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1 Introduction
Let H be a real Hilbert space, whose inner product and norm are denoted by (-,-) and
| - I, respectively. Let K be a nonempty closed convex subset of H. Let T,S: K — K be
nonlinear mappings. Let M : H — 2/ be a multi-valued operator and let f : K x K — R
be a bifunction, where R is the set of real numbers. Let Pg be the projection of H onto the
closed convex set K and Qg = I — Pk, where the [ is the identity operator.

In 1994, Blum and Oettli (see [1]) introduced the equilibrium problem (EP) which is to
find x € K, such that

f(xy) >0, Vyek. (1.1)

The set of solutions of (1.1) is denoted by EP(f). Let f (x, y) = (Tx,y — x) for all x,y € K, then
the EP reduces to the variational inequality problem (VIP) which is to find X € K such that

(Tx,y—x)>0, Vyek. (1.2)
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This problem was introduced by Stampacchia (see [2]) in 1964. Related to EP and VIP,
fixed point problems (FP) of a nonexpansive mapping are also considered by many authors.
Recall that a mapping S is nonexpansive if [|Sx — Sy|| < ||x — y| for all x,y € K. Let us
denote the set of fixed points of S and set of solutions of problem (1.2) by F(S), VI(K, T),
respectively.

Recently, for solving the EP, VIP, and FP, many authors have introduced and extended
lots of iterative schemes.

For solving variational inequality problems:

In 1991, Shi (see [3]) demonstrated the equivalence between the VIP: (Tu —f,v—u) > 0,
Vv € K and Wiener-Hopf equation: (TPx + Qk)v = f, where f € H. Noor (see [4]) estab-
lished the equivalence between the generalized VIP: (Tu, g(v) — g(u)) > 0, Vg(v) € K and
the generalized Wiener-Hopf equation: Tg™'Pxz + p " Qxz = 0 and introduced an iterative
scheme based on this equivalence,

g(u,) = Pxzy, (1.3)

Zpe1 = 8(un) — pTuy,

where g7! exists.

Afterwards, by using different generalized Wiener-Hopf equation techniques, Verma
and Al-Shemas et al. introduced several algorithms for solving generalized VIPs, respec-
tively (see, for example, [5-7]). It has been shown that the Wiener-Hopf equation tech-
niques are more flexible and general than projection methods.

On the other hand, for getting the unified approach to solve EP, VIP and FP, many authors
also suggest and analyze lots of iterative schemes for common elements of F(S), EP(f),
VI(K, T).

For solving EP(f) N F(S):

Takahashi and Takahashi (see [8]) introduced the following iterative schemes based on
the viscosity approximation method:

F(uy,y) + i(y— Up Uy —%,) >0, VyeKk,
Xnal = Apf () + (1 — ) Sty

For solving EP(f) N VI(K, T):
Li and Su (see [9]) introduced the following iterative schemes:

Y = T &y — raAx,),

uy € C:f(uyy) + i(y— Up, Juy —Jyn) 20, VyeK,
Cu1={z € Cy:9(z,u,) < ¢(z,x4)},

xn41 = Ilc,, 1 %o-

For solving EP(f) N VIP(K, T) N F(S):
Plubtieng and Punpaeng (see [10]) introduced the following iterative schemes:

f(MmJ’) + i()’_ Up Uy —%y) >0, VyeKk,
Yn = PC(”n - )\nAMn);
X+l = OpXy + ,ann + ynSPC(yn - )\nAyn)
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For more algorithms, please see, for instance, [1-33] and the references therein.

Summarizing the above algorithms, we know that these papers have mainly used the
auxiliary principle, the projection technique and iterative schemes of fixed points. How-
ever, the Wiener-Hopf equation technique which is more flexible and general than pro-
jection methods has not been used for solving EP(f) N F(S), EP(f) N VI(K, T'), and EP(f) N
VI(K, T) N E(S).

