boundary of N,(A), and let 6 € M,(A). Using (2.19) and the Taylor expansion, for
each o2 > 0, we have

AW, (0y,0%) 1 32W,(6y,02)
W,(6,07) = W,(60,02) + (6 - eo)Taig +5(0- GO)TW(G —6o)
1 1 3
= =W, (60,0%) + (0 —00)" Su(00) — = (0 — 60)"F.(0)(6 - 6p), (6.2)
o2 202

where 6 = af + (1-a)fy forsome 0 <a <1.
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~ I
Let Q,(0) = 2(6 — 60)"F,.(9)(6 — 6) and v,(0) = D7 (0 — 6). Take ¢ > 0 and 6 € M,(A),
and by (6.2), we obtain that

P{\I—’n(e,az) > \IJH(HO,GZ) for some 0 € M,,(A)}
< P{(0 - 60)"Su(00) = Qu(6), Qu(6) > cA* for some 0 € M,,(A)}

+ P{Q,,(G) < cA? for some 6 € M,,(A)}

1
< P{v;(0)Dy* Su(6) > cA for some 6 € M, (A)}

(S

+ P{VZ(G)D;%F,,(Q)D; va(6) < c for some 6 € M,(A)}
5P{|D;%Sn(90)| > cAl

_1 ~ I
P inf din (D EAO)D;) <. 6.3)
0eN,(A)

By Lemma 5.2 and the Chebychev inequality, we obtain

1
1 Var(D,,2S,(60)) 0§
P{|Dy?Su(60)| > cA} < oz = S (6.4)

Let A — o0, then ¢ | 0, and using (5.13), we have

_1 ~ _T
P{ inf )me(D,,ZFn(Q)D,,Z)gc}—)Q (6.5)
9eNy(A)

By (6.3)-(6.5), we have

lim liminfP{W,(0,0%) < W, (6,0°) forall 6 € M,(A)} =1. (6.6)

A—o0 n—>0o0

By Lemma 5.3, Anin(X,(60)) — 00 as n — oo. Hence Amin(D,) — 0o. Moreover, from
(5.13), we have

B i (Fu(8)) =, oc.

This implies that W,,(6,02) is concave on N, (A). Noting this fact and (6.6), we get

lim limian{ sup W, (0,0%) < W,(60,0?), ¥,(0,0?) is concave on N,,(A)}

A=oo n=>00 Lpep,(A)

-1 (6.7)

On the event in the brackets, the continuous function ¥,(#,52) has a unique maximum
in 6 over the compact neighborhood N,(A). Hence

lim liminfP{S,(8,(4)) = 0 for a unique 6,(A) € N,(4)} = 1.

A—0o0 n—>00

Moreover, there is a sequence A, — 0o such that 0, = H(A,) satisfies

limian{S,,(é,,) =0 and 6, maximizes ¥, (9,02) uniquely in Nn(A)} =1.

n—00
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This 6,, = (B, A») is a QML estimator for 6. It is clearly consistent, and

Jim Tim iogfp{én eN,(A)} =1.
Since 6, = (3,,, ) are ML estimators for 6, 62 is an ML estimator for o from (2.9).
To complete the proof, we will show that &nz — 002 as n — oo. If én € N,(A), then ,3,, €
NP(A) and 1, € N*(A).
By (2.12) and (2.1), we have

&, — exp(—And)ar1 = (% — exp(=And)xi 1) (Bo — Bu) + (e — exp(-ind)er ). (6.8)

By (2.9), (2.11) and (6.8), we have

: n

2hn R A
Z(gt - ex[’(—)w:('i)et—l)2

n-1)6r= —"
" 1-exp(-24,d)

2 n

20, . A
= - —And)Es_
1— exp(-2,d) ;(St exp( Ve 1)

A (e = exp(=hnd)xe ) (Bo - Ba) + (er — exp(—ind)es 1))

23»,1 - R IO A T A
= & —exp(—And)és_1) (xr — exp(=And)xi1) (Bo — Bn)
1— exp(—2ind) t:2( t p t 1)( t p t 1) Bo—-B

2, . 2N 3
_— - ~And)E;- - —And)er-
ot g 2o A e~ exptader)
~ n
C S (e - exp(-Ad)i ) (e - exp(—Fnd)er ). (6.9)

1 - exp(—24,d) =

From (6.8), it follows that

n

> {0 — exp(-Aud)xir) " (Bo — B)}
t=2

n

= (B - exp(-And)érn)”

t=2

n
-2 Z(gt - eXP(—ind)ét—l) (et - exp(—ind)et_l)

t=2

+ Z(et - exp(—):,,d)et_l)z. (6.10)

