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Abstract

Let Q(x) = Q(xq,X3,...,X,) be a nonsingular quadratic form with integer coefficients,
nbe even. Let V = Vg =V, denote the set of zeros of Q(x) in Z2, p be an odd prime,
and |V| denote the cardinality of V. In this paper, we are interested in giving an upper
bound of the number of integer solutions of the congruence Q(x) = 0 (mod p?) in
small boxes of the type {x € Z;z lai < x;<a;+m;,1 <i<n}centered about the
origin, where @, m; € Z,and 0 < m; < p? for 1 <i<n.
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1 Introduction

Let Q(x) = Q(x1,%9,...,%,) = lez’sisn a;xix; be a quadratic form with integer coefficients
in n-variables, and V' = V,2(Q) the algebraic subset of ZZZ defined by the equation Q(x) = 0.
When # is even, we let A,(Q) = ((-1)"*detAq/p) if pt detAq and A,(Q) = 0 if p|detAq,
where (-/p) denotes the Legendre-Jacobi symbol and A, is the # x n defining matrix for
Q(x). Our interest in this paper is in the problem of finding points in V with the variables
restricted to a box of the type

B:{erZzlaiSxi<ai+m,~,1§i§n}, 1)
where a;, m; € Z, and 0 < m; < p? for 1 < i < n. Consider the congruence

Qx)=0 (mod p?). 2)
The final result of this paper is stated in the following theorem.
Theorem 1 Suppose n is even, Q is nonsingular (mod p), and V2 7, = V)2 7(Q) is the set of

integer solutions of the congruence (2). Then for any box B of type (1) centered about the
origin, if A, = £1,

BN V| 5)/,,(@ +p”), (3)
p
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where the brackets | | are used to denote the cardinality of the set inside the brackets, and

271 4+ 22y A,

27(1L+ 20240, A = 41

We shall devote the rest of Section 4 to the proof of Theorem 1. If V is the set of zeros
of a ‘nonsingular’ quadratic form Q(x) (mod p), then one can show that

B
VB - '7' + O(p"(logp)™), @)

for any box B (see [1]). It is apparent from (4) that |V N B| is nonempty provided

|B| > p(n/2)+1(10gp)2n.

Foranyx, yin ZZ” we let x - y denote the ordinary dot product, x-y =Y/, x;3;. For any
x € Zyp,letey(x) = >"x/P” \We use the abbreviation Y = Y xezn, for complete sums. The
key ingredient in obtaining the identity in (4) is a uniform upper bound on the function

d(V,y) = Y xever(x-y) fory#0, i

|V| - p?rD fory=0.

In order to show that BN V is nonempty we can proceed as follows. Let o’(x) be a com-
plex valued function on ZZZ such that a(x) < 0 for all x not in B. If we can show that
Y xey @(x) > 0, then it will follow that BN V is nonempty. Now «(x) has a finite Fourier

expansion

a(x) =Y alye,(y-x),
y
where
a(y) =p™")_a(x)e,(-y - x),

forally e Z;’z. Thus

Z a(x) = Z Z a(y)e,(y - x)

xeV xeV y

=Y aly)) eply-x)
Y

xeV

=a()|V]+) aly)) ealy-x).

y#0 xeV

Since a(0) = p~>" Y _a(x), we obtain

D e =p VY e+ aly)p(V,y), (6)

xeV x y#0
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where ¢(V,y) is defined by (5). A variation of (6) that is sometimes more useful is

Y a)=p? Y ax)+ Y ay)p(V,y), (7)

xeV x y

which is obtained from (6) by noticing that | V| = ¢(V, 0) + p*"*~), whence

Y ax) =a(0)[¢(V,0)+ p*" V] + ) aly)p(V,y)

xeV y#0

=p™a(0) + Y _aly)p(V,y).

y

Equations (6) and (7) express the ‘incomplete’ sum ) _,, «(x) as a fraction of the ‘com-
plete’ sum ) _«(x) plus an error term. In general | V] ~ P>V 50 that the fractions in the
two equations are about the same. In fact, if V' is defined by a ‘nonsingular’ quadratic form
Q(x) then | V| = pD 4 O(p"). (That is, |p(V, 0)| < p".)