Remark 1.1 It is worth mentioning that although there are some papers which have ap-
plied the Wiener-Hopf equation technique to solve VIP and VI(K, T) N F(S), their research
does not include EP(f). However, our idea is just to apply the Wiener-Hopf equation tech-

nique to study the common element problem which is related to EP(f).

In this paper, motivated and inspired by the above analysis and ongoing research in this
field, we combine the Wiener-Hopf equation technique and auxiliary principle to intro-
duce some iterative schemes for solving the common element problem which is related
to EP(f). This paper is organized as follows: In Section 2, some preliminaries are pre-
sented. Section 3 is devoted to solving the EP(f) N VI(K, T). In Section 4, we consider a
nonexpansive mapping S and obtain some iterative schemes and strong convergent re-
sults for solving EP(f) N VI(K, T) N F(S). In Section 5, we extend the VIPs in Section 3
and Section 4, and we get some iterative schemes and strong convergent theorems for
solving GVI(K, T) N EP(f) and GVI(K, T) N EP(f) N F(S), respectively. Our results extend
the corresponding results of Verma (see [6]), Wu and Li (see [29]), and Noor and Huang
(see [33]).

2 Preliminaries

In the rest of this paper, let H be a real Hilbert space, whose inner product and norm are
denoted by (-,-) and || - ||, respectively. Let K be a nonempty closed convex subset of H. Let
T,S: K — K be nonlinear mapping. Let M : H — 2/ be a multi-valued operator and let
f:K x K — Rbe abifunction, where R is the set of real numbers. Let Px be the projection

of H onto the closed convex set K and Qg = I — Pk, where [ is the identity operator.

Definition 2.1 The operator T': K — K is said to be:
(i) p-Lipschitz continuous, if there exists a constant u > 0 such that

I Tx — Ty|| < pullx—y| forallx,y € K;

(ii) r-strongly monotone, if there exists a constant » > 0 such that
(Tx — Ty, x —y) > rlx —y|? for all %,y € K;

(iii) y -co-coercive, if there exists a constant y > 0 such that
(Tx — Ty, x —y) > y || Tx — Ty|)? for all x,y € K;;

(iv) relaxed y -co-coercive, if there exists a constant y > 0 such that
(Tx — Ty, x —y) > —y || Tx — Ty||? for all x,y € K;

(v) relaxed (y,r)-co-coercive, if there exist two constants y,r > 0 such that

(Tx = Ty, x —y) > =y | Tx = Ty||> + rllx — y||? forall x,y € K.

Definition 2.2 The multi-valued operator M : H — 2/ is said to be:
(i) arelaxed monotone operator, if there exists a constant k > 0 such that
(W1 — wo, u —v) > —k|lu—v||%, Ywi € Mu, Ywy € My;


http://www.journalofinequalitiesandapplications.com/content/2014/1/286

Wang and Zhang Journal of Inequalities and Applications 2014, 2014:286 Page 4 of 17
http://www.journalofinequalitiesandapplications.com/content/2014/1/286

(i) Lipschitz continuous if there exists a constant A > 0 such that [|[w; — wy|| < Allu—v|,
VYwy € Mu, Ywy € Mv.

Lemma 2.1 (see [10]) Let the bifunction f : K x K — R satisfy the following conditions:
(i) flx,x) =0 forallx € K;
(ii) f is monotone, i.e. f(x,y) +f(y,x) <0 forall x,y € K;
(iii) for each x,y,z € K, lime o f(tz + (1 - t)x,y) < f(x,9);
(iv) foreach x € K, f(x,) is convex and lower semicontinuous.
Then EP(f) # (.

Lemma 2.2 (see [10]) Let r >0, x € H, and f satisfy the conditions (i)-(iv) in Lemma 2.1.
Then there exists z € K such that f(z,y) + %(y -z,z-x)>0,VyeK.