=2
From (2.2), we get
n

Z(et - exp(_ind)et—l)z

t=2

- I1 - exp(-2i0d) . >
= Z <6Xp(—kod)et1 + 0o #Ut - exp(—knd)et1>
=2

Page 22 of 31
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2 1—exp(—2A0d) — 77¢2

- Y0
210 Py
n

+ ) (exp(=hod) — exp(-And)) el

=2
1—exp(—2xd) — .
# 200, | D02 3 (exp(~Aod) ~ exp(-nd)) e
0 t=2
By (6.9)-(6.11), we have

2Ay

(n-1562=—""_
S exp(=2X,d)

Z(et - exp(_ind)et—l)z
t=2
> (e~ exp(-Aud)xe) " (Bo — )’

t=2

2
1 - exp(—-224,d)

2 o1 —exp(=2Aod) Z .
t

- .o,
1 —exp(-2A,d) 0 20 Py

n

> (exp(~1od) — exp(~i,d)) e’

t=2

2
.
1 -exp(-24,d)

2 1 - exp(=24od)

+2 = - 0o
1—exp(-2A,d) 20

n

- " (exp(~2od) — exp(~And)) cer1

t=2

n

3 (we ~ exp(=ind)xea)” (Bo — Bu)

t=2
= T1+T2+2T3—T4.

2
1- exp(—ZXnd)

By the law of large numbers and 4, — » A, we have

1 25 1 - exp(=2Xod) 1 <
Tl _ n _ . p 0 0_02 . Z ntz
n-1 1—exp(-2A,d) 20 n-1+—
9 22X, 1—exp(—2Xxod)
—~pr % :
1—exp(=2x,d) 2A0

= 0 (m— ).

By the Markov inequality, and noting that ET, < CA?, we obtain

1T2—>p0 (n — o0).

(6.11)

(6.12)

(6.13)

(6.14)

Since {(exp(—=Aod) — exp(—ind))met_l,Ht_l} is a martingale difference sequence with

Var{ (exp(—kod) - exp(—ind))met_l} = (exp(—)\od) - exp(—i,,d))zEef_l,
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so we have

Var(Ts) = > E((exp(~hod) — exp(~And))ncei1)’
t=2

n

= " (exp(=nod) — exp(~And)) Eel,

t=2

< Clho—An)* ) _Ee}, < CA™. (6.15)

t=2

By the Chebychev inequality, we have

T3 —,0 (n— 00). (6.16)
n-1

By (5«33), we have
T4 ) Z((xtT(ﬂo B Bn) - CXp(—ind)x[_l)T(ﬂO - ;én))z

t=2

n

< 2}{) (o= B)" + D (exp(-Aud) 1 (Bo — )

t=2

= o(n). (6.17)

From (6.12)-(6.14), (6.16) and (6.17), we have 6> — o¢.
We therefore complete the proof of Theorem 3.1. d

Proof of Theorem 3.2 1t is easy to know that S,(,) = 0 and F,(d,) is nonsingular from
Theorem 3.1. By the Taylor expansion, we have

0= Sn(én) = Sn(e()) - Fn(én)(én - 90) (618)

Since 6, € N,(A), also 6, € N,(A). By (5.11), we have
- 1 . T

Fn(en) = Dn2 (q)n +An)D;42 ’ (619)

where 4, is a symmetric matrix with A, —, 0. By (6.18) and (6.19), we have
T o, T - ~ _1

Dy; (6, —60) = Dyt F,' (0,)S,(60) = (®,, + A,) "D, S, (60)- (6.20)

Similar to (6.20), we have

Fn(én) = Dé (q)n +An)Dn%
= (Dé (CDn +An)%)((q)n +An)%Dn%)

- FE@)EE (). (6.21)
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R _1
Here A, —, 0. By (6.20), (6.21), and noting that 67 —, o4 and D, S,(6) = O,(1), we
obtain that

T L. ~ ~ - 1
EZ0,)60 —00)/65 = (B + A,)2 (B, + Ay) D, 2 S,1(60) 16,

11
= ®,2D,2S8,(60)/00 + 0,(1). (6.22)
From (2.7) and (2.8), we have

Su(6o) 210 n
= B o N
0o 1 —exp(—2Xod) {; Tlt(xt exp(=Arod)x; 1)

—dexp(-od) Z Neet-1

t=2

) 220 ool — (1 + 2dXro) exp(—2xod)] Xn:(ﬁz ~1) } (6.23)

