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Abstract

In this paper, we prove that the inequality

d
Yoo (3 00 AP < (P X2 (1 - =8=p)an holds for p < -1 and
dp)=+Q7"P-1p)/B1+Q7P - 1)p)+2]ifa,>0(n=1,2...),and Y o, dh < +00.
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1 Introduction
Letp>landa, >0 (n=12,...) with Zflil a,’ < +00, then Hardy’s well-known inequality
[1] is given by

(1 v PR
;<;;ak) <<1:) ;“IZ' (L1)

Recently, the refinement, improvement, generalization, extension, and application for
Hardy’s inequality have attracted the attention of many researchers [2-10].

Yang and Zhu [11] presented an improvement of Hardy’s inequality (1.1) for p = 2 as
follows:
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For 7/6 < p <2, Huang [12] proved that
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In [13], Wen and Zhang proved that the inequality

[ n p p o©
Z(%Z“O <<L) Z<1_2}§—_ﬁlp)a{; (1.2)

n=1 k=1 p- 1 n=1

holds for p > 1ifa, >0 (n=1,2,...), with >_°7, a}, < +o0, where Cp,=1-(1-1/py for
p>2and C,=1-1/pforl<p<2.
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Xu et al. [14] gave a further improvement of the inequality (1.2):

) 1 n 4 p p © Zp

-1
where Z,=p-1- (1”‘71)221/1” forl<p<2andZ,=1- (1”7"1)1”12!77 for p > 2.
For the special parameter p = 5/4, Deng et al. [15] established

n=1
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where 154 = 5°*/[10(5°" — (02, =z (3 m %)) =11 = 0.46 - -
In [16], Long and Linh discussed Hardy’s inequality with the parameter p < 0, and proved
that

Z( Z“) <—)piﬂﬁ (1.3)
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for p < -1and
p 21_P 00
ar | < a
2(ne) 5

for-1<p<0ifa,>0(n=12,..)with) 2 al < +oco.
It is the aim of this paper to present an improvement of inequality (1.3) for the parameter
p < -1. Our main result is Theorem 1.1.

Theorem 1.1 Let p < -1, d(p) =1+ 27 - 1)p)/[8(1L + 27 - 1)p) + 2] and a,, > 0 (n =
L,2,...) with Y o2 a < +0o, then

S(rEn) <G Bl i)

n=1 n=

2 Lemmas
In order to establish our main result we need several lemmas, which we present in this
section.

Lemma 2.1 (see [17, Corollary 1.3]) Suppose that a,b € R with a < b, f : [a,b]" — R has
continuous partial derivatives and

D, = [x: (xl,xz,...,x,,)|a < min {x;} < x,, = max {x;} < b], m=1,2,...,n
1<k<n 1<k=n
If%(:;) > 0 holds for all x = (x1,%3,...,%,) € Dyyand m=1,2,...,n, then

f(xlyxb ) Zf(xminyxminy v s Xmin)

forall x,, € [a,b] (m=1,2,...,n), where Xmin = ming <k <, {xk}.
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Lemma 2.2 Let n € R be a positive natural number and r € R withr > 1. Then

n

1 1/r r
}:G>§> > —— (" -1) + 27" 2.1)

r+
k=1

Proof We use mathematical induction to prove inequality (2.1). We clearly see that in-
equality (2.1) becomes equality for #n = 1. We assume that inequality (2.1) holds for n =i
(i eN, i>1), namely
i 1/
Z k _ l ' > r (l»1+l/r _ 1) + 2*1/}“.
2 “r+1

k=1

Then for n = i + 1 we have

i+1 1/r i 1/r 1/r
1 1 o1
Z<k_ 5) :Z_ (k_ 5> ' (” 5)

k=1 k=1
1/r
> T (l“l/' 1) +271 4 <i+ 1)
r+
r 1 1/r i+1
=—[G+D" —1] +27" + (i + —) —f xV" dx. (2.2)
r+1 2 i

Note that ¥/ (r > 1) is concave on (0, +00), therefore Hermite-Hadamard’s inequality
implies that

1 1/r i+l
i+ — > 2 dx. (2.3)
2
i

From (2.2) and (2.3) we know that inequality (2.1) holds for n =i + 1. O

Remark 2.1 The inequality

s T (2.4)
r+1

holds for all » > 1 with equality if and only if r = 1.