Lemma 2.3 (see [10]) Letr >0, x € H, and f satisfy the conditions (i)-(iv) in Lemma 2.1.
Define a mapping T, : H — K as T,(x) = {z€ K : f(z,y) + % (y-z,z—x) > 0,Vy € K}.
Then the following hold.:
(@) T, is single-valued;
(b) T, is firmly nonexpansive, i.e. |Tyx — T,y|| < (Tyx— T,y,x —y) forall x,y € H;
(c) EP(f) = F(T,), where F(T,) denotes the sets of fixed point of T;
(d) EP(f) is closed and convex.

In [4], Noor introduced the following generalized Wiener-Hopf equation:
Tg Pz + p'Qrz = 0. (2.1)

Here he assumed g exists, and note that if g = I, the identity operator, then (2.1) reduces
to

TPxz + p~1Qrz =0, (2.2)

which was introduced by Shi (see [3]). Denote the sets of solutions of (2.1) and (2.2) by
WHE(T,g) and WHE(T), respectively.

Lemma 2.4 (see [3]) The variational inequality (1.2) has a solution x € H if and only if
the Wiener-Hopf equation (2.2) has a solution z € H, where X = Pxz,z =% — pTx.

In 1988, Noor (see [19]) introduced the generalized variational inequality (GVIP) which
is to find ¥ € H such that g(x) € H and

(Tx,g(») -g(®) >0, Vg@) eK. (2.3)

Denote the set of solutions of (2.3) by GVI(K, T). Clearly, if g = I, the identity operator, the
GVIP (2.3) reduces to VIP (1.2).

Lemma 2.5 (see [4]) The variational inequality (2.3) has a solution x € H if and only if
the Wiener-Hopf equation (2.1) has a solution z € H, where g(x) = Pxz, z = g(x) — pTx, and
p >0 is a constant.
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For finding the common element of the set of fixed points of a nonexpansive mapping
and the set of solution of the variational inequality, Noor and Huang [33] introduced the

Wiener-Hopf equation which included a nonexpansive mapping:
TSPKZ + p71Q1<Z =0. (24)

Furthermore the equivalence was established between the Wiener-Hopf equation (2.4)
and the variational inequality (1.2) as follows.

Lemma 2.6 (see [33]) The variational inequality (1.2) has a solution x if and only if the
Wiener-Hopf equation (2.4) has a solution z, where z = x — pTx, ¥ = SPxZz.

Wu and Li (see [29]) introduced the Wiener-Hopf equation which includes a nonexpan-
sive mapping S:

TSPxz+w+ p'Qxz=0, Vwe MSPxz (2.5)

and established the equivalence between the Wiener-Hopf equation (2.5) and the gener-
alized variational inequality which is to find u € K such that

(Tu+w,v—u) >0, VveC,Vwe Mu. (2.6)
Next, denote the sets of solutions of (2.5) by WHE(T, S).

Lemma 2.7 (see [29]) The variational inequality (2.6) has a solution ¢ € H if and only if
the Wiener-Hopf equation (2.5) has a solution z € H, where Z = ¢ — p(T¢ + w), ¢ = SPgZ.

Lemma 2.8 (see [30]) Assume that {a,} is a sequence of nonnegative real numbers such
that

Aps1 = (1 - )‘n)ﬂn +b,, Yn=ny,

where n is some nonnegative integer, and {).,,} is a sequence in [0, 1] such that 2221 Ay = 00,
b, = o(A,). Then lim,_, , a, = 0.

Lemma 2.9 For given x,z € K, if
(y—z,z—x)>0, (2.7)
foranyye K. Then x = z.