1 —exp(=2Xod) 422 —

From (5.14) and (5.15), we have

M(1—exp(=2dXg)) \— L
1 Gotmepiaaiy) 21 0
(Dn Dn = 0 An(9,00)
) 08;11 lo=6,
210 -1 ’%
(Teptadig) 2 Xn~ (Ro) 0
0 I S
n(60,00)
21 13
(m) 2Xy % (Xo) 0
= 0 1 . (6.24)
zda;é” lo=0,

By (6.23) and (6.24), we have

1L 1
q)n2Dn25n(90)/60

1
2
X ® — Aod)xi1
1 —exp( Zkod 1 - exp( 2dk)> Z”f (60) (x: — exp(=rod)x; 1),

— [ dexp(-od) Zmetl
V _02 a)\2n|9 6o

=2
ool = (1 +2dAro) exp(—2A0d)] w— )
\/lexp—%od 413 ;(m - 1)] } (6.25)

Let u € R* with |u| =1, and

S

2A 2 -1
A = M(m) X (}»0)(% - eXP(—)Lod)xt—l)‘
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Then maxy<;<, as, = 0(1), and we will consider the limiting distribution of the following

2-vector
20 - 1 -
_— ANy, ————| dexp(—rod) ) nse,
1 exp(~2hod) { = et [ Pt ; o
2 0=
| 2% oo[1 — (1 +2dXo) exp(—210d)] ~—,
-1 . 6.26
Vi- exp(—2iod) 43 tZ:;(m ) (6.26)
Note that
W,
-0’ 5 = Op(An(GO: 00)) = Op(”)
dA 0=6p

Hence, by the Cramer-Wold device, it will suffice to find the asymptotic distribution of the
following random

210

Uy —
1—exp(—2xod) 1t v/ Ay (60,00)

. 240 oo[1 — (1 +2dAo) exp(—240d)] (2 - 1)] }
1 —exp(-2Xod) 425 K

-3¢, (6.27)
t=2

" u
{ —_— [deXP(—Aod)mem
=2

where (41, u5) € R? with u? + u% = 1. Note that

2)&0 U
E{¢|Hiq} = | ———— WE - —Aod)E _
{¢e|Hpa} 1= exp(—2i0d) {Mlﬂt (1) .00, 00) |:dexp( od)E(ns)es—1
2)»0 oo [1 - (1 + Zd)\.()) CXp(—Z)u()d)] 2
E(n; -1
"V 1= exp(—2h0d) 42 (7 -1)
=0, as, (6.28)

so the sums in (6.27) are partial sums of a martingale triangular array to H;, and we will
verify the Lindeberg conditions for their convergence to normality.
By (6.27), and noting that En> = 0, En} = 3 and A € N*(A), we have

n 20 n 1 n
E(e2H ) = — 2t )2 2 o2 | P exo(—2hnd 2
Z (¢ 1Her) 1 - exp(=2Aiod) {ul ;am i A (6o, 00) |: xpl-2ho )ZeH

t=2 t=2

N 2o 021 = (1 +2dxo) exp(—210d)]? X”:E (1 - 1)2
1 — exp(—2Aod) 161 —

n Uy
-2 " w——dexp(~rod)ame,
=

2
u; / 2X0
2—=d “od) | ——————
" n exp(~Aod) 1—exp(—2X1od)
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[1- 1+ 2dho) exp(-200)] ,
e 2Dl 32 1))

Uy 2)»0
J/n\ 1—exp(=2i0d)

. oo[1— (1 + 2dXrg) exp(— 2kod)]

& st -1)|

- 2w ayy,

2h0 2 -
22 2 1)+0+0
I exp(=20d) (1 - exp(—2dk)) i+ o)+ 0+
= ui +u3 +0y(1) =1+ 0p(1). (6.29)

Let Eltn = min{ﬂtn, \/ﬁ} and é‘t = étngt- Then Zlm = 0(1).

Foranyc >0,

> E{¢(I6] > o) Ha} = > / y* dP{lam¢,| < y|H}
t=2 t=2 V¢

Z“m y dp 8| < y1H,- 1}

ﬂw

Zam =o(1 )— 0, n— oo (6.30)
This verifies the Lindeberg conditions, and by Lemma 5.5, we have

Y &—pN(O1).

t=2

Thus we complete the proof of Theorem 3.2. d

Proof of Theorem 4.1 Note that Aon = Ao, An = Ao Similarly to the proof of Theo-
rem 4.1(3) in Maller [55], by (6.12) and Theorem 3.2, we have

s 1 2on . 1 - exp(-24od)
din) = ?{( on_ B ] )o eXp 0 Z
0

1—exp(—2Xio,d) 1-exp(-2r,d) Py

Z 22 on A 2
+ ————(exp(=Aod) — exp(=Aond
: {l—exp(—210nd)( p(—Aod) p(—Aond))

