Wu Journal of Inequalities and Applications 2014, 2014:279
http://www.journalofinequalitiesandapplications.com/content/2014/1/279

® Journal of Inequalities and Applications

a SpringerOpen Journal

RESEARCH Open Access

Some properties of relative efficiency of
estimators in a two linear regression
equations system with identical parameter

vectors
Jibo Wu'

“Correspondence:
linfen52@126.com

Department of Mathematics and
KLDAIP, Chongging University of
Arts and Sciences, Chongging,
402160, China

School of Mathematics and
Finances, Chongqing University of
Arts and Sciences, Chongging,
402160, China

@ Springer

Abstract

Two normal linear models with some of the parameters identical are discussed in this
article. We introduce four relative efficiencies to define the efficiency of estimator in
two linear regression equations system with identical parameter vectors, also we give
the lower and upper bounds of the four relative efficiencies.
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1 Introduction
Consider a system (H) formed by two linear models:

y1=X18+Z1B1 + €1, 1
Y2 =XoB + Zofy + &2, 2)

where for i = 1,2, y; is n; x 1 vector of observations, X; and Z; are n; X p and n; x ¢; full
rank matrices satisfying rank(X;, Z;) = rank(X;) + rank(Z;) with rank(-) denoting the rank of
a matrix, 8 and f§; are p x 1 and £; x 1 unknown parameters, ¢; is #; x 1 random vector
supposed to follow a multivariate normal distribution mean 0 and variance covariance
matrix o;], o; being a known parameter, ¢; and ¢, are independent.

Define Q; =1 - Z{(Z,Z;)\Z, T; = (Z\Z;)' Z/X; and r = oL, Then by Liu [1] we have the
following:

(1) Inthe single equation (1), the best linear unbiased estimators (BLUE) of 8 and $; are

given respectively by

5 -1
B = (X[QiX1) " X[ Quyn, 3)
~ _1 A~
pL= (Zizl) Z{y1 - T1B. (4)

(2) In the single equation (2), the best linear unbiased estimators (BLUE) of 8 and B,
are given respectively by
~ -1
B = (X3Q2X2) " X5Qu%, (5)
- a1 -
Ba = (Z325) " Zyyr - Ta . (6)
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(3) For the system (H), the BLUE of 8, 8; and B, are given respectively by
* 4 ! -1 ! !
B*(r) = (X1Q1X1 + szQzXz) (XlQlyl + ’"Xzszz),

Bt = (Z,2) " Ziyn - T B* (1),

By = (222)" Zhys - ToB* ().

7)
(8)
)

In this article, we only discuss the estimation of the parameter . Liu [1] gave the com-
parison between the estimators B, B and B*(r) in the mean squared error criterion when
o; are known. He also gave an estimator when o; are unknown and discussed the statistical
properties of the estimators ,3, B and B*(r). Ma and Wang [2] also studied the estimators
B, B and B*(r) in the mean squared error criterion.

It is easy to compute that

Cov(f) = o (X;Qux1) 7, (10)

Cov(B) = 52 (X5Q:Xs) ™, (11)

Cov(B*(r) = 01 (X[ QuXy + X5 QuX) . 12)
From Equations (10)-(12), we can see that

Cov(B*(r)) <Cov(B),  Cov(B*(r)) < Cov(p). (13)

In practice, o; may be unknown, in this case we can use B or B to replace 8*(r). How-
ever, this will lead to loss, we introduce the relative efficiency to define the loss. Relative
efficiency has been studied by many researchers such as Yang [3], Wang and Ip [4], Liu et
al. [5, 6], Yang and Wang [7], Wang and Yang [8, 9] and Yang and Wu [10].

In this article, we introduce four relative efficiencies in system (H), and we also give the
lower and upper bounds of the four relative efficiencies.

The rest of the article is organized as follows. In Section 2, we propose the new relative
efficiency. Sections 3 and 4 give the lower and upper bounds of the relative efficiencies

proposed in Section 2. Some concluding remarks are given in Section 5.