Proof Assumex #z. Puty = x, then (2.7) reduces to 0 < (x—z,z—x) = —[lx—z||> < 0, which
is a contradiction. O

3 Results for solving EP(f) N VI(K, T)
In this section, we firstly use Lemma 2.4 to introduce some iterative schemes and the
convergence theorems for solving EP(f) N VI(K, T).
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Algorithm 3.1 For a given zy, compute the approximate solution z,,; by the iterative

schemes:

Uy = Pxzy,
f(me) + %()’—VmVn—Mn) ZO’ Vy€I<;

Zps1 =Vn — pTVn-
By an appropriate rearrangement, Algorithm 3.1 can be written in the following form.

Algorithm 3.2 For a given zj, compute the approximate solution z,,; by the iterative
schemes:

fWny) + 2y = v, vu = Prza) =0, VyeK,

Zps1 = Vn — pTVn-

If f(x,y) = 0 for all x, y € K, Algorithm 3.1 collapses to the following iterative method for
solving variational inequalities (1.2), which is mainly due to Shi [3].

Algorithm 3.3 For a given z;, compute the approximate solution z,,; by the iterative

schemes:

Uy = Przy,

Zp+l = Uy — pTun'

Theorem 3.1 Let K be the nonempty closed convex subset of H. The bifunction f : K x K —
R satisfies the conditions (i)-(iv) of Lemma2.1. Let T : K — K be a «-strongly monotone and
B-Lipschitz continuous operator such that EP(f) N VI(K, T) # . Let {z,}, {#,}, {v.} be the
sequences generated by Algorithm 3.1, where p > 0 is a constant and

0<1-2ap+B2p*<l.

Then {u,}, {v,} generated by Algorithm 3.1 converge to s € EP(f) N VI(K, T'), and {z,} gen-
erated by Algorithm 3.1 converges to z € WHE(T).

Proof Let ze WHE(T) and s € EP(f) N VI(K, T).
Step 1. Estimate ||z,,41 — Z||-

From Lemma 2.4, we have

z=s5-pTs,

s= PKE
Hence

lzu =zl = Ve —pTv,—s+ pT5| (3.1

= \/Hv,,—s—(,oTv,,—,oTs)”2 (3.2)


http://www.journalofinequalitiesandapplications.com/content/2014/1/286

Wang and Zhang Journal of Inequalities and Applications 2014, 2014:286 Page 7 of 17
http://www.journalofinequalitiesandapplications.com/content/2014/1/286

< Vv =sl12=2p(Tv, = T5,v, — ) + || Tv,, — T5|> (3.3)

<V1-2ap + p2p?||v, —s]. (3.4)
Here, we have used the o-strong monotonicity and p-Lipschitz continuity of T in (3.3)
and (3.4).
Step 2. Estimate ||v, —s||.
Since s € EP(f) N VI(K, T'), we have
f(s,9)>0, VyeKk. (3.5)
Putting y = v, in (3.5) and y = s in Algorithm 3.1, we have
1
flsvy) >0 and f(vy,s) + —=(s—Vu, vy — tty) > 0. (3.6)
r
From the monotonicity of f, we get
f&v) =20 = f(vys) <0. (3.7)
Combining (3.6) and (3.7), we obtain
(8= Vi,V — uy) = 0.
It follows that
($=V,Vy—S+s—u,) >0

(S= Vi, Vy—8) + (s =V, —1y) 20

=
= s = vull® < (s = VS — ) < lls = vall - lIs — 2]l
= s=vull < lls - uxll

=

Vi = sll < llun = sl
Step 3. Estimate ||, — s|| and prove the strong convergence of sequences generated by
Algorithm 3.1.
Due to the nonexpansivity of Py, we find

ety = sll = |Pxzn — Pzl < iz, — ZI.

By the above three steps, we have

Iz = ZIl < /(1= 2cp + B2p?) vy —s]|
<@ =2ap+ B20%) |ty —s||

</ (1=2ap + B20?)llz, - ZI,
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which implies that

Izt — 2l < /(1= 2ap + B20?) 20— 2] < - --

< (y/ (=200 + 8202))" 120 - 2.

