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1 Introduction
The split feasibility problem (SFP) was proposed by Censor and Elfving in [1]. It can be
formulated as the problem of finding a point x satisfying the property

xeC, Ax e Q, (1.1)

where A is a given M x N real matrix, C and Q are nonempty, closed and convex subsets
in RN and RM, respectively.

Due to its extraordinary utility and broad applicability in many areas of applied mathe-
matics (most notably, fully-discretized models of problems in image reconstruction from
projections, in image processing, and in intensity-modulated radiation therapy), algo-
rithms for solving convex feasibility problems continue to receive great attention (see, for
instance, [2—5] and also [6-10]).

We assume that SFP (1.1) is consistent, and let I" be the solution set, i.e.,
={xeC:Ax e Q}.

It is not hard to see that I is closed convex and x € I" if and only if it solves the fixed-point

equation

x=Pc(I-yA*(I - Po)A)x, (1.2)
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where P¢ and P, are the orthogonal projections onto C and Q, respectively, y > 0 is any
positive constant and A* denotes the adjoint of A.

To solve (1.2), Byrne [11] proposed his CQ algorithm which generates a sequence {x,}
by

Xn+l = PC(xn -1, AM(I _PQ)Axn): (1.3)

where 1,, € (0, W).
The CQ algorithm (1.3) can be obtained from optimization. In fact, if we introduce the
convex objective function

£ = |0~ Poas’, 14)

and analyze the minimization problem

minf(x), (1.5)
xeC
then the CQ algorithm (1.3) comes immediately as a special case of the gradient projec-
tion algorithm (GPA). Since the convex objective function f(x) is differentiable and has a
Lipschitz gradient, which is given by

Vf(x) = A*(I - Po)Ax, (16)

the GPA for solving the minimization problem (1.4) generates a sequence {x,} recursively
as

Xn+l = PC(xn - Tnvf(xn)), (1.7)

where 1, is chosen in the interval (0, %), and L is the Lipschitz constant of Vf.

Observe that in algorithms (1.3) and (1.7) mentioned above, in order to implement the
CQ algorithm, one has to compute the operator norm ||A||, which is in general not an easy
work in practice. To overcome this difficulty, some authors proposed different adaptive
choices of selecting the 7, (see [11-13]). For instance, Lopez et al. introduced a new way
of selecting the stepsize [12] as follows:

T '—M 0<p,<4. (1.8)

TV Gl

The computation of a projection onto a general closed convex subset is generally diffi-
cult. To overcome this difficulty, Fukushima [14] suggested the so-called relaxed projection
method to calculate the projection onto a level set of a convex function by computing a
sequence of projections onto half-spaces containing the original level set. In the setting of
finite-dimensional Hilbert spaces, this idea was followed by Yang [9], who introduced the
relaxed CQ algorithms for solving SFP (1.1) where the closed convex subsets C and Q are
level sets of convex functions.

Recently, for the purpose of generality, SFP (1.1) has been studied in a more general
setting. For instance, see [8, 12]. However, their algorithm has only weak convergence in
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the setting of infinite-dimensional Hilbert spaces. Very recently, He and Zhao [15] intro-
duced a new relaxed CQ algorithm (1.9) such that the strong convergence is guaranteed
in infinite-dimensional Hilbert spaces:

Xn+l = PCn (anu + (1 - an)(xn - Tnvﬂ(xn))) (19)

Motivated and inspired by the research going on in this section, the purpose of this
article is to study a two-step iterative algorithm for split feasibility problems such that
the strong convergence is guaranteed in infinite-dimensional Hilbert spaces. Our result
extends and improves the corresponding results of He and Zhao [15] and some others.

2 Preliminaries and lemmas

Throughout the rest of this paper, we assume that H, H; and H, all are Hilbert spaces,
A is a bounded linear operator from H; to Hj, and [ is the identity operator on H, H; or
H,.If f : H — R is a differentiable function, then we denote by Vf the gradient of the
function f. We will also use the following notations: — to denote the strong convergence,
— to denote the weak convergence and

Wiy (%) = {%| 3, } C {x,} such that x,,, — x}

to denote the weak w-limit set of {x,}.
Recall that a mapping 7' : H — H is said to be nonexpansive if

ITx =Tyl < llx-yll, xyeH.
T :H — H is said to be firmly nonexpansive if

ITx— Ty|1* < llx =yl - (I - T)x— (I - T)y|?,

x,y€H.

A mapping T : H — H is said to be demiclosed at origin if for any sequence {x,} C H with
x, — x* and limsup,,_, . (I = T)x,|| = 0, then x* = Tx*.

