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Abstract

Under the assumption that g is a non-doubling measure on RY satisfying the growth
condition, the authors prove that the fractional type Marcinkiewicz integral M is
bounded from the Hardy space H}iﬁ’o'o(u) to the Lebesgue space L9(u) for % =1-2
with kernel satisfying a certain Hérmander-type condition. In addition, the authors
show that for p= 7, M is bounded from the Morrey space /\/IZ(M) to the space
RBMO(u) and from the Lebesgue space L& (1) to the space RBMO(i).
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1 Introduction
Let 1 be a nonnegative Radon measure on R? which satisfies the following growth condi-

tion: for all x € R4 and all » > 0,
,bL(B(x, r)) < Cor”, 1.1)

where Cj and # are positive constants and n € (0,d], B(x, r) is the open ball centered at x
and having radius r. So u is claimed to be non-doubling measure. If there exists a positive
constant C such that for any x € supp(u) and r > 0, u(B(x,2r)) < Cu(B(x,r)), the w is
said to be doubling measure. It is well known that the doubling condition on underlying
measures is a key assumption in the classical theory of harmonic analysis. Especially, in
recent years, many classical results concerning the theory of Calderén-Zygmund operators
and function spaces have been proved still valid if the underlying measure is a nonnegative
Radon measure on R which only satisfies (1.1) (see [1-8]). The motivation for developing
the analysis with non-doubling measures and some examples of non-doubling measures
can be found in [9]. We only point out that the analysis with non-doubling measures played
a striking role in solving the long-standing open Painlevé’s problem by Tolsa in [10].

Let K(x,y) be a u-locally integrable function on R? x R? \ {(x,y) : ¥ = y}. Assume that
there exists a positive constant C such that for any x,y € R? with x #,

|K(x,9)| < Clx—y7" Y, (1.2)
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and for any x,y,y € R,

/ [|I((x,y) —K(x,y')| + |I((y, x) —K(y’,x) !]; dulx) <C. (1.3)
[x=51221y-'| v =yl

The fractional type Marcinkiewicz integral M associated to the above kernel K(x, ) and
the measure u as in (1.1) is defined by

M) = ( [l 2 r0duw

x—y|<t |x —)’|_°‘
If 11 is the d-dimensional Lebesgue measure in R4, and

2 dt
B

1
2
) , xeRL0<a<nm (1.4)

Qx-y)

K(x, y) = W;

(15)

with € homogeneous of degree zero and €2 € Lip, (891 for some y € (0,1], then K satis-
fies (1.2) and (1.3). Under these conditions, M in (1.4) is introduced by Si et al. in [11]. As
a special case, by letting o = 0, we recapture the classical Marcinkiewicz integral opera-
tors that Stein introduced in 1958 (see [12]). Since then, many works have appeared about
Marcinkiewicz type integral operators. A nice survey has been given by Lu in [13].

In 2007, the Hérmander-type condition was introduced by Hu et al. in [14], which was
slightly stronger than (1.3) and was defined as follows:

o0
sup k K(x,y) - K(x,9
o 2 ()
ly—y/'|<¢
K00~ K )| ) <. )

However, in this paper, we discover that the kernel should satisfy some other kind of
smoothness condition to replace (1.6).

Definition 1.1 Let1 <s< o0, 0 < ¢ < 1. The kernel K is said to satisfy a Hormander-type
condition if there exist ¢; > 1 and C; > 0 such that for any x € R% and € > ¢,|x|,

o0

1

S 2 mn( / [ K(x,y) - K(x,y
bod:;iﬂ{idkgl: &) (250" Jokpcjnmyi<akie (1K@ ~K(x)|
ly=y'I<t

1
s

+|K(y,%) - K(¥,%)|) M;_yl]sdu(x)) <C,. (1.7)

We denote by H° the class of kernels satisfying this condition. It is clear that these classes
are nested,

H?2 CHIYCHEY, 1<s <sy<00.