Since

V(@ =2ap + B2p?) <1,

we conclude

lzpi1 =2l = 0 (1 — 00).
Therefore, from

Vi = sll < llun = sll = |Pxzn — Przll < llzn —zl,
we have

lva=sll =0 (n— o),

| =s|| = 0 (1 — 00). O

4 Results for solving EP(f) N VI(K, T) N F(S)
In this section, applying Lemma 2.6, we consider a nonexpansive mapping and analyze

several iterative schemes and convergence theorems for solving EP(f) N VI(K, T') N F(S).

Algorithm 4.1 For a given zy € H, compute the approximate solution z,,; by the iterative
schemes

Uy = anPCZn + (1 - 05;'1)SPCZ;1’
fuy) + %(y— Vi Vp—Uy) >0, VyeKk,

Zne1 = (1= a0)zy + 00, (v, — pTV,).
For S = I, the identity operator, Algorithm 4.1 collapses to the following iterative method.

Algorithm 4.2 For a given zo € H, compute the approximate solution z,,; by the iterative
schemes

uy = Pczy,
f(me) + %()’—Vn;Vn—Mn) ZO’ Vy€I<;

Zpsl = (1 - an)zn + an(Vn - IOTVVI)’

For a,, =1, S = I, the identity operator, Algorithm 4.1 collapses to the following iterative
method.

Page 8 of 17
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Algorithm 4.3 For a given zo € H, compute the approximate solution z,,; by the iterative
schemes

uy = Pczy,
f(Vn7y)+ %()’—van—ur) 201 Vy61<’

Zns1 =V — p TV,

For f = 0 and via Lemma 2.9, Algorithm 4.1 reduces to the following iterative method
for solving VI(K, T') N F(S).

Algorithm 4.4 For a given zo € H, compute the approximate solution z,.,; by the iterative
schemes

u, = a,Pcz, + (1 —a,)SPcz,,

Zpor = (1= a)zy + 0t (y — 0 Tutyy).

Forf=0,S =1, o, =1, and via Lemma 2.9, Algorithm 4.1 reduces to the following iter-
ative method for solving VIP.

Algorithm 4.5 For a given zy, € H, compute the approximate solution z,,; by the iterative
schemes

u, = Pcz,,

Zpyl = Uy — ﬂTun'

Theorem 4.1 Let K be the nonempty closed convex subset of H. The bifunction f satis-
fies the conditions (i)-(iv) of Lemma 2.1. Let T : K — K be relaxed (y,r)-co-coercive and
w-Lipschitz continuous, and let S : K — K be a k-strictly pseudocontractive mapping such
that EP(f) N\ VIP(K, T) N E(S) # 9, where

2(r—yp—k)

o0
Zan:oo, a €[k, 1), O<p<
(1 + m)?

n=0

, r>yu+k.
Then the sequences {u,}, {v,} generated by Algorithm 4.1 converge to ¢ € EP(f)NVI(K, T) N

F(S) and the sequence {z,} generated by Algorithm 4.1 converges to z € WHE(T).

Proof Let ze WHE(T) and ¢ € EP(f) N VI(K, T') N F(S).
Step 1. Estimate ||z,,41 — Z||-

From Lemma 2.6, we have

z=c-pTc,

¢ =SPkz.
This implies that

c=a,Pcz+ (1 —a,)SPcZ,

z=(1-a,)z+a,(c—pTc).
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Hence
zn1 =2l

= || A -an)z, +ay(v, — pTv,) — 2” (4.1)
= | Q= an)zn + @n(vy = pTv) = (1 = @)z — (@ = pTO) (4.2)
= |- @)z, = (1= )2 + (v = pT) — (- pTC) (4.3)
< (- a)llzy = 2|l + @ | vy = E = p(Tv, - TO) | (4.4)
— (L= an)lzn— 2l + @y [y~ &= p(Tv, - TO)| (45)
= (- an)llzn = 2l + o/ llve = El1> = 20(Tvy — pTE vy = C) + 2l Ty — TE[>  (4.6)
<@ -an)lz. -2l (4.7)