It is easy to prove that if 7: H — H is a firmly nonexpansive mapping, then T is demi-
closed at origin.

A function f : H — R is called convex if

FOx+A=1)y) <A@+ A-2)f(), Vre(0,1),VxyeH.

A function f : H — R is said to be weakly lower semi-continuous (w-Isc) at x if x, — x

implies

f(x) <liminff(x,).

n—00

Lemma 2.1 Let T : Hy — H, be a firmly nonexpansive mapping such that ||(I — T)x|| is a
convex function from Hy to R, let A : Hy — H» be a bounded linear operator and

2, Verl.

f0= 5|0~ T)Ax

Then
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(i) Vf(x)=A*(I - T)Ax, x € Hi.
(i) Vf is | AI*-Lipschitz: ||Vf (x) = VW) < IAII* % =yl %,y € Hi.

Proof (i) From the definition of f, we know that f is convex. For any given x € H; and for

any v € Hj, first we prove that the limit

flx+hv)—f(x)

=iy T

exists in % := {—0o} UR U {+00} and satisfies
(Vf(x),v) <f(x+v)-f(x), VYveH,.

If fact, if O < /13 < hy, then
hl hl
flx+hv)—fx) =fl —x+hv)+|1-— x| —f(x).
hy hy
Since f is convex and Z—; <1, it follows that

PO+ ) —f() < P p s o) + (1 - ﬁ)/(x) ~ (),
hy hy

and

flx+hv) —f(x) <f(ac + hyv) — f(x)
n - hy '

This shows that this difference quotient is increasing, therefore it has a limit in R ash—
0+:

flx+hv)—f(x)

R @
This implies that f is differential. Taking % =1 in (2.1), we have
(Vf(x),v) <f(x+v)-f(x).
Next we prove that
Vf(x)=A*(I-T)Ax, x€H,.
In fact, since
lim flx+hv) —f(x) - im |Ax + hAv — TA(x + hv)||> = |(I = T)Ax||? 22)

h—0+ h h—0+ 2h

Page 4 of 13
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and

HAx + hAv — TA(x + hv) H2 - H - T)AxH2
= [ Ax|)> + | Av|)* + 2h{A*Ax, V)
+ | TAG® + hv) |* — | Ax]1? - I TAx|1® - 2{Ax, TA(x + hv) — TAx)

- 2h(A* TA(x + hv), v). (2.3)

Substituting (2.3) into (2.2), simplifying it and then letting # — 0+, we have

lim flx+hv)—f(x) - lim 2h{{A*Ax,v) — (A*TA(x + hv),v)}
h—0+ h h—0+ 2h

=(A*(I- T)Ax,v), VveH,.

It follows from (2.1) that
Vf(x)=A*(I-T)Ax, x€H,.
Now we prove conclusion (ii). Indeed, it follows from (i) that

IVf@x) = VIQ)| = |A*U - T)Ax - A*(I - T)Ay| = |A*[( - T)Ax - (I - T)Ay] |

< llAlllAx - Ayl < 1A Ilx=yll, %y € Hi.

Lemma 2.1 is proved. O

Lemma 2.2 Let T : H — H be an operator. The following statements are equivalent.
(i) T is firmly nonexpansive.
(i) |1 Tx - Ty)? < (x -y, Tx — Ty), Vx,y € H.
(i) I—T is firmly nonexpansive.

Proof (i) = (ii): Since T is firmly nonexpansive, we have, for all x,y € H,

1T Ty|1? < ey = | (1 = T — L= T)y|* = llx = y11% = | (x = 3) - (Tx - T)|?
= [l —yl* = llx =yl = | Tx = Ty||* + 2(x — y, Tx — Ty)

=2(x -y, Tx - Ty) - | Tx - Ty|1%,
hence
Tx - Ty|* < (x—y, Tx— Ty), Vx,y€H.
(ii) = (iii): From (ii) we know that for all x,y € H,

|- Tyx— T T)y|* = |(x—y) + (Tx - o)

= lx = ylI* = 2(x =y, Tx = Ty) + || Tx = Ty||>
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< llx=yI* = (x =y, Tx - Ty)
= <x—y, (I-T)x-(- T)y).

This implies that  — T is firmly nonexpansive.

(iii) = (i): From (iii) we immediately know that 7 is firmly nonexpansive. O
Lemma 2.3 [16] Assume that {a,} is a sequence of nonnegative real numbers such that
An+l S (1—)/;1)“;4 + YnOn> n :0:1)27~-'1

where {y,} is a sequence in (0,1), and {0,} is a sequence in R such that
(@) Zzio Vn =005
(ii) limsup,_, o 0, <0,0r Y o2 |Vu0ul < 00.

