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Abstract
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1 Introduction

A real Banach space E is said to be strictly convex if || ’% || <1forallx,y € Ewith ||x|| = |ly|l =
1and x #y. It is said to be uniformly convex if lim,,_, o ||%, — ¥4 || = O for any two sequences
{x,} and {y,} in E such that ||x,|| = ||y, =1 and lim,_, o, ||@|| = 1. It is known that a
uniformly convex Banach space is reflexive and strictly convex. Let U = {x € E : ||x|| = 1}
be the unit sphere of E. Then the Banach space E is said to be smooth if

x+tyl| - ||x
i 1+ 211 = Il

t—0 t

exists for each x,y € U. It is said to be uniformly smooth if the limit is attained uniformly
for x,y € E.

Let E be a real Banach space with the norm || - ||, and let E* denote the dual space of E.
We denote by J the normalized duality mapping from E to 2" defined by

Jo={f* € B o) = 2l = |7},

where (-,-) denotes the generalized duality pairing. It is well known that if E* is strictly
convex, then J is single-valued, and if £ is uniformly smooth, then J is uniformly norm-to-
norm continuous on a bounded subset of E. Moreover, if E is a reflexive and strictly convex
Banach space with a strictly convex dual, then /! is single-valued, one-to-one, surjective
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and it is the duality mapping from E* into E and thus JJ ™! = Iz+ and J 1] = I (see [1]). We
note that J is the identity mapping in a Hilbert space.
A mapping A : D(A) C E — E* is said to be monotone if for each x,y € D(A),

(x—y,Ax —Ay) > 0.

A mapping A is said to be y -inverse strongly monotone if there exists a positive real number
y > 0 such that

(x—9y,Ax — Ay) > y||Ax — Ay||>, Vx,y € D(A).

If a mapping A is y -inverse strongly monotone, then it is Lipschitz continuous with con-

stant 1, i.e.,
Y
1
|[Ax - Ay|| < " lx—yll, x,9€D(A).

A mapping A is said to be strongly monotone, if for each x,y € D(A), there exists k € (0,1)
such that

(x—y,Ax - Ay) > kl|lx - y|I>.

A monotone mapping A is said to be maximal if its graph G(A) = {(x,y) : y € Ax} is not
properly contained in the graph of any other monotone mapping. It is known that the

monotone mapping A is maximal if and only if for (x,x*) € E x E*,
(x=—yx*-y)=0

for every (y,5*) € G(A) implies that x* € Ax.

Let C be a nonempty, closed convex subset of a Banach space E. For a bifunction 6 :
C x C — R, we assume that 6 satisfies the following conditions:

(E1) 6(x,x) =0 forallx € C;

(E2) 6 is monotone, i.e., 6(x,y) +6(y,x) <0 forallx,y € C;

(E3) foreachw,y,z€ C,

lim o (tz+ (1 -t)x,y) < 6(x,);

(E4) for each x € C, the function y — 6(x, y) is convex and lower semi-continuous.

The generalized mixed equilibrium problem is to find x € C such that
O(xy) + ¥ () - ¥ x) + (Ax,y-x) =0, VyeC, 1.1)
where ¥ is a lower semicontinuous and convex function. The set of solutions of problem

(1.1) is denoted by GMEP. Recently, Zhang [2] considered this problem. Some special cases

of problem (1.1) are stated as follows.
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If A = 0, then problem (1.1) reduces to the following mixed equilibrium problem of find-
ing x € C such that

0xy)+¢v() -yvx) =0, VyeC,

which was considered by Ceng and Yao [3].
If ¢ = 0, then problem (1.1) reduces to the following generalized equilibrium problem
of finding x € C such that

O(x,y) + (Ax,y—x) >0, VyeC,

which was studied in [4].
If ¥ = 0 and A = 0, then problem (1.1) reduces to the following equilibrium problem of
finding x € C such that

O(x,y) >0, VyeC. (1.2)

The set of solutions of problem (1.2) is denoted by EP.
If 6 =0 and ¢ = 0, then problem (1.1) reduces to the following classical variational in-
equality problem of finding x € C such that

(Ax,y—x) >0, VyeC. (1.3)

The set of solutions of problem (1.3) is denoted by VI(C, A).