+ an\/HVn =22 =2p[-y | Tve = pTC|? + rllve = €12 + P2 Tv,, — pTC2  (4.8)
<@ -an)lz. -2l (4.9)

+ Oln\/HVn —Cl2 = 2p[-y 1P vi = EI1% + rllve — 2] + 0212 |V, — €I (4.10)
= (- an)llz = 21|+ ainy (1 + 207142 = 2pr + 02482) v, — &1l (4.11)

In (4.8), (4.10), (4.11) of the above induction, we have used the (y,r)-co-coercivity and
pu-Lipschitz continuity of the operator 7.
Step 2. Estimate ||v, — ¢||.
Since ¢ € EP(f) N VI(K, T') N F(S), we get
f,y)=>0, Vyek. (4.12)
Putting y = v, in (4.12) and y = ¢ in Algorithm 4.1, respectively, we have
- I
f@vy) >0 and f(vy,C)+ —(C—VyVy—ty) >0. (4.13)
r
From the monotonicity of f, we obtain
fEevi) =0 = f(v,0)=<0. (4.14)
Combining (4.13) and (4.14), we know
<E_ Vs Vi — Mn) > 0

It follows that

(C—Vyvy—C+C—uy)
= (E_van_z)"'(z_vmz_”n)

~ 2 ~ -~ ~ ~
= |lc=vull" < {c=vic—uyn) < llc=vull - llc—uall
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= lle—vall = llc—unll
= lva—cll < llun —cl.
Step 3. Estimate |lu, — ¢|| and prove the strong convergence of sequences generated by

Algorithm 4.1.
Since

U, =a,Pcz, + (1 —a,)SPcz,,
c= Ol,,PCg + (1 - Oln)Spcé,
we have
”un - E” = HanPCZn + (1 - O[Vt)SPCZn - anPCE - (1 - an)SPC‘%H
= |lanPczn — anPcz + (1 - ) SPczy — (1 - at,)SPCZ |
< ayllPczy — Pcz|l + (1 — a,)ISPcz, — SPCZ||

=< llzu - Zll.

By the above three steps, we get

21 — 2l < (1 — )z — 2| + an\/(l +2py p? = 2pr + p2u?) v, - ||

< (L= a1z — 21|+ aony (1+ 207142 = 207 + 0202) 1, ~

<(-an)lza—zl + an\/(l +2py U = 2pr + p*u?) |z, - €|
= [1 —a,(l- 9)] llz, —ll,

where 6 = /(1 + 2py u2 — 2p7 + p2u?).

From Lemma 2.8, it is easy to see that
lzn -2zl > 0 (n— 00),
and from
Vi = sll < llutn = sl = |Pxzn — Przll < llzn — 2|
we have

|ty =38l = 0 (n— 00),

V. =sll >0 (n— o0). O

5 Generation

Ever since the classical variational inequality was introduced, it has been extended to many
forms in different directions, such as the nonconvex variational inequality, the multi-
valued variational inequality, the extended general quasi-variational inequalities and so
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on. Related to the variational inequality, the Wiener-Hopf equation has also been ex-
tended, and the equivalence between generalized variational inequalities and generalized
Wiener-Hopf equations has been studied.

In this section, we consider the two generalized variational inequalities (2.3) and (2.6),
respectively. Furthermore, applying Lemma 2.5, we firstly suggest and give some iterative
schemes for solving the variational inequality (2.3) and the equilibrium problem; secondly,
via Lemma 2.7, we also analyze and introduce several iterative schemes for solving the
variational inequality (2.6), the equilibrium problem, and a nonexpansive mapping.

5.1 Results for solving variational inequality (2.3) and equilibrium problem
In this subsection, we use a similar technique to Section 3, and the proposed results in this
subsection can be considered as the generation of Section 3.