Then lim,—, o a,, = 0.

Lemma 2.4 [17] Let X be a real Banach space and ] : X — 2 be the normalized duality
mapping, then, for any x,y € X, the following inequality holds:

o+ y11* < lxll® +2(y, i +9)),  Vilx +y) € (%)
Especially, if X is a real Hilbert space, then we have
o+ 1% < 2 + 202 +9), VryeX.

3 Main results
In this section, we shall prove our main theorem.

Theorem 3.1 Let Hy, H, be two real Hilbert spaces, A : H — H, be a bounded linear
operator. Let S : Hy — Hi be a firmly nonexpansive mapping, T1, Ty : Hy — Hy be two
firmly nonexpansive mappings such that ||(I — T;)x|| (i = 1,2) is a convex function from
H, to R with C:= F(S) #0 and Q := F(Ty) N F(T,) #@. Let u € Hy and {x,} be a sequence
generated by

xo € Hy chosen arbitrarily,
X1 = Sla,u+ (1 - Oln)(yn - Envg(Yn)))r (3.1)
Yn = Buth + (1= B, — Tnvf(xn));

where
1 2 e _ o)
fe) =S| =TAx [ Vfe) =AU =T)Ax, 5= e,
and
1 9 N Png(Yn)
) = = (= T2)Ay, |, VgWyn) = A1 = T2) Ay, n= ’
80w =5 |- o)y $om =AU =D &= 19 e 601

Ifthe solution set T of SPF (1.1) is not empty, and the sequences {p,} C (0,4) and {«,},{B,} C
(0,1) satisfy the following conditions:
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(i) limy— o0, =0, lim, 00 B, =0,
(i) the sequence {‘/’;—Z} is bounded and X2, B, = 00,
then the sequence {x,} converges strongly to Pru.

Page 7 of 13

Proof Since I' (# ¥) is the solution set of SPF (1.1), I' is closed and convex. Thus, the metric

projection Pr is well defined. Letting p = Pru, it follows from Lemma 2.4 that

| 2

lyn =PI = || Bute + (1= B) (%n — TuVf (x4)) - p|

< (1= B) %0 = T Vf @) = p|* + 2Bt = pyu - p).

(3.2)

Sincep € I' C C, Vf(p) = 0. Observe that I — T is firmly nonexpansive, from Lemma 2.2(ii)

we have that

(Vf(xn);xn —P) = ((1 = T1)Ax,, Ax, _Ap>

> (1 = TAx, | = 2f (%),

which implies that

”xn — 7 Vf (%) —P”Z = ||x, —P||2 + H r,,Vf(x,,)||2 - 2r,,<Vf(x,,),x,, _p>

<l = pI? + 22| VI ) | - dTf (x)

S ()

_ a2 _ _
= [lx, = pll Pn(4— pu) ||Vf(xn)||2

Thus, we have

19 = pI? < (1= B) %6 = 7V () = p||* + 280 (st = £, 70 — D)
< (1= BI)lI%n = plI* + 2Bt — p,yu — p)

S ()

—(1-Bu)pn(d - pn)W,

and so we have

”yn —P||2 f (1 - ﬂn)”xn —P||2 + 2,3n<2(u —P), @>
1
<@ -Bu)lxn—pl* + 2Bl -pl* + 4B, llu-pl*.

Consequently, we have

1-8, 3p. 16
o = pl” + =l = pl.
1- 2B 1= 4Bn

2
lyn —pII” =
It turns out that

16
lly. —pll < maX{IIxn -pl, Ellu—pll},

(3.3)

(3.4)
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and inductively

16
lly. — pll < maxq [lxo —pll, gllu -l }

This implies that the sequence {y,} is bounded. Since the mapping S is firmly nonexpan-
sive, it follows from Lemma 2.4 that

nn =PI = [[S(ente + (1 = o) (yn — £, V20)) - p||°
S ”an(u —P) + (1 - an)(yn - snvg(yn) —P) ”2

<(l-ay) ”yn - gan(YM) _P”2 + 200, (1 — Py Xp41 — P).