Proof We clearly see that inequality (2.4) becomes equality for r = 1.
If r > 1, then it is well known that the function (1 + 1/r)" is strictly increasing on (1, +00),

so we get
1 r
(1 + —> > 2. (2.5)
r
Therefore, inequality (2.4) follows from (2.5). O

Lemma 2.3 The inequality

(2.6)

(W+DTPW> ur_ T 3rt +1
r+1 r+1 r

holds for all r > 1.
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Proof Let r > 1, then we clearly see that
(61log2 —3)r* +r+2log2 —2>4(2log2 1) > 0. (2.7)

Inequality (2.7) leads to

e(3r2—r+2)/(6r2+2) <. (2.8)

It follows from the well-known inequality (1 + x)V* < e (x > 0) that

37’2 —r+2 (6r3+2r)/(3r2—r+2)
e>(1+2—-% . (2.9)
613 +2r
From (2.8) and (2.9) we have
6r3 +2r
-1/r
‘ 2.10
6r3+3r2 +r+2 (210)
Therefore, inequality (2.6) follows easily from (2.10). O
Lemma 2.4 Letr>1and
@ il (11)
x) = . .
f (ﬁxh—l/r + 2—1/r _ ﬁ)rﬂ
Then f is convex on [1/2,+00).
Proof From (2.11) we have
f/(x) ) _%xrﬂ/r + (2—1/r _ ﬁ)rxr—l
(ﬁxh—l/r +2-VUr _ ﬁ)r-& ’
(2.12)

Br+)2r+1) ,2+2/r Ur _ _r \@r2+)@r+D) 1+1/r _ “1r _ ry2
f//(x) _ (r+1)2 X - (2 - r+1) r(r+1) X + r(r 1)(2 r+l xr_z

I Al41/r =1/r _ I _yr+3
(r+1x +2 r+1)

It follows from Lemma 2.3 and (2.12) that

(3r+1)(2r+1) o-1-1/r _ (2—1/r _ (Br2+1)(2r+1)

1 (r+1)2 r+1 r(r+1) r+1/r-1
f (x) = ( "lxl+1/r + 2—l/r _ 71)r+3 X >0 (213)
r+ r+

forall x € [1/2, +00).
Therefore, Lemma 2.4 follows from inequality (2.13). O

Lemma2.5 Letr>1,0<t<4andc=@r+1-2"7r)/[8(r+1=2V"r) +2], then

T 1+r -
(r+1)(2 v —m)(l—ct)tzl— [1+ <21/rr—1>t] . (2.14)
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Proof If r = 1, then we clearly see that inequality (2.14) becomes equality. Next, we assume
that 7 > 1. Let

_ BT VR Ler 17
f®O=0+1) <2 — 1)(1 ct)t—1+ [1 + <2mr 1) r] : (2.15)
Then simple computations lead to
f(0)=0, (2.16)
+1 2—1/" R 1 r+l
f/(t)z(r)(l—”l =201+ (=2 21)e| -1l (2.17)
[1 + (;Jrr _ l)t]r+1 olry
Note that
1-2ct>1-8c= 1 0 (2.18)
= 6_4(r+1—21/rr)+1> ’ ’
r+1 r+ r+l
1+ m—l t Zl+(V+1) m—l t. (219)
It follows from Remark 2.1 and (2.17)-(2.19) that
6= (r+ DR - ;5) {(1 2 t)[l 0+ 1)(7+ 1 1)4 1} (2.20)
— 1 (1-2c r —_— - -11. .
"L+ G - 20y
Let
r+1
g(t) = (1 - 2Ct) [1 + (r + 1) <% - 1> t] -1 (2.21)

Then from g(0) = 0 and g(4) = 4(r + 1 =2Y77)2/[2V"r(4(r + 1-21"r) + 1)] > O together with
the fact that g(¢) is a concave parabola we know that

g6)=0 (2.22)

for t € [0,4].
Therefore, Lemma 2.5 follows easily from (2.15) and (2.16) together with (2.20)-(2.22).
|