We should point out that ! is not condition (1.6).
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The purpose of this paper is to get some estimates for the fractional type Marcinkiewicz
integral M with kernel K satisfying (1.2) and (1.7) on the Hardy-type space and the
RBMO(u) space. To be precise, we establish the boundedness of M in Hflufo () for

=1- 2 in Section 2. In Section 3, we prove that M is bounded from the space RBMO(1)
to the Morrey space M, (), from the space RBMO(u) to the Lebesgue space La(p) for
p=y

Before stating our results, we need to recall some necessary notation and definitions.
For a cube Q C R%, we mean a closed cube whose sides are parallel to the coordinate axes.
We denote its center and its side length by x and £(Q), respectively. Let n > 1, nQ denote
the cube with the same center as Q and £(nQ) = n£(Q). Given two cubes Q C R in R?, set

=it Z[e 2kQ]"

where N is the smallest positive integer k such that £(2¥Q) > £(R). The concept So,r Was

introduced in [15], where some useful properties of Sp z can be found.

Lemma 1.2 For a function b € LIOC( ), 0 < B <1, conditions (i) and (ii) below are equiva-
lent.
(i) There exist some constant Cy and a collection of numbers bq such that these two

properties hold: for any cube Q,
1
- _ B
5 /Q 1b3) - biy)| die(®) < CUQ), (1.8)
and for any cube R such that Q C R and £(R) < 2£(Q),
lbq — br| < CL(Q). (1.9)

(ii) For any given p,1 < p < 00, there is a constant C(p) > 0 such that for every cube Q,
then

1 5
— | |bx) - mob)| d < C(p)t(Q, .
e [t mate) ne|” = e (110)
where
b b(y)d
mal®)= g . o)ty
and also for any cube R such that Q C R and £(R) < 2£(Q),

|mq(b) - me(b)| < C(R)L(Q)’.

Remark 1.3 Lemma 1.2 is a slight variant of Theorem 2.3 in [16]. To be precise, if we
replace all balls in Theorem 2.3 of [16] by cubes, we then obtain Lemma 1.2.
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Remark 1.4 For 0 < 8 <1, (1.9) is equivalent to
|bq — br| < CSqrt(R) (111)
for any two cubes Q C R with £(R) < 2£(Q) (see Remark 2.7 in [16]).

Lemmals5 LetO<a<nl<p<2!

— % and q > .. Then the fractional integral
operator I, defined by

e =

R |x =y

is bounded from LP(u) to L' (1) (see [17]).

Lemmal.6 LetO<a<nl<p<?Z, é = 117 — % Suppose that K (x, y) satisfies (1.2) and (1.3)

and M is as in (1.4). Then there exists a positive constant C > 0 such that for all bounded
functions f with compact support,

“M(f)”mw) < Clifllre -

Proof of Lemma 1.6 By Minkowski’s inequality, we have

0 2 172
mpw = ([T o) §)

x—y| <t |x —y|_°‘

< [y ([ %) o
<[ e O )

d |x -yl o =yl

cf VO )

a |x -yl

< CL(|f1) ).

By Lemma 1.5 then

”M(f)HLq(#) = Clif llzr - O

Throughout this paper, we use the constant C with subscripts to indicate its dependence
on the parameters. For a ©-measurable set E, xr denotes its characteristic function. For
any p € [1, 00], we denote by p’ its conjugate index, namely }7 + é =1

2 Boundedness of M in Hardy spaces
This section is devoted to the behavior of M in Hardy spaces. In order to define the Hardy
space H'(u), Tolsa introduced the grand maximal operator M, in [18].

Definition 2.1 Given f € L. (i), M,f is defined as

loc

Myf(x) = sup /R dfw du

p~x

’
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where the notation ¢ ~ x means that ¢ € L'(x) N C1(R%) and satisfies

M lelpw <1,
(2) 0<¢(y) < 4 forally e RY,
3) 'l = W for all y € R?.

Based on Theorem 1.2 in [18], we can define the Hardy space H'(1) as follows (see [15]).

Definition 2.2 The Hardy space H!(u) is the set of all functions f € L!(u) satisfying that
Jpaf di =0 and Myf € L'(w). Moreover, the norm of f € H' (1) is defined by

W ey = WLy + 1M 1l L)

We recall the atomic Hardy space H;EEO'O(,LL) as follows.