Equilibrium problems, which were introduced in [5] in 1994, have had great impact
and influence on the development of several branches of pure and applied sciences. They
include numerous problems in economics, finance, physics, network, elasticity, optimiza-
tion, variational inequalities, minimax problems, and semigroups; see, for instance, [2—4,
6-17] and the references therein.

As well known, if C is a nonempty, closed and convex subset of a Hilbert space H and
Pc: H— Cis the metric projection of H onto C, then P¢ is nonexpansive. This fact actu-
ally characterizes Hilbert spaces and, consequently, it is not true to more general Banach
spaces. In this connection, Alber [18] introduced a generalized projection operator I1¢ in
a Banach space E which is an analogue of the metric projection in Hilbert spaces. Consider
the functional defined by

¢(9) = l%l* = 206 Jy) + Iy|*  forx,y € E. (1.4)
Observe that, in a Hilbert space H, (1.4) reduces to

¢(x,y) = lx—y|* forx,yeH.
The generalized projection I1¢ : E — C is a mapping that assigns an arbitrary point x € E
to the minimum point of the functional ¢(x, y), that is, [1cx = ¥, where X is the solution to

the minimization problem

¢ (%, x) = inf p(y, x).
yeC
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The existence and uniqueness of the mapping I1¢ follows from the properties of the func-
tional ¢(x, y) and strict monotonicity of the mapping J (see, for example, [18] and [19]). In
a Hilbert space, [1¢ = Pc. It is obvious from the definition of the function ¢ that:

M (el = Iy1D? < ¢x,3) < (] + Iyl for all x,y € E.

(2) d(x,9) = p(x,2) + Pz, y) + 2(x — z,Jz = Jy) for all x, y,z € E.

(3) ¢, y) = (x, Jx = Jy) + (y =, Jy) < llxllJx = Jyll + ly = xl[ly|| for allx,y € E.

(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x,y € E,

¢(x,y) =0 ifandonlyif x=y.

Remark 1.1 In (4), it is sufficient to show that if ¢(x, y) = 0 then x = y. In fact, from (1) we
have [|x|| = [ly||. This implies that (x,Jy) = ||x||* = ||Jy||*>. From the definition of J, we have
Jx = Jy. Therefore, we have x = y. For more details, see [1].

Let C be a nonempty closed and convex subset of E, and let T be a mapping from C
into itself. We denote by F(T') be the set of fixed points of 7. A point p in C is said to be
a weak asymptotic fixed point of T [20] if C contains a sequence {x,} which converges
weakly to p such that lim,,_, .o (7%, — x,) = 0. The set of asymptotic fixed points of T will be
denoted by F(T). A mapping T from C into itself is called relatively nonexpansive [21-23]
if F(T) = F(T) and ¢(p, Tx) < ¢p(p,x) for all x € C and p € F(T). The asymptotic behavior
of relatively nonexpansive mappings was studied in [21, 22] and [12].

A point p in C is said to be a strong asymptotic fixed point of T if C contains a se-
quence {x,} which converges strongly to p such that lim,_, (X, — x,) = 0. The set of
strong asymptotic fixed points of T is denoted by F(T). A mapping T from C into it-
self is called relatively weak nonexpansive if F(T) = F(T) and ¢(p, Tx) < ¢(p,x) for all
x € Cand p € F(T). A mapping T is called hemi-relatively nonexpansive if F(T) #  and
o(p, Tx) < ¢(p,x) for all x € C and p € F(T).

Remark 1.2 (1) It is obvious that a relatively nonexpansive mapping is a relatively weak
nonexpansive mapping (see [14]). In fact, for any mapping T : C — C, we have F(T) C
E(T) C F(T). Therefore, if T is a relatively nonexpansive mapping, then F(T) = F(T) =
E(T).

(2) The class of hemi-relatively nonexpansive mappings is more general than the class

of relatively weak nonexpansive mappings.

The converse of Remark 1.2 is not true. In order to explain this better, we give the fol-

lowing example.