2 New relative efficiency
In order to define the loss when we use 8 or 8 to replace 8*(r), we introduce four relative

efficiencies as follows:

erniay  [Cov(B*(n)|
er(B (r)|ﬁ)—7|c(w(ﬁ)| ) (14)

- C *
ex(B*(r)1) = %, (15)

~ C *
es(B*(n)|B) = % (16)

tr(Cov(B*(r)))

ea(B*(n)IP) = tr(Cov(B))

17)
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where |A| and tr(A) denote the determinant and trace of matrix A, respectively. By Equa-
tion (13), we have 0 < ¢;(-|-) <1, i = 1,2, 3,4. In the next section we will give the lower and
upper bounds of el(ﬁ*(r)lﬁ) and e,(8*(r)| ).

3 The lower and upper bounds of e;(8*(r)| ) and e(8*(r)| 8)

In this section we give the lower and upper bounds of er(B*(r)|B) and ey (B*(r)| B). Firstly,
we give some lemmas and notations which are needed in the following discussion. Let A be
an 7 X n nonnegative definite matrix, A1(A4) > A,(A) > --- > A,(A) stands for the ordered
eigenvalues of matrix A.

Lemma 3.1 [11] Let A be an n x n nonnegative definite matrix, and let B be an n X n
nonnegative definite matrix, then we have

An(A)Ai(B) < Li(AB) < M(A)1(B), i=12,...,n. (18)

Lemma 3.2 [12] Let A; = diag(ty,72,...,Tp), 1 = Ty > -+ > 1, > 0, Ay = diag(u, uo,
e Mp)y M1 = U = - =y > 0 and A be an p X p orthogonal matrix, then we have

14
Z Tilp+1-i = tI‘ AlA AZA Zfzﬂl (19)

i=1
Now we will give the lower and upper bounds of el(,B*(r)Iﬁ ).

Theorem 3.1 Let 8*(r) and,é be given in Equations (7) and (3), let el(ﬁ*(r)hé) be defined
in Equation (14), then we have

1

1
m er(B*(r )|ﬁ) e (20)

P A+ rorn,)

where 0) > - - - > 6, is the ordered eigenvalues of X{Q1.X1, m1 = - - - = 0y, is the ordered eigen-
values of X5 Q2X;.

Proof By the definition of e; (8*(r)| ,3), we have

| Cov(B*(r))]
| Cov(B)|
_ lo1(X] Qi.Xq + X5 Qa2 X5) 7
lo1(X] Qi X1) 7Y
_ | X1 QX
IX] Q1 X1 + X, QaXa|

el(8*()1B) =

It is easy to see that X]Q;X; > 0 and X, Q;X3 > 0. Define

A= (XQux) " (6000) ()

then A > 0, there exists an orthogonal matrix N such that

NAN' = diag(¢y,...,8p) £ A, (22)
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where {; > -+ > ¢, is the eigenvalues of A. Now we define M = N(X;Q1X1)™2, then we

have

M(X;QiX))M' =NN' =1,

-1/2 ( 12,

M(X[Q:X)M' = N(X[Qi1X1) 7 (X5Q:X2) (X]QiX1) N

=NAN' = A.
Thus

X|QuXi = MM,

XyQoXo = M AM' ™,

Then we put Equations (25) and (26) into Equation (21), and we have

X7 QX |
X1 QuXq + X5 Q0 Xs |
B |MIM
MM+ rMIAM|
(MM 1

[MY|L, + rA|| ML N |1, + rA|’

el(B*(n1B) =

(23)

(27)

Since A = (X]Q1X1)V2(X5Q2X,2)(X;QiX1)™Y? has the same eigenvalues of (X;Q2X3) x
(X{Qle)_l, we have }"Z(A) = )\i((XéQzXz)(X{Qle)_l), i= 1, 2,...,p. Then by Lemma 3.1

we have

2o (XQ1X) )M(X5Q020) < 1i((GQX0) (X, QiXi) ™)