To show that ), a(x) is positive, it suffices to show that the error term is smaller in
absolute value than the (positive) main term on the right-hand side of (6) or (7). One tries
to make an optimal choice of ¢(x) in order to minimize the error term. Special cases of (6)
and (7) have appeared a number of times in the literature for different types of algebraic
sets V; see Chalk [2], Tietdviinen [3], and Myerson [4]. The first case treated was to let /()
be the characteristic function ys(x) of a subset S of Z;z, whence (7) gives rise to formulas
of the type

[V NS :p’2|S| + Error.

Equation (4) is obtained in this manner. Particular attention has been given to the case
where S = B, a box of points in ZZZ' Another popular choice for « is to let it be a convolu-
tion of two characteristic functions, @ = ys * xr for S, T C ZZQ. We recall that if @ (x), 8(x)
are complex valued functions defined on Z;z, then the convolution of «(x), B(x), written
a * B(x), is defined by

ax ) =Y a@px-u) =Y a@p)

u+v=x

forx e ZZ2' If we take a(x) = x5 * x7(x) then it is clear from the definition that a(x) is the
number of ways of expressing x as a sum s + t with s € Sand t € T. Moreover, (S+ T) NV
is nonempty if and only if ) " ., a(x) > 0.

We make use of a number of basic properties of finite Fourier series, which are listed
below. They are based on the orthogonality relationship,

p ify=0,
Z ep(x-y)= ‘
xe, 0 ify#0,
p

and they can be routinely checked. By viewing Z;’z as a Z module, the Gauss sum

$(QY)= Y ep(QM) +y-x),

xeZ"
172
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is well defined whether we takey € Z" ory € ZZ2' Let «(x), B(x) be complex valued func-
tions on Z;2 with Fourier expansions

a(x) =Y alyep(x-y),  BX) =) blyez(x-y).
Y Yy
Then
ax Bx) =Y paly)bly)es(x-y), (8)
Y

aB(x) = a(x)B(x Z(u*b(y)ez(x Y) 9)

Y laxp)x) = (Za(x)) (Z ﬁ(x)), (10)

Z (o % B)(x)| (Z |ot x)|)(2 |B(x) ) (1)
S law) =p Y e (12)
Yy X

The last identity is Parseval’s equality.

2 Fundamental identity
Let Q(x) = Q(x1,...,%,) be a quadratic form with integer coefficients and p be an odd
prime. Consider the congruence (2):

Qx)=0 (mod p?).

Using identities for the Gauss sum S = Z 2(ax? + bx), one obtains the following.

xlp

Lemma 1 ([5, Lemma 2.3]) Suppose n is even, Q is nonsingular modulo p, and A = A,(Q).
ForyeZ", puty = I%y in case ply. Then for anyy,

P pr] ifpty: for some i and p*|Q*(y),
! if p1yi for some i and p||Q*(y),

o(V,y) =10 if ptyi for some i and pt Q*(y),
—ApBrD2 4 (1) if ply; for all i and pt Q*(y')
Alp - 1)pBn2-2 4 pr=l(p _ 1)  ifply; for all i and p|Q*(y),

where Q* is the quadratic form associated with the inverse of the matrix for Q mod p.

Back to (7): we saw the identity

Y o) = p2Za(x Y aly)e(V.y).

xeV y#0

Inserting the value ¢(V,y) in Lemma 1 yields (see [6]) the following.
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Lemma 2 (The fundamental identity) For any complex valued o(x) on Zzz,

dYoa@=p?Y a)+p" Y aly)-p )Y aly)
" )

xeV P2Q*(y) pIQ*(y
P
_ Ap(e.n/z)fz Z a(py’) + A p(Sn/Z)—l Z a(py’).
y' (mod p) pIQ*(Y)
y' (mod p)

3 Auxiliary lemma on estimating the sum 37 _, a(py)

(13)

For later reference, we construct the following lemma on estimating the sum Zi_ a(py).

Let B be a box of points in Z" as in (1) centered about the origin with all m; < p?, and view

this box as a subset of Zzz. Let xp be its characteristic function with Fourier expansion
x5(x) = Zy ap(yle,(x-y). Let a(x) = x5 * x5 = Zy a(y)e,2(x - y). Then for any y € Zzz,

n

sin? wm;y;/p*
ay) =p'[ | ———
L, sin®7y;/p?

