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Abstract

In this paper, we introduce the new sequence space (A%, p) and we will show some
topological properties like completeness, isomorphism, and some inclusion relations
between this sequence spaces and some of the other sequence spaces. In addition we
will compute the a-, 8-, and y-duals of these spaces. At the end of the article we will
show some matrix transformations between the (A%, p) space and the other spaces.
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1 Introduction
By w we denote the space of all complex sequences. If x € w, then we simply write x = (xx)
instead of x = (x)zoo- Also, we shall use the conventions that e = (1,1,...) and e(n) is
the sequence whose only non-zero term is 1 in the nth place for each n € N, where
N ={0,1,2,...}. Any vector subspace of w is called a sequence space. We shall write /;,
¢, and ¢ for the sequence spaces of all bounded, convergent, and null sequences, respec-
tively. Further, by /, (1 < p < 00), we denote the sequence space of all p-absolutely conver-
gent series, that is, [, = {x = (xx) € w: Y o, |wx|? < 00} for 1 < p < c0. Moreover, we write
bs, cs, and cs for the sequence spaces of all bounded, convergent, and null series, respec-
tively. A sequence space X is called an FK space if it is a complete linear metric space
with continuous coordinates p,, : X — C (n € N), where C denotes the complex field and
pn(x) = x, for all x = (x,) € X and every n € N. A normed FK space is called a BK space,
that is, a BK space is a Banach sequence space with continuous coordinates.

The sequence spaces /3, ¢, and ¢q are BK spaces with the usual sup-norm given by ||x| o =
sup,, |x(n)|. Also, the space [, is a BK space with the usual /,-norm defined by

1

el = (i o |P>p,

n=0

where 1 < p < 00. A sequence (y,)5, in a normed space X is called a Schauder basis for X
if for every x € X there is a unique sequence (a,)}2, of scalars such thatx = Y- a,y,, i.e.,
lim, [|x — Y "¢_o @nyull = 0. The a-, B-, and y-duals of a sequence space X are, respectively,
defined by

X = {a = (ax) e w:ax = (arxy) € I for all x = (xy) eX},
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XP = {a = (ax) € w:ax = (arxy) € cs for all x = (xz) EX}
and
XV = {a = (ax) € w:ax = (arxy) € bs for all x = (xy) eX}.

If A is an infinite matrix with complex entries a,; (1, k € N), then we write A = (a,x)
instead of A = (a,)5_- Also, we write A, for the sequence in the nth row of A, that is,
A, = (aw)2, for every n € N. Further, if x = (x¢) € w then we define the A-transform of x
as the sequence Ax = (4,(x))52,, where

A®) =Y anxe (neN) M
k=0

provided the series on (1) is convergent for each n € N.

Furthermore, the sequence x is said to be A-summable to a € C if Ax converges to a
which is called the A-limit of x. In addition, let X and Y be sequence spaces. Then we say
that A defines a matrix mapping from X into Y if for every sequence x € X the A-transform
of x exists and is in Y. Moreover, we write (X, Y) for the class of all infinite matrices that
map X into Y. Thus A € (X,Y) if and only if A, € XP for all n € N and Ax € Y for all
x € X. For an arbitrary sequence space X, the matrix domain of an infinite matrix A in X
is defined by

Xy={xew:Ax e X}, ()

which is a sequence space. The approach constructing a new sequence space by means of
the matrix domain of a particular limitation method has recently been employed by several
authors; see for instance [1-18]. In this paper, we introduce the new sequence space /(A2, p)
and we will show some topological properties as completeness, isomorphism, and some
inclusion relations between this sequence spaces and some of the other sequence spaces.
In addition we will compute the «-, 8-, and y -duals of these spaces.

2 Notion of the A2-convergent sequences
Let A = { ¢ :k=0,1,...} be a nondecreasing sequence of positive numbers tending to oo,
as k — 00, and A, > 2 - A, for each # € N. From this relation it follows that A%A, > 0.
The first difference is defined as follows: AAy = Ay — Ar_1, where A_; = A_» = 0, and the
second difference is defined as A2(Ax) = A(A(Ak)) = Ak — 2451 + Ai_a.