Example 1.1 ([24]) Let E be any smooth Banach space, and let xy # 0 be any element of E.
We define a mapping T : E — E as follows:

- (5 + %0 ifx=(3 + 57)%,

—x ifx;’(%+2%)x0

for n=1,2,3,.... Then T is a hemi-relatively nonexpansive mapping but not a relatively

nonexpansive mapping.
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Remark 1.3 There are other examples of hemi-relatively nonexpansive mappings such as
the generalized projections (or projections) from a smooth, strictly convex and reflexive

Banach space, and others; see [25].

A mapping T : C — C is said to be closed, if for any sequence {x,} C C with x, — x and
Tx, — y, then Tx = y.

In 2009, Kimura and Takahashi [26] proposed the following hybrid iteration method
with a generalized projection for a family of relatively nonexpansive mappings {75} in a

Banach space E:

x1=x€C, chosen arbitrarily,

G =C,

¥u(A) =T Nafx, + 1 —a,)JTix,) forall i € A,
Cuar ={z € Cy:sup, 5 9(2,74(1) < (2,%)},

Xp+l = HC,H.lx-

They proved that {x,} converges strongly to I1 rx € C, where F =), ., F(T}) is the set of
common fixed points of T3, and Ik is the generalized projection of E onto a nonempty
closed convex subset K of E.

Recently, Zegeye and Shahzad [14] introduced the following iterative scheme for finding
a common element of the solution set of a variational inequality problem and a fixed point
of a relatively weak nonexpansive mapping with y-inverse strongly monotone mapping
satisfying ||Ax|| < ||[Ax — Ap|| for all x € C and p € VI(C, A) (see, e.g., [27]):

x0 € C, chosen arbitrarily,

Yn = HC(]_I(]xn - a,,Ax,,)),

Zy = Tyy,
Hy={ve C:¢(v,20) < ¢(v,50) < d(v,%0)},
Wo=0C,

Hn = {V € Hn—l N Wn—l : ¢(V1Zn) =< (,b(v’yn) < ¢(ern)}:
Wy={veH,.1 N W,_1: (%, —v,Jxo — Jx,) > 0},

%ps1 = Hp,nw, %0, n>1

On the other hand, Qin et al. [25] proposed the following hybrid iterative scheme:

x0 € E, chosen arbitrarily,

G =C,

x1 = I %o,

Y =T Mooy + (1= 0,) Tt),

uy, € C such that f(u,,y) + i(y— Up, Juy —Jyn) >0, VyeC,
Cun ={z € Cy: ¢(z,un) < ¢(z,%n)},

Xntl = HC,H.le;
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where T': C — Cis a closed hemi-relatively nonexpansive mapping. Under suitable condi-
tions, they proved that the sequence {x,} converges strongly to ITrr)nep()x0, where EP(f)
is the solution of an equilibrium problem for a bifunction f: C x C — R.

In this paper, we introduce a new hybrid projection iterative scheme that converges
strongly to a common element of the solution set of a generalized mixed equilibrium
problem, the solution set of a variational inequality problem, and the set of common fixed

points for a family of hemi-relatively nonexpansive mappings in a Banach space.

2 Preliminaries
Let E be a normed linear space with dimE > 2. The modulus of smoothness of E is the
function pg : [0,00) — [0, 00) defined by

[l +yll + llx =yl

-1: =1, =T19.
5 llxll =1, Iyl T}

pe(T) = SUP{

The space E is said to be smooth if pg(t) > 0, VT > 0 and E is called uniformly smooth if and

PE®)

only if lim,,o %5~

defined by

= 0. The modulus of convexity of E is the function §¢ : (0,2] — [0,1]

. llx +
Se(e) = lnf{l -l =yl =Le =lx—yly.

E is called uniformly convex if and only if ¢(¢) > O for every ¢ € (0,2]. Let p > 1. Then E is
said to be p-uniformly convex if there exists a constant ¢ > 0 such that §(¢) > ¢ - & for all
¢ € [0,2]. Observe that every p-uniformly convex space is uniformly convex.

It is well known (see, for example, [28]) that

. p-uniformly convex ifp >2;
Ly(l,) or WP is
2-uniformly convex ifl<p <2.

In the following, we shall need the following results.

Lemma 2.1 ([28]) Let E be a 2-uniformly convex and smooth Banach space. Then, for all
x,y € E, we have

2
llx—yll < E x =yl

where ] is the normalized duality mapping of E, and % (0 < ¢ <1) is the 2-uniformly convex
constant of E.