(14)

where the term in the product is taken to be 1; if y; = 0. In particular, if we take |y;| < p?/2

for all i, then

n 2
a(y) 5}9’2" Hmin{m?, (5—;) }

i=1
Lemma 3 Let B be any box of type (1) and a(x) = x5 * xB(X). Suppose

My =My = S KPE=M S S M.

Then we have

> alpy) <2"'p"|B| H m;.

yeZy i=l+1
Proof We first observe
p r Py
D alpy) =) ) —atde(—x-py)
yi=1 yi=1 x;=1 p
”o r
= i D elx-y)
x;=1 yi=1
» o
= ) el
xi=1 p
x=0 (mod p)

_ 1 Y e

x=0 (mod p)

(15)
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2.1
ueBveBB
u+v=0 (mod p)

212

n
p i=1

To obtain the last inequality in (16) we must count the number of solutions of the congru-

ence
u+v=0 (mod p),

with u,v € B. For each choice of v, there are at most [, ([m;/p] + 1) choices for u. So the

total number of solutions is less than or equal to

T[] )

Using the hypothesis (15) then, continuing from (16), we have

Za(py ) < —Hm, Hmi<%+l)

yi=1 i=1 i=l+1
Bl (2 2B I
= 5 )= e L1
i=l+1 i=l+1
The lemma is established. O

4 Proof of Theorem 1
As we mentioned before our interest in this paper is in determining the number of solu-
tions of the congruence (2):

QX)=0 (mod p*),
with x € I3, the box of points in Z" given by (1):
B= {er”|aiSxi<ai+mi,1§i§n},

where a;,m; € Z,1 < m; < p*>,1<i<n.Then |B| = Hle m;, the cardinality of B. View the
box B as a subset of ZZZ and let x5 be the characteristic function with Fourier expansion

=Y any)ep(x-y).
Yy

Lemma 4 Let p be an odd prime, V,» = V,2(Q) be the set of zeros of (2) in Zzz, and B be a
box as given in (1) centered at the origin with all m; < p*. If A, = -1, then

B
IBN V| < 2")/,2(% +p”>,
1

Page 6 of 11
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where

2)+1
, 2(;1/ )+

Vo=1+

p

Proof We begin by writing (13); we have the fundamental identity (mod p?):

2 2

p p
doa@=p? ) a@+p" Y aly)-p" Y aly)
xeV,2 x yi=1 yi=1
PHQ*(y) pIQ*(y)
p p
_ Ap(Sn/Z)—Z Za(py/) + Ap(Sn/Z)—l Z a(py/)
¥;=1 ¥;=1
pIQ*(Y)

Set a = x5 * xB = Zya(y)epz (x - y). Then the Fourier coefficients of a(x) are given by

a(y) = pz”aZB(y) and, since B is centered at the origin, these are positive real numbers. By

Parseval’s identity we have

Y law|=p>> " lasy)|’ = |xs)]* = 1BI.

y y y
Thus, it follows from (17) that
pZ
Pty aly)<p") " |aly)| <p"IB.

yi=1 y
P1Q*(y)

Notice that the main term in (13) is

Bz
P23 am) =p? Y s xsx) = '72'

By Lemma 3, we have

p(zn/z)fz i zz(py/) < 2n—lpl—(n/2)—2| B ﬁ "y

y;:l i=l+1
and
p n
p(3n/2)—1 Z a(py/) S17(3;1/2)—1 Za(py/) < 2n—lpl—(n/2)—1|B| 1_[ m;,
Y1 Y =141
pIQ*(Y)

where [, as defined before, is such that

My =My = SM<PSM = S Wy

17)

(18)

(19)

(20)

(21)

Page 7 of 11


http://www.journalofinequalitiesandapplications.com/content/2014/1/290

Page 8 of 11

Hakami Journal of Inequalities and Applications 2014, 2014:290
http://www.journalofinequalitiesandapplications.com/content/2014/1/290

Now going back to (13), if A = -1, we have

& »
Z alx)<p™ Z a(x)+p” Z a(y) + /22 Z a(py). (22)
erpz X yi=1 J’;Zl
P21Q*(y)