Let x = (x¢) be a sequence of complex numbers, such that x_; =x_5 = 0. In [19] is given
the concept of A2-convergent sequence as follows: Let x = (x;) be any given sequence of
complex numbers, we will say that it converges A2-strongly to number x if

. 1
lim ———— ZP»k(xk =) = 221 (-1 — %) + A (Kk—2 — %)| = 0.
k=0

n Ay = Au-1

This generalizes the concept of A-strong convergence in [20].
Let us denote

1 n
A2y(#) = ———> " (bt = 20kt + Ako)x (3)
)Ln - }\n—l k=0


http://www.journalofinequalitiesandapplications.com/content/2014/1/273

Braha Journal of Inequalities and Applications 2014, 2014:273 Page 3 of 10
http://www.journalofinequalitiesandapplications.com/content/2014/1/273

for all » € N. Assume here and below that (px), (gx) are bounded sequences of strictly
positive real numbers with sup; px = H and maxx(1,H) = M, for 1 < py < oo for all k € N.
The linear space /(p) as defined by Madoxx [3] is as follows:

o0

l(p):{x=(xn)GW:Z|xn|’””<00}, (4)
n=0

which are complete spaces paranormed by

1

hix) = (Z mw) : ()
n=0

3 The sequence space /(A2, p)
In this section we will define the sequence space (A2, p) and prove that this sequence space
according to its paranorm is a complete linear space. We have

o] n Pn
I(Az,p) = {x = (xk) cew: Z ﬁ Z ()»k —2Ak1 + )\k_z)xk < OO} (6)
n=0 k=0
and in case where p, = p, for every n € N we get
) 00 1 n p
L= {x:(xk)ew:;; mg(xk—zxk_lmk_z)xk <oo}. (7)

Let x = (x,) € w be any sequence; we will define the A%-transform of the sequence x =
(x,,) as follows:

Ajx) = D (=2hcr + Aea)x, neN. ®)
k=0

)Ln - )\n—l _

Theorem 1 The sequence space (A2, p) is the complete linear metric space with respect to

the paranorm defined by
o0 1 n Pn ﬁ
= —_— Ak = 2hk-1 + Ak . 9
g(x) (; ln—kn—lg( k= 2hg-1 + hro2)Xk ) 9)

Proof The linearity of /(12 p) follows from Minkowski’s inequality. In what follows we will
prove that g(x) defines a paranorm. In fact, for any x,y € [(A2, p) we get

1

00 1 n Pn\ M
(Z D O = 2kt + ) + %) )
n=0 | 7~ "1l g
(o] 1 n Pn %
< A — 2Ap1 + Ae—n)X,
_<Z }w—}\n—lz(k k-1 + Mi—2) X )
n=0 k=0
1 n

—_— Ak — 2Ak-1 + Mg
kn—kn_12( k= 2A k-1 + Mi2)Yk

Pn %
) (10)
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and for any & € R
|or|Pk < max{1, ||} (11)

It is clear that g(6) = 0, g(x) = g(—x) for all x € (A%, p). From inequalities (10) and (11) we
find the subadditivity of g(x) and hence g(ax) < max({1, ||M}g(x). Let x,, be any sequence
of points {x™} € I(A2, p) such that g(x”" —x) — 0 and («,,) also any sequence of scalars such
that «,, = «. Then, since the inequality

g(*") < gl) +g(x" —x) (12)

holds by the subadditivity of g, we find that {g(x")} is bounded and we thus have

1

o) n Pn\ M
1
g(amx™ — ax) = <Z P Z (M = 2041 + M) (ctma)l! — i) )
n=0 |71l g
<o — (x|ﬁg(x’”) + |a|ﬁg(x”’ -x), (13)

which tends to zero as n — 0o. Therefore, the scalar multiplication is continuous. Hence
g is a paranorm on the space [(A2, p). It remains to prove the completeness of the space
I(A2,p). Let {«'} be any Cauchy sequence in the space [(A2, p), where ¥/ = {x’o,le, .}. Then,
for a given € > 0, there exists a positive integer n1o(€) such that g(¥' — &) < § for all i,j >
my(€). Using the definition of g, we obtain for each fixed n € N