Definition 2.3 Let p > 1. A function # € L} (i) is called an atomic block if

loc

(1) there exists some cube R such that supp/s C R,

(2) [pah(x)dp(x) =0,

(3) fori=1,2, there are functions a; supported on cubes Q; C R and numbers %; € R
such that 7 = Ajay + Aaas, and

-1
laillzew < [1(pQ)Sqir] ™ -
Then define
|h|H;£boo'O(M) = |A1] + [A2].

Define H;EO’O(/L) and Hfllfo'o(u) as follows:

o0 o)
I llpre0qy = inf{ D lygroeoqy of = Yl {hyhen are (1,00, 0)—atoms}
j Jj=1
and
k k
Il 2e00( = inf{ D Wlygreenqy f = Yl Akl are (1,00, 0)-at0ms},
J J=1

where the infimum is taken over all possible decompositions of f in atomic blocks,
H}l’;’o'o(u) is the set of all finite linear combinations of (1, oo, 0)-atoms.

Remark 2.4 It was proved in [15] that for each p > 1, the atomic Hardy space H, i{ﬁo'o(u) is

independent of the choice of p.

Applying the theory of Meda et al. in [19], we easily get the result as follows.

Theorem 2.5 Let 0 < < n, clz =1- 2. Suppose that K satisfies (1.2) and the H? condition

and f € H;lfo'o(,u). Then M is bounded from the Hardy space into the Lebesgue space,
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namely there exists a positive constant C such that

”M(f) HL’I(M) = C”f”Hflifo'O(u)

Proof of Theorem 2.5 Without loss of generality, we may assume that p =4 and f = > has
a finite of atomic blocks defined in Definition 2.3. It is easy to see that we only need to prove
the theorem for one atomic block /. Let R be a cube such that supp/ C R, fRd x)du(x) =
0, and

h(x) = Mai(x) + ax(x), (2.1)

where A; for i = 1,2 is a real number, |hl’|H1,oc,0(ﬂ) = A + A9, a; for i = 1,2 is a bounded
atb
function supported on some cubes Q; C R and it satisfies

laillzoo () < [//«(4‘Qi)SQ,v,R]_1~ (2.2)

Write
. i . i
[ M = ( /2R|M(h)(’“)| du(x)) +( /R RG] du(x))
5( W(h)m\qdu(x))q
2R

[x—xR|+2£(R)
AL
R4\2R \Jo lx—y|<t |x )’|_“
o0 K(x,
ALl el st
RA2R \J [x—xp|+2¢(R) |/ |x—y| <t e =y

=I+1I+1IL

4 ]
24 1 :
" ) du(x)}

By (2.1), we have

- ( / |M(h)(x>|qdu(x))‘_’
2R

< w( /2 R|M(al)(x)|qdu(x)>

= Il +Iz.

+ Pl ( f2 R|M(a2><x>}qdu(x)) ’

To estimate I;, we write
1 1
q
L < [l ( / IM(a1)(x)|qdu(x)) + 1l ( / IM(al)(x)quu(x))
2Q1 2R\2Q;
= 111 + 112.

Choose p1 and g1 such that1<p1 < 7,1<g<q and -- = .- — . By the Holder inequality,
the fact that Sg, z > 1 and the (L” (/,L) L7 (w))- boundedness of M (see Lemma 1.6), we
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have that

qulhl[/ | M(ar) ()| du x)} M(2Q1)q 0

< C|}L1|||ﬂ1”L1"1(u)M(2Q1)§7E

1,1
< ClMlllallpso o (2Qy)Pr a ™ a

< Cjnl.

Denote Naq, oz simply by Nj. Invoking the fact that || || 100, < [1(4Q:)Sq,z]™, we thus

get
RS o @) 2 473 7
1 < C|A\] Z |:/ / ———du(y) —3] du(x)
o Y2k oyt [X =9 t

Ni+1

< cw{zz (2FQ)™
k=1

w( * @)%d ]qd
X f2k+1Q1\2kQ1 |:,/Q1 |x_y|n—1—a /Ix—y 3 w() n(x)

Ni+1

camq e [ [ solao] "“(")}

N

1

k=1

Ni+1 q
< Cliq Ze(szl)q(“‘”)u(z“Ql)||a1||zwu(ol>q}
k=1

1
Ni+1

< Clal D e(24Q) ™ n4Qu) 1S g e (251 Q1) e (Ql)‘f}

k=1

1
Nij+1 k q
nw(2Qy)
< CW'(SQ R 2 Gk
v Py £(25Qy)

< Cjml.