Lemma 2.2 ([18, 29]) Let E be a real smooth, strictly convex and reflexive Banach space,
and let C be a nonempty closed convex subset of E. Then the following conclusions hold:
(i) ¢y, Hcx) + d(Icx,x) < Pp(y,%), Vx € E, y € C.
(ii) Supposex € Eand z € C. Then

z=Ilcx <& (z—-yJx-Jz)>0, VyeC.
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Lemma 2.3 ([30]) Let E be a strictly convex and smooth Banach space, C be a nonempty
closed and convex subset of E and T : C — C be a hemi-relatively nonexpansive mapping.
Then F(T) is a closed convex subset of C.

Lemma 2.4 ([29]) Let E be a real smooth and uniformly convex Banach space, and let
{x,}, {yu} be two sequences of E. If lim,,_, o, ¢(x,,y,) = 0 and either {x,} or {y,} is bounded,

then llmn—>oo ||xn _yn” =0.

Lemma 2.5 ([31]) Let E be a real smooth Banach space and A : E — E* be a maximal

monotone mapping. Then A™1(0) is a closed and convex subset of E.
We denote the normal cone for C at a point v € C by N¢(v), that s,
Nc(v):= {x* eE": (v—y,x*) >0,Vye C}.
Lemma 2.6 ([32]) Let C be a nonempty closed convex subset of a Banach space E, and let

A be a monotone and hemicontinuous mapping of C into E* with C = D(A). Let T C E x E*
be a mapping defined as follows:

Av+Nc(v), veC(C,
g, véeC.

V=

Then T is maximal monotone and T™(0) = VI(C,A).
Remark 2.1 It is well known that the monotone and hemicontinuous mapping A with
D(A) = E is maximal (see, e.g,, [1]). Note that Lemma 2.6 is for the monotone and hemi-

continuous mapping.

Remark 2.2 Let C be a nonempty closed convex subset of a Banach space E, and let A be

a monotone and hemicontinuous mapping from C into E* with C = D(A). Then
VI(C,A) = {u eC:(v—u,Av) >0forallve C}.

It is obvious that the set VI(C,A) is a closed convex subset of C and the set A™10 = VI(E, A)

is a closed convex subset of E (see [27]).

We make use of the function V' : E x E* — R defined by
V(x,x*) = ||| —2<x,x*) + Hx* ||2
for all x € E and x* € E*, which was studied by Alber [18]. That is,
V(wa") = (x5

for all x € E and x* € E*. We know the following lemma.
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Lemma 2.7 ([18]) Let E be a reflexive, strictly convex and smooth Banach space with E*
as its dual. Then

V(xa®) + 207 %" —x,y%) < V(%2 +y*)
forall x € E and x*,y* € E*.

Lemma 2.8 ([2]) Let C be a closed subset of a smooth, strictly convex and reflexive Banach
space E. Let B: C — E* be a continuous and monotone mapping, ¥ : C — R be a lower
semicontinuous and convex function, and 6 be a bifunction from C x C to R satisfying
(E1)-(E4). Then, for r > 0 and x € E, there exists u € C such that

O, y) + (Bu,y — u) + ¥ (y) — v (u) + %(y—u,]u—]x) >0, VyeC.

Define a mapping T, : E — C by
Th(x) = {u €C:0(u,y) + (Bu,y—u) + ¥ (y) — ¥ (u)
1
+ ;(y—u,]u—]x> ZO,VyeC} (2.1)

for all x € E. Then the following conclusions hold:
(i) T, is single-valued;

(i) T, isa firmly nonexpansive type mapping [33], i.e., for allx,y € E,
(Trx =Ty, JTix = JTyy) < (Trx = Try, Jx = Jy);

(iii) F(T,) = GMEP = F(T,);
(iv) GMEP is a closed and convex subset of C;
) ¢, Tr2) + ¢(T,z,2) < ¢(p,2), Vp € F(T,), x € E.

Remark 2.3 ([2]) The mapping T, : E — C defined by (2.1) is a relatively nonexpansive
mapping. Thus, it is a hemi-relatively nonexpansive mapping.