Algorithm 5.1 For a given zy € H, compute the approximate solution z,,,; by the iterative
schemes

g(”n) = PKZVI’
fWuy) + 2y = v vy —u,) >0, VyeKk,
Zn+l :g(vn) - ;OTVn~

Theorem 5.1 Let K be the nonempty closed convex subset of H and the bifunction f :
K x K — R satisfy the conditions (i)-(iv) of Lemma 2.1. Let T : K — K be a «-strongly
monotone and B-Lipschitz continuous single-valued operator and let g : K — K be a
o -strongly monotone and §-Lipschitz continuous single-valued operator such that g™\ exists
and EP(f) N GVI(K, T) # @), where

k+t
k=v1-20+8241, t=+/1-2pa+p2p0% 0<ﬁ<1, 0>0. (5.1)
- K

Then the sequences {u,}, {v,} generated by Algorithm 5.1 converge strongly to s € EP(f) N
GVI(K, T) and {z,} generated by Algorithm 5.1 converges strongly to z € WHE(T, g).

Proof Lets e EP(f)NGVI(K, T), z€ WHE(T, g).
Step 1. Estimate ||z,,41 — Z||-
From the Lemma 2.5, we have

g(S) = P](%, (52)

z=g(s)— pTs. (5.3)

This implies that

zns1 =2l = ”g(Vn) - g(s) = p(Tv, - T:q)” (5.4)
< v =5~ (gn) ~&6) | + [va — s~ p(Tra~ 9| 55)
= 1V = 5112 = 2{g(w) - g6, v —5) + [ gv) — 26)| (5.6)

+ Vv =52 = 2p(Tv,, = Ts, v, — ) + p*[| Ty, — T5|2 (5.7)
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<V1-20 +8%||v, —s| +v1=2pa + B2p2|v, —s|| (5.8)

< (k+0)lva =] (5.9)
Note that we use the strong monotonicity and Lipschitz continuity of T, g in (5.8), where
k=+v1-20+8>#1,t=/1-2pa+ B2p>.

Step 2. Estimate ||v, —s||.
Employing the technique that we use in the proof of Theorem 3.1, we get

Vi = sll < Il = sl

Step 3. Estimate ||u, — s|| and prove the strong convergence of sequences generated by
Algorithm 5.1.
From (5.3), we obtain

ety — sl < || n — s — (g(4n) — g(5)) + Pczn — Piz||

< kllun = sl + llzn = 2ll.
It follows that
w51 < (2 Jlz—2l k#D)
u, -S| < % Zn—Z k#1).
Combining the above three steps, we have

lzn =2l < (k+ Dllve = sl < (k + )]l — sl

< (12— 2
—“\1-k)"" ’

Since
k+t
0<——«<1,
1-k
we get

lz, =zl = 0 (n— 00),
ey, — sl — 0 (n— 00),

lvi=s]l >0 (n— o0). O
Remark 5.1 Clearly, if g is the identity mapping, Theorem 5.1 reduces to Theorem 3.1.

Remark 5.2 Via Lemma 2.9, it is easy to see that if the bifunction f(x,y) = 0, Vx,y € K|
Algorithm 5.1 reduces to

g(un) = Pizy,
Zn+1 =g(un) - pTun'

This algorithm was introduced by Noor in [4], which implies that Algorithm 5.1 in this
paper extends the results in [4].
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Remark 5.3 It is easy to show the condition (5.1) can be satisfied, for instance

V2 49

= oO=——,
10 100

a=-,  B=v2, 4 p=

1

4.

5.2 Results for solving variational inequality (2.6), an equilibrium problem, and a
nonexpansive mapping

In this subsection, we use a similar technique to Section 4, and the proposed results in
this subsection can be considered as the generation of Section 4.