Here we have used the fact that

Ni+1 k
2
©n(2°Q) < CSon

(2rQ

see [16] for details.
The estimates for I;; and I;, give the desired estimate for I;. With a similar argument,
we have

Iy = Claal.

Combining the estimates for I; and I, yields the estimate for L.
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Fori=1,2,y € Q; C R, x € R\ (2R), we have |x — y| ~ |x — xg| ~ |x — xz| + 2£(R), by
Minkowski’s inequality, we get

h |x—xg|+2£(R)
Ilf{f [/7@)1 </ )]du(x)}
RA@R) LJR 12 =" \J ey
1
3
c[{f [ 1)
R LJre\2R) o — |-t
1
(R)i h(y) 4 q
/ < | %'M) du(x)} ap(y)
R LJRa\@R) \ | % — y| -yl
1
o0 Z(R)% q 7
[/ (—) du) ¢ |hO)|dis(y)
R g J2HR@RR) \ |x — y|" 7% F2
C( |)L Majll 1 ) {ZE(R)M 2"12)_”“"" (2k+1R);}
j=1 =
< c(Z |A,|>.
j=1
For any y € R, we have |x — y| < |x —xg| + |y — xr| < |x — xr| + 2¢(R) < t. It follows that

>0 K(x, K(x, 24r\ ? i
0 [ R o 2) )
RA2R \J |x—xp|+20(R) |/ [x—y| <t e —y™  |x—xp|™ t

1 1
(lx — xpl + 26(R))> [ —yI?

IA

TURY
] du(x)} du(y)

IA
@)

IA
a

K(x,y) ~ K(x,xr) ( oo ﬂ)% wnld :|‘1d }%
= {/Rd\zR[/R le—y17  |x—axg|™ /x-xR|+ze(R) £ ] At | duie)
K(x, K(x, 1 i
o[l [[Ee K Yool holauo
R WJokirokr | = 1 e — xz] o = y1
K(x,y) K(x,y)
C _
= \/I;k 1{/;k+lR\2kR|: |x—y|“" |x—xR|_a
K(x, K{(x, q i
(x y)_a _ Kx xR_)a 1 } du(x)} 1h0) | i)
| — xg| lx — xg] o = yI
> K@y  K®xy) 1 T }é
C - : d hy)|d
- /R;{/m\m[ e o | ) 0] OO
> K(xy)  Kxxg) 1 T }%
C - : d h(y)|d
' /R;{/M\m[ e Tr-ae| a1 W) OIAO)

1 7

Ry

k a|K(x>J’)—K(x,xR)|Td )é h(y)|d,
+/I€Z(/2k+11e\2k13|:€(2 R) lx =yl W) | ()/)’ o)

k=1

)



http://www.journalofinequalitiesandapplications.com/content/2014/1/285

Lu and Zhou Journal of Inequalities and Applications 2014, 2014:285 Page 9 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/285

Here we have used the fact that [l[ =1-72.

Combining the estimates for I, II and III yields that

| M < Clhl,p

) H L9(0) ;ﬁo’o(u)’

and this is the result of Theorem 2.5. O

3 Boundedness of M in RBMO(u) spaces
In this section, we discuss the boundedness for M as in (1.4) in the space RBMO(u) for
f € Mj(u) and f € L« (1), respectively.

Firstly, we need to recall the definition of Morrey space with non-doubling measure
denoted by Mf, (), which was introduced by Sawano and Tanaka in [20].

Definition 3.1 Let v>1and 1 <g < p < 0. The Morrey space M5 () is defined by

ME() = {f € Lige() « [f ey < 00},

where the norm |[f||M§(#) is given by

1120 = S0P (VQ)P 1 ( / [f(x)lqdu(x)> B
Q Q

We should note that the parameter v > 1 appearing in the definition does not affect the
definition of the space M{;(pc), and M’;(pc) is a Banach space with its norms (see [20]). By
using the Holder inequality to (1.4), it is easy to see that for all 1 < g, < ¢; < p, then

LP(p) = My(p) C ME (w) C ME ().