< )\1((X{Qle)_l))\t(XéQzXz)
On the other hand,

(X)) = A7 (X QX)) = 677,

((GQiX)7) =1 (X QiX) =6,

(28)

(29)

(30)

where 6; > - -- > 0, is the ordered eigenvalues of X] Q; X;. By Equations (28)-(30), we obtain

0 < A ((X5QaX2) (X{lel)il) <60 'm, i=1,...p

(31)

where 7, > --- > 1, is the ordered eigenvalues of X;Q,X,. Thus by Equations (27) and

(31), we have

1

m = el(ﬂ*(rﬂﬁ) =
i= p '

P A +r67 )

(32)

Page 4 of 8


http://www.journalofinequalitiesandapplications.com/content/2014/1/279

Wu Journal of Inequalities and Applications 2014, 2014:279
http://www.journalofinequalitiesandapplications.com/content/2014/1/279

Corollary 3.1 Let 8*(r) and B be given in Equations (7) and (3), let e; (8*(r) |,1§) be defined
in Equation (14), X{Q1Xq and X, Q2 X, communicate, then we have

% <e(B*(r)B) < o ) (33)
(6L +rm)P — - (ep + i’np)”

where 6, > - -- > 0,, is the ordered eigenvalues of X{ Q1 X1, m > - - - > 0, is the ordered eigen-
values of X; Q2 X>.

Proof Since X{Q;X; and X} Q. X, communicate, there exists an orthogonal matrix G such
that

G'X|Q1X:G = diag(6y,...,0,) = =, (34)

(1>

G'X, Q2 X>G = diag(m,...,mp) = K, (35)

where 6, > --- > 0, is the ordered eigenvalues of X;Q1X;, n1 > --- > 1, is the ordered
eigenvalues of X} QxX;.
By the definition of e; (8*(r)| B ), we have

v m  [Cov(B*(r))]
el (B*(n)IB) = [Covid)|
_ |X7QuX1]

[X] QX1 + rX5QaXs|

|IGZGE|

|IGEG +rGQGE|
_ 5?:1 Oi
T+ )

(36)

Thus we have

14 A o7
L — <e(p () ——— (37)

(61 + rm)? - (ep + '"Up)p )

Using the same way, we can give the lower and upper bounds of e;(8*(r)| B).

Theorem 3.2 Let B*(r) and f be given in Equations (7) and (5), let e (8*(r)|B) be defined
in Equation (15), then we have

5 ! <e(B*(nIB) <

TG+ 76 e (38)

f:l(r + 771_165') ’

where 6, > - - - > 0, is the ordered eigenvalues of X{Q1Xy, ; > - - - > 0, is the ordered eigen-
values of X5 Q2 X5.

Corollary 3.2 Let 8*(r) and f be given in Equations (7) and (5), let e, (8*(r)| B) be defined
in Equation (15), X;Q1.Xq and X,Q.Xo communicate, then we have

U

O + )

775

(61 + rm)P (39)

<e(p*(n)IB) <
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4 The lower and upper bounds of e3(.3*(r)|[§) and e4(.3*(r)|[§)
In this section we give the lower and upper bounds of eg(,B*(r)I;é) and e, (8*(r)|B). Firstly
we give the lower and upper bounds of e3(8*(r) |,3).

Theorem 4.1 Let B*(r) and B be given in Equations (7) and (3), let es(B*(r)|B) be defined
in Equation (16), then we have

Zz 1 p+1 z(1+r§l) -1

P 1
1191

D1 Oy (L4 18p) ™
P o- -1
i=1"i

<e3(B*(NIB) < , (40)

where 0, > - - - > 0, is the ordered eigenvalues of X;Qi Xy, {1 > - - - = ¢, is the ordered eigen-
values of (X;Q1X1) V2 (X,QaX2)(X; Qi X1) V2.