3 Aniterative scheme for a family of hemi-relatively nonexpansive mappings
In this section, we introduce a new hybrid iterative scheme for a common element of the
solution set of problem (1.1), the solution set of problem (1.3) for an inverse strongly mono-
tone mapping and the set of common fixed points of a family of hemi-relatively nonexpan-
sive mappings.

Theorem 3.1 Let E be a real uniformly smooth and 2-uniformly convex Banach space
and C be a nonempty, closed and convex subset of E. Let A : C — E* be a y -inverse strongly
monotone mapping and B : C — E* be a continuous and monotone mapping. Let  : C —
R be a lower semicontinuous and convex function and 0 be a bifunction from C x C to
R satisfying (E1)-(E4). Let {T» : & € A} be a family of closed hemi-relatively nonexpansive
mappings of C into itself having

Q=FNVIC,A)NGMEP #,


http://www.journalofinequalitiesandapplications.com/content/2014/1/2

Kim et al. Journal of Inequalities and Applications 2014, 2014:2 Page9of 17
http://www_.journalofinequalitiesandapplications.com/content/2014/1/2

where F = (), e F(T)) is the set of common fixed points of {T),}. Assume that || Ax|| < ||Ax—
Apll forallx € Candp € VI(C,A). Supposethat0 <a < u, <b= CZTV, where c is the constant
in Lemma 2.1. Let {r,} C [c*, +00) for some c* > 0. Let {x,} be the sequence generated by

x9 € C, chosen arbitrarily,
Y = T &y — nAx),
Znp =] M St + (1= ) To ),
Uny = Ty 2ns
Hy, ={ve C:sup, ., ¢(v,uo,)
< agp(v,x0) + (1 = o) (v, 50) < ¢(v,x0)}, (3.1)
Hyy ={v € Hy1, N W1 :sup;cp (v, )
< aud(vx0) + (1= )P (v, ) < (v, %)},
Woa =C,
Wia ={v € Hy10 N Wi13 (% — v, JXo — Jx,) > 0},

Xptl = HHny)LﬁWn‘)LxO’ n= 0,1 €A,

where ] is the normalized duality mapping, and {o,} is a sequence in [0,1] satisfying
liminf,_, (1 -a,) > 0. Then {x,} converges to Tlgxy, where Tq, is the generalized projection
of E onto Q.

Proof Step 1. We prove that H,; and W,,, both are closed and convex subsets of C and
Q C Hy; N W, with n >0, X € A. In fact, it is obvious that W,,; is closed and convex,
and H,,, is closed for each » > 0, A € A. Since

(i)(V, un,)») E an¢(V: xn) + (1 - Otn)¢(V»3’n)

& 20vaxn + Q=) yn = Juns) < 0= ) lyull® = st |1 + 2l
and

an¢(v’xn) +(1- an)¢(Vryn) = ¢(V:xn)
< OWyn) <o, xn),
H,, is convex for each n > 0, A € A. Hence H,,;, N W,,, is closed and convex for all n > 0,
rEA.

Step 2. For any given p € 2, from (v) of Lemma 2.8 and that 7, is hemi-relatively non-

expansive, we have

d(p,uoy) = ¢, Tryp20,)
< o®.20,) = ¢(p.] " (ctoxo + (1 — o) T530))
= pI* - 2(p, oo + (1 — o) T o)
+ [|eofxo + (1= o) Ty |
< llpl? - 2a0(p, Jx0) — 2(1 - &) (p, J T1.y0)
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+ o llxoll* + (1 — o) [ Tayo I
= aod(p,x0) + (1 — a0)p(®, Tryo)
< aod(p, %0) + (1 — o) (v, 30) (3.2)

for each A € A. From Lemma 2.1, Lemma 2.7, and the assumption of A, we obtain

d(p,y0) = ¢ (p, TIcT " Jxo — 1oAxo))
< ¢(p,J ' Uxo — poAxo))
= V(p, Jxo = 110A%0)
< V(p,Jxo — poAxo + LoAxo)
= 2(77 (Jxo — poAxo) — p, moAxo)

V(p,Jxo) = 240 ™ ko — proAxo) — ] (Jxo), Axo)

— 2o {x0 — p, Axo)
V(p,Jxo) = 20 o — poAxo) = (o), Axo)

IA

—2pu0{x0 — py Axg — Ap) — 2110 {x0 — p, Ap)
4“(2) 2 2
< ¢(p,x0) + C—zlleoII —2uoY |Axo — Apl|

20
< ¢(p,x0) + 2M0(C—2 - J/) Axo — Ap|?