A2) - A3()] = (i A2() - A2() ) "t 1)

n=0

for every i,j > mo(€), which leads to the fact that {A%(x?), A%(x!),...} is a Cauchy se-
quence of real numbers for every fixed n € N. Since R is complete, it converges, say
A%(x') - A%(x) as i — oco. Using these infinitely many limits, we may write the sequence
{A2(x), A%(x),...}. From (14) as i — 0o, we have

| AL () - AL@)| < %; j > my(e) (15)

for every fixed n € N. By using (14) and boundedness of the Cauchy sequence, we have

o M oo M
(tatr) " = (it - aieo r*’") (L) < oo
n=0 n=0
Hence, we get x € (A%, p). Therefore, the space I(A2, p), is complete. O
Theorem 2 The sequence space [(\2,p) is a BK space.

Proof Let us denote by A? = (A2 )% _, the following matrix:

M—2Aj_1+ k2
o) T o 0sk=n
mk ) =

0, k>n
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for all n,k € N. Then the A2-transform of a sequence x € w is the sequence A2%(x) =
(Aﬁ(x))ﬁio, where Afl(x) is given by (8) for every n € N. Thus

”x”l(kz,p) = || AZ(x) || I(p)*
Now the proof of the theorem follows from Theorem 4.3.12 given in [21]. a

Theorem 3 The sequence space I()\2, p) is linearly isomorphic to the space l(p), where 0 <
pr < H <oo0.

Proof Let T : (2, p) — I(p) be an operator defined by x — y = A2(x), where A? is given
by (8). The operator T is linear and injective, from T'(x) = 0 it follows that x = 0. In what

follows we will prove that 7 is surjective. Let y € [(p) be any element; we define x = (x,,) by

A}\nyn - A)‘n—lyn—l .

X,(A) = ; 17
n(2) 2t 17)
then we get
00 1 n Pn %
(Z ﬁ (A = 2hp1 + Ag—a)xk )
n=0 |~ 11 g
00 1 n Pn ITI/I
= (Z T D (Ahiyi = Ahkayir) )
n=0 | "1~ 1=l g

1
oo M
(&) m

As a consequence of Theorem 2 and Theorem 3 we get the following result.

Corollary 1 Define the sequence ef\y;) € co(A2, p) for every fixed n € N by

Ag—2Aj_1+ k-2

w | DR (k< <k +1),
0 otherwise,

where k € N. Then we have the following.
(1) The sequence (e&?, 6212), 6;22)’ ...) is a Schauder basis for the space co(A2, p) and every
x € co(A,p) has a unique representation: x =Y e Afl(x)e(;;).
(2) The sequence (e, ef\g), eilg, efz), ...) is a Schauder basis for the space c(\2, p) and every
x € c(A?, p) has a unique representation: x =le + Y oo (A%(x) - l)e(;;), where

[ =1im, A% ().

Proof Since A%(e) = eand Az(ef\';)) = e for every n € N, the proof of the theorem follows
from Corollary 2.3 given in [22]. O

Theorem 4 The inclusion (A2, p) C co(A2, p) holds. The inclusion is strict.
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Proof Let x € (A2, p); then it follows that A2(x) € I(p), from which follows that

oo

Yo AN@)

n=0

1 < 00,

From the last relation we get lim, A2(x) — 0, as n — 00, respectively, A%(x) € co(p) = x €
co(A2,p). To prove that the inclusion is strict we will show the following.

Examplel Letl<p,<2,VneN,x, = (& - 2’m‘/ﬁ) . 1 ,and A, = 2. Then

n+l n+2 An—2Ap_1+Ap—2
it follows that

1 i(zkﬁ 2k+1m>

1 n
) O = 2h + ) = —— -
xn—)\n_lg(k e + Atz 2T\ kel k2

-2/n
= — 0, asn— o0.
n+1

Hence x = (x,) € ¢o(A2, p). On the other hand x = (x,,) ¢ /(A2,p), for 1 < p, < 2,Vn € N. With
which we have proved the theorem. O

Theorem 5 The inclusions co(A2, p) C c(A2,p) C (X2, p) strictly hold.