Proof Since X{Q;X; > 0, there exists an orthogonal matrix Kj such that
X{QIXI = KI/EKI, Y= diag(@l,...,ép), (41)

where 6, > - -- > 0, is the ordered eigenvalues of X] Q; X;. Similar to Theorem 3.1, we define

A= (X{lel)_l/z (X;Q2X) (X{QIXI)_IQ'

Since A > 0, there exists an orthogonal matrix K; such that
A=KjAKy, A =diag(sy,...,E), (42)

where ¢; > - - > {, is the order eigenvalues of A.
We can easily compute that
A 1 p
tr(Cov(B)) = o tr((X]QuX1) ") =01 » 6" (43)

i=1

and

w(Cov(B*(1)) = o1 (X Qi Xa + rX5QuX5) ™)
= o1 tr((X, Q) 0, + rA) ! (1Qi1) )
= ovtr((f + rA) (X))
o tr(
o tr(

tr((, + rA) KK ST KY)

I, +rA)'K'E7'K), (44)

where K = K; K} is an orthogonal matrix. Thus we have

tr(Cov(B*(r)))
tr(Cov(B))

_ (U + ri)‘lKl’ -11<)' (45)
i= 191

es(B*()B) =
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Using Lemma 3.2, we have

p
> ok +re) T < (U, +rA)'K'57K)

+1-i

i=1
p
< Z 91;11,,‘(1 + r§p+1—i)_1' (46)
i=1
Thus
Lol (1+rg)! P oL (1 +ripns)
i=1Yp41-i i wr B i=1 Y41 p+l-i
s o <e3(B*(nIB) < s p (47)
i=1Yi i=1Y; 0

Corollary 4.1 Let B*(r) and B be given in Equations (7) and (3), let es(B*(r)|B) be defined
in Equation (16), X{Q1Xq and X,Q: Xy communicate, then we have

0 A 0
P <ey(B*(n)f) < —

< < ) (48)
01 +rm Op + 11y

where 6, > - - - > 0, is the ordered eigenvalues of X{ Qi X1, m > - - - > 1, is the ordered eigen-
values of X5 Q2 X5.

Proof Since X{Q;X; and X} Q. X, communicate, there exists an orthogonal matrix G such
that
G/XinXlG = diag(@l, cees Gp) =3, (49)
G/X§Q2X2G= diag(m,...,np) = Q, (50)
where 6, > --- > 0, is the ordered eigenvalues of X]QiXi, m > --- > 5, is the ordered

eigenvalues of X}Q,X.
By the definition of e3(8*(r)| ﬁ), we have

2\ _ t(Cov(p”
es(B*(r)|B) = %
YO+ )7
Thus we have
6, “(r)| B o
6 +rm =e(f0IP) < Op + 11 (52D)

Then we can give the lower and upper bounds of e, (8*(r)| ).

Theorem 4.2 Let 8*(r) and f be given in Equations (7) and (5), let ea(B*(r)| B) be defined
in Equation (17), then we have

Zil 77_114(’"*'[1’)71 ~ 1’11 77_117'(’"+lp+1—i)71
— L <es(B*(nIB) = ==,

1
i=11; i=1 1

, (53)
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where n, > - - - > 1, is the ordered eigenvalues of X; Q2 X5, 11 > - - - > 1, is the ordered eigen-
values of (X5 QaX5) ™ (X{ Q1 X1) (X} Q2 X5) 2.

Corollary 4.2 Let 8*(r) and B be given in Equations (7) and (5), let e4(B*(r)| B) be defined
in Equation (17), X{Q1X; and X, Q: X5 communicate, then we have

o < ey(B*(r)If) < —2— (54)

Or+rm — T O+,

where 6, > - - - > 0, is the ordered eigenvalues of X{ Qi X1, m > - - - > 1, is the ordered eigen-
values of X; Q2 Xs.

5 Concluding remarks

In this article, we have introduced four relative efficiencies in two linear regression equa-
tions system with identical parameter vectors, and we have also given the lower and upper
bounds for the four relative efficiencies.
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