25;71 > 2| 2
———————(exp(-Aod) — exp(=Ar,d e,
l—exp(—ZAnd)( P(-hod) - exp(=A,d)) } el
1 - exp(—2Aod) — { 23on .
+ 20 = exp(—Aiod) —exp(—Ao,d
0 2 ; | exp(-2h Ond)( p(=rod) — exp(—Aond))
Vn

—————————(exp(-Aod) —ex —):,,d e
oo CPChed el ))}ﬂtm

n

2)A‘n a T 5N\ 2
- _~ t - Yld t— ~— Mn
e DT m)}
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n

> (xe — exp(—nd)xis) " (Bo — Ba) + 0o(D)

t=2

1 2
0§ 1 - exp(=2A,d)

—p x*(m). (6.31)

7 Empirical examples

In the section, we consider two empirical examples. The first one (8 is a one-dimensional
unknown parameter, namely m = 1) is water flowing in the Kootenay River in January,
which is taken from Hampel et al. [6, p.310]. The second one (B is a 4-dimensional un-
known parameter, namely m = 4) is the consumption of spirits in the United Kingdom,
which is taken from Fuller [48].

7.1 Water flowing in the Kootenay river
By the ordinary least squares method, we obtain that

¥ =9.51371 + 0.47476x; + &; (7.1)
and
e =0.2077¢;4+ 1y, t=1,2,...,13, (7.2)

where 1; is a sequence of uncorrelated (0,1.5013%) random variables.
By the Huber-Dutter (HD) method, we obtain the following model (see Hu [10]):

¥ = 9.51371 + 0.4745x, + &, (7.3)
and

& = 0.302481:_1 + N (74)
where 1 is a sequence of uncorrelated (0,1.09882) random variables.

By the ML method (take d = 1 and starting values for A = 1, (62)© = 1.5, 8© = 0.5;

here we use pattern search algorithms), we obtain the following model:

¥: =9.51371 + 0.48039x; + &; (7.5)
and

& = exp(—1.80089)¢e;_; + 0.5184n;,, (7.6)

where 7, is a sequence of uncorrelated (0, 1) random variables.
By model (1.3), we obtain a general process {y;} satisfying the following SDE:

d(y; — 9.51371) = (1.3455x; + 9.51371 — y,) dt + 0.9976 dB,. (7.7)

Since 1.50132 > 1.0988% > 0.51842, our results excel the results of HD and the least
squares method in mean squares error (MSE).
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By (4.7), we obtain d(13) = 362.4137 > 6.63 = x2,,;(1). It is shown that 8 # 0 at the
significant level « = 0.01. Thus we should apply the linear regression model (1.1) with
Ornstein-Uhlenbeck process instead of only the Ornstein-Uhlenbeck process for the data.

It is shown that our estimation method and testing approach are valid in the case of
m = 1. For a multidimensional parameter g, it is true in the following example.

7.2 Consumption of spirits in the UK

We will use the data studied by Fuller [48]. The data pertain to the consumption of spirits
in the United Kingdom from 1870 to 1983. The dependent variable y, is the annual per
capita consumption of spirits in the United Kingdom. The explanatory variables x;; and
Xy, are per capita income and price of spirits, respectively, both deflated by a general price
index. All data are in logarithms. The model suggested by Prest can be written as follows:

Ve = Bo + Prxa + Paxey + Ba3xe3 + Baxea + &1, (7.8)

(t-35)%
104

where 1869 is the origin for ¢, x;3 = ﬁ, Xpg = , and assume that ¢; is a stationary time

series.
Fuller [48] obtained the estimated generalized least squares equation
¥e =2.36 + 0.72x5 — 0.80x, — 0.81x;3 — 0.92x44 (7.9)
and

& =0.7633¢;1 + 14,

where 7, is a sequence of uncorrelated (0,0.000417) random variables.
Take d =1 and starting values for

29203, (62)©=00004, B =(0.72,-0.80,-0.81,-0.92)".
Using our method, we obtain the following models:

¥ =2.36 + 0.73251xy — 0.80024x;, — 0.86286x:3 — 0.607 7404 (7.10)
and

&; = exp(—0.25319)e;_1 + 0.019617;, (7.11)
where 7, is a sequence of uncorrelated (0, 1) random variables; or

de; = —0.25319¢; dt + 0.0221 dB;. (7.12)

Since 0.000417 > 0.000384:61, our results excel the results of Fuller [48] in MSE.

By (4.7), we obtain d(69) = 100.2777 > 13.3 = X 001(4). It is shown that B # 0 at the
significant level « = 0.01.
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