< ¢(p,x0). (3.3)

From (3.2) and (3.3),
@, 10,1) < ctod(p,x0) + (1 — 0)P(p,y0) < (P, %0) (3.4)

for each 1 € A. Thus

sup @ (p, uo) < aod(p,%0) + (1 — cto)p(p, y0) < P(p,%0).

reA

Therefore, p € Hy; and p € Hy; N Wy ;.. Suppose that Q@ C H,,_1; N W,,_1,. Then, the meth-
ods in (3.2) and (3.3) imply that

@ uny) < @, x0) + 1= )P, yn) < d@,xn), YA EA,
which implies that p € H,, ;. Since x,, = 1y, , nw,_ ; %o, it follows from Lemma 2.2 that
(X —2,Jx0 = Jxu) 20, Vz€H, 15N W15
It implies that (x, — p, Jxo — Jx,) > 0. Hence p € W, ;. Therefore, @ C H,,; N W,,;. Then,
by induction on n, Q@ C H,; N W,,; foralln > 0, A € A. From Lemma 2.5 and Lemma 2.6,

we know that VI(C,A) is closed and convex set. Therefore, 2 is closed and convex. The

sequence {x,} generated by (3.1) is well defined.
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Step 3. We prove that {x,} is a Cauchy sequence. Let p € Q. From the definition of H,,;,
Wy, and Lemma 2.2, we have x,, = [y, _, ; nw;,_; ; %o and

@, %n) + P(xn, %0) < P(p,%0).
Thus {x,} is bounded. Moreover, since

xn =y, | 0w, , %o, Xns1 = Hp, 0w, %0 € Hyy 0 Wi,
we have

A (ns1, %) + P (X, %0) < P(Xni1,%0),

which implies that {¢(x,, %)} is nondecreasing. It follows that the limit of {¢(x,,, x9)} exists.
By the construction H,,, N W,,,, one has that

Hm,k N Wm,A - Hm—l,)» N Wm—l,}u

%m = h,, (w,,, %0 € Hyy N Wi
for any positive integer m > n. From Lemma 2.2, we have

d)(xm:xn) = ¢(xm) HHn,l’)LﬂWn,l,;\xO)
< ¢(xm,x0) — P(IH,; nw,, ; %0, %0)

= ¢(xm’x0) - (p(xme)' (3.5)
Letting m, n — o0 in (3.5), we have
& (Xm, %) — 0.
Thus, Lemma 2.4 implies that
lim %, —x,]| = 0.
m,n— 00
This implies that {x,} is a Cauchy sequence.
Step 4. Now, we prove that lim, o ||y, — T3ynll = O for each L € A and g € F =
My F(T2). Since %41 € H,, we obtain
O Xnsts Unp) < O(Xni1, %)
forall € A and
¢(xn+1;yn) < ¢(xn+lrxn)'

By (3.5) and Lemma 2.4, we have

lim (|%,01 = tppll = Im [[x00 —yull =0, VA e A.
n—00 n—00
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Hence,
lim [|x, =y, |l = Hm |lx, —yull = im |4y —yull =0 (3.6)
n— 00 n—o0 n— 00

for all A € A. By the methods in (3.2) and (3.4), we have

¢(I9: un,k) S ¢(10» Zn,k) S ¢(10; xn) (37)

for all m> 0, A € A. Since J is uniformly continuous on the bounded sets, it follows from
Lemma 2.8(v), (3.2) and (3.7) that for any given p € Q,

P(nrzny) = O(Ty,02n002n)
< ¢0,zn) — 0w, Tr,,020,)
W, %) — $(p, tn)
%11 = Net I1* = 24p, Jotw — Jitn, )

(all = Mot ) (Notall + ot 1) + 2011 = Jet

I IA

IA

— 0, asm— o0
for all A € A. From Lemma 2.4,
lim ||z, —zuall = 0. (3.8)
n—0oQ

Thus lim,,—, ||z, — %4]| = 0 for each A € A. Since J is uniformly continuous on bounded
sets, we obtain