Theorem 3.2 Let 0 <o <n,1<q<p= 2. Suppose that K(x,y) satisfies (1.2) and the H¥'

o

condition, M is defined as in (1.4). Then there exists a positive constant C such that for all
feMg(w),

“ M(f) ” RBMO() = C”f”Mi,’(u)‘

Theorem 3.3 Let 0 <« <n and p = . Suppose that K(x,y) satisfies (1.2) and the Hia
condition, M is defined as in (1.4). Then there exists a positive constant C such that for all
bounded functions f with compact support,

”M(f) ||RBMO(M) = CILf”Lg ()"

Remark 3.4 As a special condition, we take p = g = 7, Theorem 3.3 can be deduced with
a similar method of Theorem 3.2.

Proof of Theorem 3.2 For any cubes Q and R in R? such that Q C R satisfies £(R) < 2£(Q),
let

aQ = mQ[M (fXRd\%Q)]


http://www.journalofinequalitiesandapplications.com/content/2014/1/285

Lu and Zhou Journal of Inequalities and Applications 2014, 2014:285 Page 10 of 14
http://www.journalofinequalitiesandapplications.com/content/2014/1/285

and
ar = mg [M(fX]Rd\%R)]-

It is easy to see that 4 and ay are real numbers. By Lemma 1.2, we need to show that
for some fixed r > g, there exists a constant C > 0 such that

1 r r
<N(2Q) ./(JM(f)(x) - LlQ| d,U«(x)> < C”f”/\/fs(u) 3.1)
and
140 = arl = Clf - (3.2)

Let us first prove estimate (3.1). For a fixed cube Q and x € Q, decompose f = f; + f3,
where f; :fst and f; = f — fi. Write that
3

1 r
5 / M@ - aq| dn)

/|M(f1 +/2)(x) - ﬂQ| du(x)

(2Q)
< —M(ZQ) /Q|M(f1)(x)| dpu(x) + M(ZQ) /Q|M(f2)(x) ~aq| du(x)
= Il + 12
For i = é -2 and p = 4, it follows that
1 r
d
= g MO duts

1 . q
eTe) </golﬂx)| " (x)>

3 4
<C (2Q)<u( Q) / 60| du(x)) Q)

< Cl 12"
< Clf W,y

1y
P

-QI»—A

Now let us estimate the term I,

1 ,
] /Q M) () - ag|” dux)

1 1
T u2Q) /Q‘M(f”(x) " 1@ Jo

/Mwmww

du(x)

W

_TQ)/‘m 1(Q Jo
du(x)d
/MQMQ//M%W)M%@|M@M@
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In order to estimate |[M(fy)(x) — M(f2)(y)|, we write

([ IK(x,2)| 241\ 2
Dl(x’y) - (/O |:/|;cz|§t<yz| |x_z|_af2(Z) dM(Z)i| t_g) '

([ IKG.2) T@)%
DZ(x’y) - (A |:/;’—z|<t<|x—z IJ/—ZI’“‘ﬁ(Z) u(@) 3

and

K(x,2) K(y,2)

20\ 2
sz(Z)IdM(Z)} ?:) .

Ds(x,y) = (/Ooo Ux-z|<t

ly—zl<t

le—z[™ ly—zI™
It is easy to get that for any x,y € Q,

[M(B)x) - M(B)D))|

* K(x,2) Zdt)5 ( o K(y,2) 2dt)é
‘</0 /Ix—z<t e — z|® wa) t3 V/o /Iy—z<t ly — z|* e 3
o0 K(x,2) K(y,2) 2dt)%
d - d atl
< <f0 /|x-z|<r |x_z|_afz(z) wu(z) /Iy_m |y_Z|_af2(Z) u(z) 3
= </ / 0D f@dn(a) + K&2) o edut)
0 Vpslzecly—= ¥ =2 y—zl=t % — 2|
: : 24\ 2
_/ Kb Z_)afZ(Z) du(z) —/ Kby Z_)afz(z) du(z) —Bt)
p-sistein-z| 1V =l ezl <t [¥ = 2] t
> K(x,2) 2 dt)i
d at
= <‘/0 v/lx—zlsky—zl e — Z|")‘f2 (2) dp(2) £3
°° K(y,z) 2 dt)%
d at
' (/0 /y—z|<t<|x—z ly — zl—”‘fz(z) ) 3
* K(x,2) K(y,2) ]2 dr } 3
— d “@r
' {/0 [/ll;f—;g(m—zra -z 22)du() |
3
= ZDj(x,y).