Algorithm 5.2 For a given zy € H, compute the approximate solution z,,; by the iterative
schemes

U, = aPcz, + (1 —a)SPcz,,
f(me)+ %()’—VmVn—Mn) ZO’ VyGK,

Zpsl = (1 - an)zn + 0y [Vn - ,O(TV,, + Wn)]
If S = I, Algorithm 5.2 reduces to the following.

Algorithm 5.3 For a given zy € H, compute the approximate solution z,,; by the iterative
schemes

Uy = Pczy,
f(me)"' %(J/—VmVn—Mn) 20’ VyGK,

Zps1 = (1 - Oln)zn +dy [Vn - p(Tvn + Wn)]
If S =1 and «, =1, Algorithm 5.2 reduces to the following.

Algorithm 5.4 For a given zy € H, compute the approximate solution z,,; by the iterative
schemes

Uy = Pczy,
FOmy) + 2y =vve—u,) 20, Vyek,

Zn+l = Vi — p(TVn + Wn)~
If f = 0, Algorithm 5.2 reduces to the following.

Algorithm 5.5 Fora given zy € H, compute the approximate solution z,,; by the iterative
schemes

u, = aPcz, + (1 —a)SPcz,,

Zn+l = (1 - an)zn + oy [Vn - IO(TVn + Wn)]r
which was introduced in [8].

If f =0, S = 1, Algorithm 5.2 reduces to the following.
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Algorithm 5.6 For a given zo € H, compute the approximate solution z,,; by the iterative

schemes

u, = SPcz,,

Zy1 = (1= )z, + v — p(Tv, + wy)],
which was introduced in [8].
Iff=0,5S=1,and a, =1, Algorithm 5.2 reduces to the following.

Algorithm 5.7 For a given zy € H, compute the approximate solution z,,; by the iterative

schemes

u, = SPcz,,

Zpsl = Uy — ;O(Tun + Wn)r
which was introduced in [6].

Theorem 5.2 Let K be the nonempty closed convex subset of H and the bifunction f satisfy
the conditions (i)-(iv) of Lemma 2.1. Let T : K — K be a relaxed (y,r)-co-coercive and
w-Lipschitz continuous operator, and S : K — K be k-strictly such that EP(f) N VI(K, T) N
F(S) #9. Let M : H — 2" be a multi-valued relaxed monotone and Lipschitz continuous
operator with the corresponding constant k >0, m > 0, where

i 2r—yu -k
Zan:oo, a € [k1), O<p<—————=, r>yu+k.
e (1 +m)?

Then the sequences {u,}, {v,} generated by Algorithm 5.2 converge strongly to ¢ € EP(f) N
VI(K, T) N F(S), and {z,} generated by Algorithm 5.2 converges strongly to z € WHE(T, S).

Proof Let ¢ € EP(f) N VI(K, T) N F(S) and z € WHE(T, S).
Step 1. Estimate ||z,41 — z|| and ||u, —c|.
By the same technique in [29], we have
zne1 =zl < (X —op)llzn — Z|| + B lv, =€l

lltn =€l < llzu - 2II,

where 0 = \/1+2p(y it —r + k) + p*(1 + m)>.
Step 2. Estimate ||v, — ¢||.
Applying the technique in Theorem 3.2 of this paper, we get

lva —cll < llun —cll.
Combining the above two steps, we can obtain

I2n1 = 2l < (1= atn)llzn = ZI| + B || — ]|
<A -an)lz, -2zl + abllz, - |

= [1 —a,(1 —9)]||Zn -zl


http://www.journalofinequalitiesandapplications.com/content/2014/1/286

Wang and Zhang Journal of Inequalities and Applications 2014, 2014:286
http://www.journalofinequalitiesandapplications.com/content/2014/1/286

From Lemma 2.8, it follows that

Iz =2zl >0 (n— o0).

Note that

Ve =sll < llun = sl < Nz - 2l|.

We conclude that

ey, — sl — 0 (n— 00),

vy =s]| = 0 (n— 00). O
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