A —a)xn =JToyall = Han]xn + (1 =0,y — Jxn ”
1z, = Jonll

— 0

as n — o00. Since liminf,_, (1 — ;) > 0 and /! is uniformly continuous on bounded sets,
we obtain

lim [}, — T, = 0 (3.9)
n—00

for all A € A. It follows from (3.6) and (3.9) that
170 = Tayull < Wyn = %ull + %0 = Toyull = 0,  asn— oo (3.10)

for all » € A. Since {x,} is a Cauchy sequence, there exists a point g € C such that
lim,, oo %, = g. It follows from (3.6) that y,, — ¢. Since T; is closed, from (3.10) we get

geF = \yen F(Th).
Step 5. Now, we show that g € VI(C,A)NGMEP. Let S C E x E* be a mapping as follows:

Av+Nc(v), veC(C,
@, véC.

V=
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By Lemma 2.6, S is maximal monotone, and S71(0) = VI(C, A). Let (v,w) € G(S) (graph of
S). Since w € Sv = Av + N¢(v), we have w — Av € N¢(v). Moreover, y,, € C implies that

(v—y,w—Av) > 0. (3.11)
On the other hand, from y, = T1¢J ' (Jx, — ,Ax,) and Lemma 2.2, we obtain that
(V _ym]yn - (]x}’l - MnAxn)) > 0.

Hence,

<v = Vs Fon =y —Axn> <o. (3.12)

n

From (3.11) and (3.12), we obtain

(V=9 W) = (V=yu,Av)
Jxy _]yn

= <v—yn,AV—Ax,, + M>
I

> (V—yunAv) +<V_ym —Axn>

]xn _]yn >

n

= (V=9 Av—Ay,) + (V= Y, Ay — AXy) + <V—yn,

= v =yullllAyn — Axull = lv = yull

‘]xn _]yn
Mn

1 1
> == v=yullllyn = xull = — M1V =yull I = Jyull.
14 Mn
Since J is uniformly continuous on bounded sets, by (3.6) we have

lim (v—y,,w)=(v—q,w) > 0.

n—0oQ
Thus, since S is maximal monotone, we have g € S71(0) and g € VI(C, A). Next, we show
that g e GMEP = F(T,,). Let

H; (4,3,9) = 05t s ¥) + (Bt p, ¥y — ) + U () — ¥ (u), VyeC.

From (3.6) and (3.8), we obtain lim,,_, oo u,,, = g and lim,,_, , 2,,). = g for all > € A. Since ] is

uniformly continuous, from (3.8) we have lim,,_, o ||Jit,,5 — Jzu,5 || = 0. Therefore, it follows

et 3. ~Jzn,2 |l
n

from r, € [¢*, 00) for some ¢* > 0 that lim,,_, o, = 0. Since u,,; = T, 12n,, we have

1
H (t0,y) + - (v — thpp, Junyp. —Jznp) =0, VyeC,heA.
n

Combining the above inequality and (E2), we get

”]Mn,k _]Zn,AH 1
ly =t - ———— = —
'n n

<)/ - un,)u]un,k _]Zn,A) = _Hk(un,hy)

> H,(y,uny), VyeC,AeA.
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Taking the limit as # — 0o in the above inequality and by (E4), we have H, (y,q) < 0 for all
yeC,re A.Foranyt e (0,1) and y € C, define

ye=ty+(1-t)geC.
Then H; (y;,q) < 0. From (E1) and (E4), we have

0= H)\(yhyt) = H, (yt, ty + (1 — t)q)
< tH,(y,y) + (1 = )H,(y1,q)
= tHA()’t:y),

i.e.,, H,(y5,y) > 0, for all A € A. Thus, from (E3) and let ¢ | 0, we have H,(g,y) > 0 for all
y € C, » € A. This implies that g € GMEP. Therefore g € Q.

Step 6. Finally, we prove that g = [Tqxo. Since x,,,1 = [Ty, ; nw,, %o and by Lemma 2.2, we
have

(Xne1 — 2,00 = Jxu1) =20, VzeH,, NWy,. (3.13)
Taking the limit in (3.13) and from 2 C H,,;, N W, foralln > 0, A € A, we obtain
(g—zJx0—-Jq) >0, VzeQ.
Therefore, from Lemma 2.2, we have g = TTgxy. O

Remark 3.1 An iterative scheme for finding a solution of the variational inequality prob-
lem for a mapping A that satisfies the following conditions in a 2-uniformly and uniformly
smooth Banach space E:

(1) A isinverse strongly monotone,

(2) VI(C,A)#4,

(3) 1Ax|| < |Ax — Au|| for all x € C and u € VI(C, A).