Proof Tt is clear that the inclusion co (A2, p) C c(A2, p) C l(A%, p) holds. Further, since ¢y C
c is strict, from Lemmas 1 and 2 from [19] it follows that co(A2, p) C c(A?, p) is also strict.
In what follows we will show that the last inclusion is strict, too. For this reason we will

show the following.

Example 2 Let

)Ln - }\n—2

x, = (-1) ——2 "2
n =1 Iy = 2Apn + Ap

then it follows that

1
AG#) = ) (k= 20 + hi2)xx
)Ln - )Ln—l k=0
1 . k n
=——) (1) (= Ak2) = (-1)".
)"n - )\n—l k=0
From the last relation it follows that x = (x;) € Lo(A%,p) \ c(A%, p). O

Theorem 6 The inclusion [(A%,p) C l(p) holds if and only if S(x) € l(p) for every sequence
x € l(A%, p), where 1 < py < H. Here S(x) = {S,(x)} and S,(x) = x, — A2(x).

Proof The proof of the theorem is similar to Theorem 3.3 given in [6]. d

Theorem 7
1 Pn > 1 forall n e N, then the inclusion C (A%, p) holds.
1) I I N, th h'l'llﬁ2 1(A%, p) hold.
(2) Ifpn<1forall n €N, then the inclusion [(A\2, p) C lzz holds.
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Proof (1) Letp = (p,) >1foralln e Nand x € 122. Then it follows that A2(x) € I(p). Hence
: 2
11}£n|An(x)| =0,
we find 1y € N such that |A2(x)| < 1, for every n > n, respectively,

| A5 &)

o< |Af,(x)| for p, >1,Vn > ng.

From the last relation we get x € [(A2, p).
(2) Let us suppose that x € [(A2, p). Then A2(x) € I(p), In; € N, such that

Vu>n = ’Af,(x) Pr oy,

|A20)] = (|A2@)]")77 < | A2

for all # > ;. Hence x € l;‘z. O

4 Duals of the space /(A2, p)

In this section we will give the theorems in which the «-, 8-, and y-duals are determined
of the sequence space [(A2, p). In proving the theorems we apply the technique used in [1].
Also we will give some matrix transformations from {(p, A2, p) into /(g) by using the matrix
given in [4].

Theorem 8 Let Ki = {k € N: py <1} and K, = {k € N: py > 1}. Define the matrix M* =

(my,,) by
e AR
méy = (1) k'm'“”’ n-l<k=<n, (18)
0, O<k<n-lork>n.

Then

Iz, (3p)={a=(a) ew:M" € (Ip)lx)}, (19)

l,‘@2 (Az,p) = {a =(a,)ew:M* e (l(p);ll)}. (20)
Proof Letx = (x,) € l(A2,p), a = (a,) € w, and (y,,) = (A2%(x)). Then we have

z Ak
nrn = Ay -1 kT8 = “ 5 , 21
niln = &4 Z<( ) kn—ZKn_1+kn_2>yk ( y)” nel @)

k=n-1

where M* is defined by (18). From (21) it follows that ax = (a,x,) € l; or ax = (a,x,) € I
whenever x € [(\2,p) if and only if M?y € ; or My € [, whenever y € {(p). This means
that a € I§ (A*,p) or a € I (A%, p) if and only if M* € (I(p), ) or M* € (I(p), lo)- O

As a direct consequence of Theorem 8, we get the following.

Corollary 2 Let K*={keN:n—-1<k <n}UK forevery K € F, where F is the collection
of all finite subsets of N. Then
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(1) I (W2 p) = {a = (a,) € w:Supg U,y | 2, ccx My [Pk < 00},
2) I, (A%,p) = Unr{a = (@n) € wisupgep D g | 3 cper MM PE < 00},
for some constant M.

In what follows we will characterize the 8- and y -dual of the sequence space [(A2, p).