Sincep € I' C C, Vg(p) = 0. Observe that I — T, is firmly nonexpansive, it is deduced from
Lemma 2.2(ii) that

(Ve ¥ —p) = (( = T2) Ay, Ay — Ap) = | (1 = To)Aya|” = 28,

which implies that

”yn - SanO/n) —PH2 = ”yn _17”2 + “gnvg(yn)HZ - 2%_71(Vg(yn)’yn —P>
< llya = pI* + £} Veom)|* - 488 0n)
22 (n)

= lyn = pI? = puld = p) =222
In =P P P G gy 2

Thus, we have

2
enn =PI < (U= ) 9 = £:VE0m) = p||” + 2000 = p, %01 = )
< =a)lyn —pI? + 20, (4 — p,%ps1 — p)

2 ()

NCAIE 3.5)

— (L —an)pu(4 - pn)
and

041 = pII* < (L= at)llyn — pII* + 20 (1 — P, %41 — p)
1
<@ -aylly. —pl*+ Zanllxm —plI? + 4o, llu - pll*.

Consequently, we have

3

l-«o o, 16
%01 = pI* < —5—llgn —pI* + —25——llu—p|*.
I—ZO[,, I—ZOlng

It turns out that

16
[%n1 =PIl = maX{ Iy =P, QIIM—PII}

Page 8 of 13
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Since {y,} is bounded, so is {x,}. Since lim,_, » &, = 0 and lim,,_, » B, = 0, without loss

of generality, we may assume that there is ¢ > 0 such that
on(4 = pn)(1—0,)1~By) >0, VYn>1
Substituting (3.3) into (3.5), we have

”xn+1 —P||2 = (1 - ,Bn)”xn —P||2 + 2,3,,(14 —DYn —P>
Ufz(xn) ng(yn)

+ 200, (U — Py Xpe1 — p) — - . (3.6)
P =P o2 Vg OmI1?
Setting s, = ||%, — p||?, we get the following inequality:
af2(x) 020
Sps1l — Sn + BuSn + +
A N D RN Z I E
<2u,(u —PrXn+l —P> + 2,3;1(” =P Yn —P)~ (37)

Now, we prove s,, — 0. For the purpose, we consider two cases.

Case 1: {s,} is eventually decreasing, i.e., there exists a sufficiently large positive integer
k > 1such that s, > 5,1 holds for all n > k. In this case, {s,,} must be convergent, and from
(3.7) it follows that

of* (%) . og*(ym) -

n = Swet) + (et Pu)M, 3.8
IV IVeamI? < (s = $u1) + (@ + Bu) 68)

where M is a constant such that M > 2(||x,.1 — p|| + ||y« — pl)|lu — p|| for all n € N. Using
condition (i) and (3.8), we have that

fz(xn) + gz(yn)
IVF@)I>  1Vela)l?

-0 (n— 00).

To verify that f(x,) — 0 and g(y,) — 0, it suffices to show that {||Vf(x,) |} and {||Vg(y,)|}

are bounded. In fact, it follows from Lemma 2.1(ii) that for all # € N,
[Vf @] = [Vf @) - V@) < I1AIIx - p

and
V)| = [ Vebn) - Ve)| < 1Ay, - pll.

These imply that {||Vf(x,)||} and {||Vg(y,)|l} are bounded. It yields f(x,) — 0 and
g(,) — 0, namely

| - T)Ax,| -0, U -T2)Ay.| — 0. (3.9)
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From (3.1) we have

1%, = ynll = ”ﬂnu +(1-8,) (xn - Tnvf(xn)) —Xn ”
= ”ﬁn (u —Xnt Tnvf(xn)) ”
= Bu|te = % + T,V (x4) .

Noting that {x,}, {||Vf(x,)||} are bounded and 8, — 0, 7, — 0, we get
I = yull = 0 (n— o0). (3.10)

For any x* € w,(x,), and {x,, } is a subsequence of {x,} such that x,, — x* € Hy, then it
follows from (3.10) that y,, — x*. Thus we have

Axy, — Ax", Ay, — Ax". (3.11)
On the other hand, from (3.9) we have

| - T)Ax,, | — O, | - T2)Ayy, | — 0. (3.12)
Since Ty, T, are demiclosed at origin, from (3.11) and (3.12) we have that Ax* € F(T7) N
F(T,), i.e., Ax* € Q.