If condition (3) holds, then we can prove a convergence theorem for variational inequal-
ity problems. To consider the general variational inequality problem for inverse strongly
monotone mappings, we have to assume condition (3) (see [27]).

For a practical case, we may apply this theorem to a finite number of mappings
{11, T»,...,T,,} as follows.

Corollary 3.1 Let E be a real uniformly smooth and 2-uniformly convex Banach space
and C be a nonempty, closed and convex subset of E. Let A : C — E* be a y-inverse
strongly monotone mapping and B : C — E* be a continuous and monotone mapping. Let
Y : C — R bea lower semicontinuous and convex function and 0 be a bifunction from C x C
to R satisfying (E1)-(E4). Let {Ty, T, ..., T,,} be a finite family of closed hemi-relatively non-
expansive mappings of C into itself having

Q=F N VI(C,A) N GMEP %,

where F = (i, F(T) is the set of common fixed points. Assume that ||Ax| < ||Ax — Ap||
forallx e Candp e VI(C,A). Suppose that 0 <a <, <b = CZT”, where c is the constant in
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Lemma 2.1. Let {r,} C [c*, +00) for some c* > 0. Let {x,} be the sequence generated by

xo € C, chosen arbitrarily,
Y = TS oty — nAxy),s
Zng =] M@l + (1= @) Tryn),
Unk = Ty kZn i
Hox ={v € C:maxg1,a,..m ¢(v, o x)
< aop(v,x0) + (1 = o)p(v:y0) < ¢ (v, %0)},
Hy = {v € Hy1x N Wy1k s maXp2,m PV, Un i)
< (v, x0) + (1= ) (v, ) < P (v, %)},
Wox =C,
Wik = {v € W14 N Hy1x (%0 — v, Jxo — Jxu) > 0},

Xntl = HHn,kan,kxO’ n>=> O,k =12,...,m,

where ] is the normalized duality mapping, and {o,} is a sequence in [0,1] satisfying
liminf,_, (1 -a,) > 0. Then {x,} converges to Tlgxy, where T, is the generalized projection
of E onto Q2.

If E = H is the Hilbert space, then J = /™! = I is the identity mapping on H. Then Theo-
rem 3.1 reduces to the following corollary.

Corollary 3.2 Let H be a real Hilbert space and C be a nonempty, closed and convex subset
of H. Let A : C — H be a continuous and monotone mapping. Let 1 : C — R be a lower
semicontinuous and convex function and 0 be a bifunction from C x C to R satisfying (E1)-
(E4). Let {T : C — C: X € A} be afamily of closed hemi-relatively nonexpansive mappings
with

Q=FNVI(C,A) N GMEP #9,

where F = (), o F(T5) is the set of common fixed points of {T}.}. Assume that | Ax|| < ||Ax—
Apl| foralix € Candp € VI(C,A). Supposethat0 <a < u, <b= CZTV, where c is the constant
in Lemma 2.1. Let {r,} C [c*, +00) for some c* > 0. Let {x,} be the sequence generated by

x9 € C, chosen arbitrarily,
Yn = Pc(xn — pnAxy),
Znp. = oy + (1= 0tn) T3y
Uy, = TryrZnps
Ho; ={ve C:sup,c, lv—uou |
<ag|lv—xoll* + A=) lv=y0ll* < v —x0ll*},
Hyp = {v € Hy 1) N W1 :supyp IV — )12

I+ (M=) v =yall* < v =217},

S an”V —Xn
Wo,i =G,

Wn,k = {V € Wn—l,A N Hn—l,k : <xn - V,]x() _]xn) > 0};

X1 = PH,,nw,, %0, 1= 0,4 €A,
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where {,} is a sequence in [0,1] satisfying liminf,_, (1 — ;) > 0. Then {x,} converges to
Pgxq, where Pg, is the metric projection of H onto 2.
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