Theorem 9 Let K = {k € N: py <1}, Ky = {k € N: p; > 1}. Define the sequence d* = (d,1<),
d* = (d;%), and the matrix D* = (d;,;) by
d, 0<k<n-1,
de = d]%; k =n,

0, k>n,
where d/1< - (Ak—Z)‘:—kﬁ)‘kJ B )‘k+1—aZTI<1+)~I<—1)A)\k’ d’% - %' Then
I (Ap) = I (A p) = {a=(an) ew:D" € (I(p), 1) }, (22)
I, (3%p) = I (A% p) = {a= (@) ew: D" € (I(p), ) }. (23)

Proof Let x = (x,) € [(A%,p). Then we obtain

n n-1
Zakxk = Zd,l(yk + diy,, = (D“y)n. (24)
k=0 k=0

From (24) it follows that ax = (a,x,) € cs or bs if and only if D*(y) € ¢ or l. This means
that a = (a,) € {ZI"?1 (A%, p) or lféz (A%,p)} or a = (a,) € {ly, (W2, p) or L (A?,p)}. With which
the theorem is proved. O

As an immediate result of the above theorem, we get the following.

Corollary 3 Let (p}) be a conjugate sequence of numbers (py), it means that Pik + pi, =1
k
and 1< py < 0o forall k € N. Then
(1) Ig 02,p) = I 02, p) = {a = (a,) € w:dl, d? € lo(p)},
(2) 11’3(2()\2,19) = l}’(z()uz,p) =Upsila=(a,) e w: M, diM™ € 1o (p) N I(p')}.

5 Some matrix transformations related to sequence space /(A2,p)

In this section we will show some matrix transformations between the sequence space
[(x2,p) and sequence spaces I(q), co(q), c(g), and lo(g) where g = (g,,) is a sequence of
nondecreasing, bounded positive real numbers. Let x,y € w be connected by the relation
y = A%(x). For an infinite matrix A = (a,), taking into consideration Theorem 3, we get

. Ay AL
nm n
E ax——g a + m,n € N), 25
£ nkXk £ nkYk 3 B A ( ) ( )

where

- Ank A k+1
Ak = - ‘ AX n,k € N). 26
& <Ak = 2h 1+ A2 M — 2+ lkl) o : 2
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Let N, K be a finite subsets of the natural numbers N and L, T be a natural numbers.
Ky ={keN:pi <1} and K; = {k € N: p; > 1} and also let (p}) be a conjugate sequence
of numbers (pi). Prior to giving the theorems, let us suppose that (g,) is a nondecreasing
bounded sequence of positive real numbers and consider the following conditions:

qn
sup sup Za_y,k < 00, (27)
nokekilen
Pk
ITsup Y > aaT™| <oo, (28)
N el n
1
EITsupZ |a_kTPk |q” <00, (29)
k "
lim |z =0 (Vk eN), (30)
n
1
VL, supsup |a_,,qu_n < 00, (31)
n K
1
VL, 3Tsup) |l T~ < oo, (32)
" K
Sup sup [, |7* < oo, (33)
n Kl
EITsupZ ‘a_kT_l |Pk < 00, (34)
"
1
VL, supsup (Jax —ax|La ) < oo, (35)
n K
lim |ax — ax|?™ =0, Vk, (36)
n
I T
VL, aTsupZ (1@ —axlLan T™) " < o0, (37)
" K
S
3L, supsup |a,,qun | <00, (38)
n K
-1
L, sup Y | @L< oo, (39)
" Ky
Ak AN 0
(#) ccolg), Vnel, (40)
)\.k — 2)\1(_1 + )\k—2 k=0
Ak AN 0
(#) eclg), VmeN, (41)
)\.k — 2)\1(_1 + }\k—2 k=0
Ak AN o0
(L> €lw(g), VnelN. (42)
Ak =2 -1+ Ak2 J koo

From the above conditions we get the following.

Theorem 10
A € (I(02,p); l(q)) if and only if (27), (28), (29), and (40) hold,
A € (I(X2, p); colq)) if and only if (30), (31), (31), and (40) hold,
A € (l(X2,p); l(q)) if and only if (33), (34), (35), (36), (37), and (41) hold,
A € (02, p);1(q)) if and only if (38), (39), and (42) hold.

Page 9 of 10
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