Next, we turn to prove x* € C. For convenience, we set v, := a,u + (1 — o) (¥ — £, VE(1))-
Since S is firmly nonexpansive, it follows from Lemma 2.4 that

%041 =PI = 1SV = SpII* = 1SV = Sy + Syn = SpII°
< ||Syn —SP||2 + 2<SV,, _Syn:xrﬁl —P)
<118y = pI* + 2015V, = Syull %1 — P

<y =12 = [ (I = S)9u|* + 2000 = yull %01 — . (3.13)

In view of the definition of v,,, we have

08 Wn)
Vi = yull < nllyn — ull + &4 || VW) || = dullyn — ull + ———. (3.14)
n = VO =l =ull+ 5500,
From (3.4), (3.13) and (3.14), we have
2 2 1 2 2
%41 —pI° < (1= Bu)llxn — pli +Zﬂn||yn_p” +4B,lu-pll
&)
— @ =Sy.|* + <an+ 4)N, (3.15)
= 5] Vg0l

where N > 2||x,,,1 — pll(lly. — ull + 2p,) is a suitable constant. Clearly, from (3.15) we have

2 1
||(1_ S)yn || SSp—Sus1 t+ Zlgn”yn —P||2 + 4‘ﬂn|lu —17”2

gt
' <°‘” M7 )N ' (3.16)
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Thus, we assert that ||(I - S)y,|| — 0. In view of y,, — x* and S is demiclosed at origin, we
get x* € F(S), i.e., x* € C. Consequently, w,,(x,) C I'. Furthermore, we have

limsup(u — p,x, —p) = max (u—Pru,w—Pru) <0

n—00 wewy (xp)

and

limsup(# —p,y, —p) = max {(u—Pru,w—Pru) <0.
n—00 weww (yn)

From (3.7) we have

Sn+l =< (1 - ﬂn)sn + 205;1(” _p:xnﬂ _p) + 25}1(” _pryn —P)

20,

Bn

= (1_,3n)5n+,8n< (M—P»xml —P) +2<M_pvyn_p))' (317)

From condition (ii) and Lemma 2.3, we obtain s, — 0.
Case 2: {s,} is not eventually decreasing, that is, we can find a positive integer ny such
that s,,, < s,,+1. Now we define
U,:={ng <k <n:sg <sga}, n>np.
It easy to see that U, is nonempty and satisfies U,, € U,,;. Let

Y(n):=maxU,, n>ny.

It is clear that v (n) — oo as n — oo (otherwise, {s,} is eventually decreasing). It is also
clear that sy () < Sy (s for all # > ny. Moreover, we prove that

Sn < Sy(m+1, VH > Ho. (3.18)

In fact, if ¥ (1) = n, then inequality (3.18) is trivial; if ¥ (n) < 1, from the definition of ¥ (n),
there exists some i € N such that ¥ (n) + i = n, we deduce that

Sy (n)+1 > Sy(n)+2 > > Sy(n)+i = Sns

and inequality (3.18) holds again. Since sy, < Sy (s+1 for all n > ny, it follows from (3.8)
that

of?(%ym) o8> Vym)
+ =< (Ol + By )M — 0.
IV Gy Vg2 = T2

Noting that {||Vf(xy ) |l} and {[|Vg(yyw)ll} are both bounded, we get

f(xl//(}’l)) — 0, g(yV/(Vl)) — 0.

By the same argument to the proof in case 1, we have w,, (xy(,) C " and

1%y () = Yyl = 0. (3.19)
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On the other hand, noting sy () < sy()+1 again, we have from (3.14) and (3.16) that

”xl//(n)+1 ~ Yy ”

1SV = Syuin + Sy = Yum ||

IA

15vyem = Syyon || + [y —yvm]|

< vy = ool + | = Syywm||

P& Yy m)
<aywlyymw —ul + ————~—
Ve IVeym)l
1 g0y )
+ [ =By lyyom —plI2 +4B IIM—P||2+<0l +————|N
\/4 v 17y ) in) 0 g0yl

Letting n — o0, we get

1%y gy+1 = Yy | = O.

From (3.19) and (3.21), we have

%6y () = %y 1l < Mgy = Yy | + 1Yy = Xyl = 0 (1 — 00).

Furthermore, we can deduce that

lim sup(u — p, Xy ()41 — p) = limsup(u — p, Xy(x) — p)

n—0oQ n—00

= max (u-Pru,w-Pru)<0
weww(xv,(,,))

and

limsup{u — p,yym —p) = max (u—Pru,w-Pru)<0.

n—00 weww ¥y (n))
Since sy (n) < Sy (m)+1, it follows from (3.7) that

20y
Sy < 2(U =P, Yym) —P) + B (U=p Xy —p), n>ne.
n

Combining (3.23), (3.24) and (3.25), we have

limsup sy, (,) <0,
n—o0

and hence sy (,) — 0, which together with (3.22) implies that

VSuima < || Gy = p) + @y —xp) |

< Sy + 1%y 1 — Xy ll = 0.

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Noting inequality (3.18), this shows that s,, — 0, that is, x,, — p. This completes the proof

of Theorem 3.1.
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