Lemma2.6 Letr>1,c=(r+1-2""r)/[8(r+1-2Y"r)+2], N is a positive natural number,
ax >0 (k=1,2,...,N) and By = minj<x<n{(k — 1/2)"a;}, then

() 2 e - D )
r ) =\ - ) S Vax

n=1

rel) & c 1
zBN[(T) ;(1_ (n—1/2)1+1/’)n—1/2

N " ,
_Z(W> } (2.23)

n=1
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Proof Letay = bi/(k—1/2)V" (k=1,2,...,N), then By = min;<x<n{b;} and inequality (2.23)

becomes

r N . N ,
AN 1 o FP— LA "
r ) =0 -y n-12 Lz iy Gl

=1 bk

r N
- B r+l1 1 1
N (- 1/2)1+1/r n-1/2

n=1

N " ,
_2<W> } (2.24)

Let Dy, = {b = (b1, by, ..., by) by = maxi<g<n{bi} > miny<x<n{bi}} (m =1,2,...,N), and

r N
r+1 ¢ by,
f(bl;bz,uwa):(T) ;(1_(;,1_1/2)1&/7);4—1/2

_Z< )

l/r ) r’ (225)
Zk 1 bk

Then foranybe D,, (m=1,2,...,N) we have

”® _( c (r+ 1B
ab, (m —1/2)4Y ) (= 1/2)r"L
rim —1/2)Vr X n
b, pardl § S %)ru

) c (r+1)b
T =12 ) =172y

+00 r
n
—r(m—-1/2)Yp 1 . (2.26)
m ; (ZZ:l(k _ 1/2)1/r)r+1
From Lemma 2.2 and (2.26) one has
1 of (b) r+1\" ) c 1
> —_— f—
r(m —1/2)Vbr-1 b, r (m = 1/2)1Vr | (m —1/2)1+1r
r
- Z I_pl+lr f -1r _ I )r+1 : (227)
n=m r+1 7+l
It clearly follows from Lemma 2.4 and the Hermite-Hadamard inequality that
m+1/2 x" m"
1/ (#xhl/r + 2—1/r _ ﬁ)rﬂ z (:rlmhl/r + 2—1/r _ ﬁ)rﬂ
and
+00 xr’ nV
/ 12 ( x1+1/r +-Ur_ 1 )r+1 - Z "1 pltlir 4 o-1/r _ 7”1 )r+1' (2'28)
n=m ‘r+
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Note that

+00 X
r _ r
[44—1/2 (_x1+1/r +2 1/r _ _)r+1

r+l r+l
1+r\" 2 r+1 EET
- (T) m{1_ [1 + (W —1)(m—1/2) ] } (2.29)
0<(m—-1/2)7 1V <oltVr <4, (2.30)

From Lemma 2.5 and (2.30) one has

T (G ¢ L
r - (m —1/2)17 ) (1 — 1/2)1+1r

1+r\" 2 r+1 -
>— ) ——— -1+ =—-1 —1/2)7Vr L 2.31
_< r ) r+1—21/’r{ |: (2”’1’ )(m /2) ( )

Inequalities (2.27), (2.28), and (2.31) together with (2.29) lead to the conclusion that

3f (b)
by

>0 (2.32)

forany b = (b1, b5,...,bx) € Dyyand m=1,2,...,N.
It follows from Lemma 2.1 and (2.32) that

f(b11b27)bN) zf(BN)BN;)BN) (233)
Therefore, inequality (2.24) follows from (2.25) and (2.33). O

Lemma2.7 Letr>1,c=(r+1-2Yr)/[8(r+1-2"r)+2], then

r+1

(—> (1-2""¢) > 1. (2.34)

r

Proof We clearly see that inequality (2.34) holds for r = 1. Next, we assume that r > 1, let
t =217 then 0 < ¢ < 4 and Lemma 2.5 leads to

1 —
r+1 r(l—2“1/’c)—12 (57 1 1+2(;’+1—21/’7‘) ’ _1
r 2(r+1-2Yrr) r

(=) 2(r+1-2Vry)
> _
T2(r+1-2Yr) 14 2(r+1-2Yry)
(=)
=—FT 1. 2.35
142(r+1-2Yrr) 235
Note that
r+1-2"r<1-log2 (2.36)

for all » > 1. In fact, let x > 1 and

flx) =x—2""x+1. (2.37)
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Then

Jog2
Fa)=1+ (ﬁ —1)2”9‘,
X

_(log2)? S _
3

) = 0.