j=1

For D;(x,y), since x,y € Q, z € %Q, thus we get

™ ()] 2dr?
Dl(x’y) = C(/O |:/Ixz§t<|yz |x_z|n—a—l dM(Z)] t_3>

1
[2(2)] ( /H' dt)z
— — ) d
< C/x_2|<|y_z |x_z|n7a—1 vz 3 /’L(Z)

< cuQ? / _RE

1
lx—zl<ly—z| |x — z|" %2

du(z)
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< cuQ? f L)

1
RNZQ |x — z|" %2

<cuQ?y / Bl
k=1

2k+1Q\2kQ |x _ Zl”*a‘*%

du(z)

< CL(Q)2 ZW 2k+lQlf2(Z)|dM(Z)

00 1_%
et o) (2

k=1

oo

_k
< Cliflaggn D272
k=1
< CllFllagz

By a similar argument, it follows that
Da(%,9) = Cllf llyge )

Finally, by the condition 7*', which the kernel K(x,y) conditions, applying Minkowski’s
inequality, and the fact that o = [g, we have

Ds(x,y) = </0°°[/x 2l<t

ly—zl=t

<c /
RN\3Q

K(x,z) K (y z

lx—z|™ |y-

) |lhte )|du(2)] )

fol( ... 5) dn

K(x,2) K(y,z)

le—z™  ly—z™

ly—zl<t
I( 2] K )
- CZ/ (x Z)a _ K@y Z}a If (2)| di(2)
2k+1Q\ 2kQ |x Zl |y—Z| |}’—Z|

-1
P

> 1
< Clifllyg iy D m(2°Q)1
k=1

1
Vowoagnal
3ok 32kqL 1y — 2l
> /3 ip
=< Cllf g Z€<52k0)
k=1
{ f |: 1 K(x,2) K(x,z)
X a—
Soknq\dakqlly —2l[lx—zI™ |y —z|™
[ o

> /3 “p /3 "
§C|[f||M§(M)ZZ<§2kQ> ”g(isz>

k=1

X {L/ |:{K(x,z)—I((y,z)|;i|q/du(z)}q
€(32kQ)" J3akmq3akq ly -zl

1
7

K(x,z) K(y,2)
e —z|=* |y—z|™@

o]

Kxz) K@z 7

ly—z™ |y—z|™@
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=

X
IR

q

> /3
+ Cllf agz Zﬁ<52kQ)
k=1

=< C|V||M{;(/L)'

1
{(Q)” </ — d,U«(Z))
3ok 3okq ly —2|™

Combining these estimates, we conclude that

12 = Cllf”Mg(M)’

and so estimate (3.1) is proved.
We proceed to show (3.2). For any cubes Q C R with x € Q, denote N g1 simply by N.
Write

lag —ag| < !mR[M(fX]Rd\ZNQ)] - mQ[M(fXRdWNR)”
+ |mQ[M(fX2NQ\%Q)]| + |mR[M(fX2NQ\%R)]|
= E1 + E2 + Eg.

As in the estimate for the term I, then

E < C”f”Mﬁ;(u)‘

K(y,z)

We conclude from y € R, z € 2NQ\ %Q that
M <C
(szNQ\%R)(Y) = / -2

1
® dt\?
(2 e
WQ\3R -zl ©

If ()]
C ———d
= /zNQ\gk ly —z|"@ m)

< Ce(R)*™ [f(2)| du(z)
aNQ\3R

< cewr( [ BNCIE au@)) w29

< COR (2N Q)7 T (/ZNQlf(z)lqdu(z)> u(@2¥Q)

< Clf gt 2¥ Q)"

= Cl llaez -

Taking mean over y € R, we obtain

E3 =< CHf”M’;(p,)'

Analysis similar to that in the estimates for E5 shows that

B> < Clifllpge -

Finally, we get (3.2) and this is precisely the assertion of Theorem 3.2. O
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