Then, by the equality (19) and the inequalities in (18) and (20), we obtain

|B|2 n n— —(n/2)— -
> ax) < o tPIBl+2 PP2BI ] | m

i=l+1

(23)
X€E sz

We next determine which of the terms |B|?/p?, p"| B, and 2" p"=/2-2| B| [T1,,, m; in (23)

is the dominant term. We consider two cases:
Case (i): Suppose / < § — 1. Then compare

2n—lpl—(n/2)—2|8| l_[:l:l+1 m;

|B|2/p?
n I-(n12) yn-1
_ b I=(n/2) -1 l—[ e _P wDn
~ 1817 T m
i=l+1 i=1 i

1 (n/2)-1
< 2n—lpl—(n/2) —on p p—n/2 <on p p—n/Z <2+ 2
- 2 - 2 - p

which implies that

" (n/2)+1 2
1-lp-22 gy 1—[ ;< 2 |le '
i=l+1 p p

Case (ii): Suppose [ > 5. Then compare

2n—lpl—(n/2)—2 |B| l—[:l:“l m;

p"|B
n
_ 2n—lpl—(3n/2)—2 1—[ m,
i=l+1
2n/2
—1 1-(3n/2)-2 2(n-1) _ on-1,n/2-2-1

S 2}1 p n p n _2n p}’l E _2,

p
which leads to
L n 2n/2
2221 B T mi < =5-p"1BI.
i=l+1 p

So for any /, always we have

n
2(n/2)+1 B 2 2;4/2
20221 [T, < B 2 rs).
2 2

i=l+1 p o p P
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Returning to (23), we now can write

B> )2 T
> ek < o tPIBl+ 2 ‘PP2B [ ]

erpz i=l+1
B 2 2(n/2)+1 B 2 2n/2
< Bl o 2
2(n/2)+1 |B|2 2n/2 .,
=(1+ — +t(1+— |p"IB
p p p
,(1BI?
< n(—Z 1B, (24)
p
where y, = 1+ (2"/2*1/p). On the other hand,
1
> ax) = o 1BIIV;2 N Bl. (25)

eV
X 172

Hence it follows by combining (24) and (25) we find that

a (1Bl
BN V| <2 Vn(P_2+p . 0

Lemma 5 Let p be an odd prime, V,» = V,2(Q) be the set of zeros of (2) in ZZZ’ and B be a
box as given in (1) centered at the origin with all m; < p*. If A, = +1, then

B
IBO Vp2| < 2”'}/;2/(27—2 +pn 5
where
)/// =1+ 2(n/2)+1
' .

Proof If A, = +1, again by (13), we have

Y @t =p Yatow” Ylay)] +p* 3 atey)
x y

xeV y (mod p)
B2, n=l I-(n/2)-1 -
< 3 +p" 1Bl +2"'p |B] l—[ m. (26)
i=l+1

We do a similar investigation (as before) to determine which of the terms |B|?/p?, p"|B|,
and 2"-!p!=2-1 B|[TL,,, m: of the inequality (26) is the dominant term. In case (i) we
find

2n—lpl—(n/2)—1 | B H?:Hl m; < 2(n/2)+1
|BJ2/p? - '

which means that

n

2

2n—lpl—(n/2)—1|8| l_[ m; < 2(ﬂ/2)+1@
i 2 .

i=l+1 p
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And in case (ii) we find

2L p=2)-1 B [T,
p” |B|

< 2n/2/p’

which gives us that

n
2n—lpl—(n/2)—1|B| l—[ m; < (2n/2/p)pn|8|'
i=l+1

Hence for any /, we always have

nel -1 g = e 1BP 277 5
27p Bl ] mi < (2 p2+pp||,

i=l+1

Now on looking at (26), one easily deduces

2 2n/2
Z ax) < (1+ 2("/2)"1)@ + (1 + —)p"|B|
p p

erpz
" |B|2 n
<y (72 P18, (27)

where y, =1+ 20#2)+1 Thus by (27),

2" |B]
BNVl <— <y 2" — +p" ).
BOVel= g 2 e =y, <p2 ””)

Xxe sz
This leads to the proof of the lemma. O

Proof of Theorem 1 This theorem follows immediately from Lemma 4 and Lemma 5 by
letting y, = 2"y, if A = -1 and y, = 2"y, if A = +1. Thus we see from (24) and (27) that
for A = £1, one always has

B,
|Bﬂsz|§y,,<p—2+p ) 0
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