It follows from (2.38) and (2.39) that

f/(x) > lim |:1 + <loi2 _ 1)21/{| 0.

x—>+00 X

Equation (2.37) and inequality (2.40) lead to the conclusion that
f&) < lim (x-2"x+1)=1-1log2.
X—>+0Q0

From (2.35) and (2.36) together with the fact that [(r + 1)/r]" > 2 we have

1\" 2 2log2 -1
) -2y -1 —1=2827 s,
r 1+2(1-1log2) 3-2log2

Therefore, inequality (2.34) follows from (2.42).

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

O

Lemma2.8 Letr>1,c=(r+1-2Yr)/[8(r+1-2Y"r) +2], N is a positive natural number,

ax >0 (k=1,2,...,N) and By = minj<x<n{(k — 1/2)"a;}, then
N

P ¢ . n r
(T> 2(1 (- 1/2>1+“f>“” B Z(ZL l/ak)

n=1
1 r
> 2B§\,[(i) (1-21r¢) 1].
r

Proof Letm € {1,2,...,N}, f(0) =0 and

r+1\ — c 1 “ n
f(m) = (T) ;(1 T - 1/2)1+1/r) n-1/2 ;(Zzﬂ(k —1/2)Vr

Then

f@) = 2[(1—7>r(1 —2Mre) — 1},

(Leryr c m '
f(m) —f(l’l’l — 1) = m—1/2 <1 - (Wl _ 1/2)1+1/r) - (Z;”l(k _ 1/2)1/r) .

It follows from Lemma 2.2 and (2.46) together with Remark 2.1 that

Sm)—f(m-1)

1+ryr r
- (=7) 1 c ~ m
“m-=1/2 (Wl _ 1/2)1+1/r HL](mHl/r _ 1) + 2—1/r

(2.43)

(2.44)

(2.45)

(2.46)
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1+ryr r
- (=7) 1 c ~ m
“m-1/2 (Wl _ 1/2)1+1/r ﬁmhl/r

(B[4 +1=2Y77) + 1) (m = 1/2)"Y —m(r +1 - 2V77)]

- m(m — 1/2)2[8(r + 1 — 2177 + 2] ‘ (247)
Let
g®) = [4(r+1-2"r) + 1]t - 1/2)"" — (r+1-2""7)t. (2.48)
Then
g =[4(r+1-2"r) + 1277 — (r+1-2""r) (.49)
> (2 -1)(r+1-2"7r) > 0,
g = (1 + %) [4(r +1- 21/’;") + 1](t —1/2)Vr - (r +1- 21/';")
> (27 -1)(r+1-2"7) >0 (2.50)
fort>1.
From (2.47)-(2.50) we get
FO) <f@) < <fIN=1) <f(N). (2.51)
Therefore, Lemma 2.8 follows easily from Lemma 2.6, (2.44), (2.45), and (2.51). O

3 Proof of Theorem 1.1
Letr=—-p,c=c(r)=d(-r)and b, =1/a, (n=1,2,...),thenr>1,c=(r+1-2"7r)/[8(r +
1-2Y7r)+2],b,>0and Y o b < +00.

It follows from Lemmas 2.7 and 2.8 that one has

o n " r+1\ & c .
Z(W) 5(7) ;(“m)h (3.1)

n=1

Letting n — +00, (3.1) leads to

a n T+l c .
Z(W) 5(7) ;(I‘m)bw (32)

n=1 1

Therefore, Theorem 1.1 follows immediately from (3.2) and » = —p together with b, =
1/a,.
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