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Abstract

Recently, many mathematicians have studied different kinds of the Euler, Bernoulli,
and Genocch~i polynomials. In this paper, we give another definition of the
polynomials U“ (x). We find some theorems and identities related to polynomials
U( )(x) containing the central factorial numbers and Stirling numbers. We also derive
interesting relations between the polynomials U("‘)( ) and the Euler polynomials and
the Genocchi polynomials.

Keywords: polynomials f/(n"‘)(x); Stirling numbers; central factorial numbers; Euler
polynomials; Genocchi polynomials

1 Introduction
The Stirling numbers of the first kind s(n, k) are defined by [1]
D sm bk =x(x-1)(x-2)- - (& -n+1). (11)

k=0

The generating function of (1.1) is as follows:

(log 1+ x) Z s(n, k)z—:l. (1.2)
n=k :

From (1.1) and (1.2), we become aware of some properties of the Stirling numbers of the
first kind, s(n, k) [1]:

s(m,k)=s(n—-1,k-1) - (n—1)s(n - 1,k),
with

s(m,0)=0 (neN),
s(mn)=1 (neZ"*=NUO0),
s(m,1) = (1) '(n-1)! (meN),
simk)=0 (k>nork<0).
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We usually define the central factorial numbers T'(n, k) by the following expansion for-
mula [2, 3]:

n
Z T(m, k)x(x —1%) (x = 2%) - (x = (k = 1)%) =" 1.3)
k=0
The generating function of (1.3) is as follows:

x2n

2n)

(e +e™=2) = @)Y T(m,k) (1.4)
n=k

By using (1.3) and (1.4), we become aware of some properties of the central factorial num-
bers T'(n, k):

T(0,0) =1,

T(n,0)=0 (neN),

T(n,1)=1 (neN),

Tk)=Tn-1,k-1)+k*T(n-1,k), with

1, .. 9" 4" 1
T(n,2)=—(4""-1), T(n,3) = -—+— (neN).
4 360 60 24

The Euler numbers E, and Euler polynomials E, (x) are defined by

(5]

EO =1, En =- ( " )En—Zk (}’Z = 1)r
— 2k

NI

. (1.5)
Eu) = —

n

[
(-

k=0

where [x] is the greatest integer not exceeding x (2, 4, 5].

For a real or complex parameter «, the generalized Euler polynomials of degree # are
defined by the following generating functions:

et +1

SN 2\,
> EX @)= = e* (Itl<m;1*:=1). (1.6)
s n!

Clearly, we have Eﬁ,l)(x) =E,(x) [6-12].
The Genocchi polynomials are defined by

oo o
t" 2t

2X$m7=(tl)ﬂ, 17)
n. e+

n=0

with the usual convention of writing G”(x) by G,,(x). In the special case, x = 0, G,(0) = G,
are called the nth Genocchi numbers [11, 13-16].

In Section 2, we define polynomials {7\’ (x). We consider the addition theorem for these
polynomials. We also investigate some identities which are related to polynomials I (x).
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We also try to find relations between the polynomials fl,g“)(x), the Stirling numbers s(n, k),
and the central factorial numbers T'(n, k). In Section 3, we derive some special relations
of the polynomials {7{”)(x) and the Euler polynomials. We also find a link between the
polynomials {7\ (x) and the Genocchi polynomials.

2 Some properties involving a certain family of polynomials
In this section, we define the polynomials 7 (x) and study several theorems of the poly-
nomials f[,ia)(x). We can see some interesting properties of the polynomials f[,ia)(x).

Definition 2.1 For o, x € C, the polynomials {1 (x) are defined by
oo
- " t o
D U@ = <7e ) e,
— n! e+et-1

Note that I1%)(0) = 17\ That is, 7% are called the nth numbers. By using Definition 2.1,
we have the addition theorem of the polynomials T (x).

Theorem 2.2 Let o,x,y € C and let n be non-negative integers. Then we get

LNI,(;")(x +y) = Z (7) Elfl‘i)l(x)yl.

1=0

Proof From Definition 2.1, we get

o ) ¢ e “ e
U +9)— = —— ] ¥t
— n ( 1)

‘ el +et—
oo o0
~ t" t"
(nO n! n=0 n!
o0 n "
23 () Eers
n=0 [=0

By comparing the coefficients of both sides, we complete the proof of Theorem 2.2. [
We also find the relation of the polynomials, flf,“)(x), and the numbers, f[f,a).
Theorem 2.3 Let o,x € C and n be non-negative integers. Then we get

~ " In ~(
o= (7 )

=0

Proof This proof is very similar to the proof of Theorem 2.3:
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By comparing the coefficients of both sides, we complete the proof of the Theorem 2.3.

Of course, we can get a simple proof by substituting y = 0 in Theorem 2.2. g

Theorem 2.4 Let n,k e NU {0} and k +1 < n. For a = 1, we have
n-1
U () — A+ 2) U,y (x) = Z < ) = 2" ) U1 () — (1 + 2" % — ) U ().
k=0

Proof From Definition 2.1, we easily see that the following equation holds true.

Let o = 1. Then we get

Differentiating with respect to ¢, we find

t

o0 —

nl 2-e tx € tx
E Se" + xe”.
— (n 1)! (et +et—1) el+et—1

If we multiply the above equation throughout by (e* — ¢’ + 1), then we have

—e+ 1
— (n !
= eite”‘ (2-¢)+ e—te”‘ (¥ —e +1)x. (2.1)
el +et-1 el +et-1

Then, the left-hand side gets transformed as follows in (2.1):

n

- Z(Z (Z) (2" = 1)U (o) + L~ln+1(x)) % (2.2)
n=0 .

k=0

And the right-hand side of (2.1) gets transformed in the following form:

s j_t let" (2-¢)+ ] :‘t — letx (e —e +1)x
[o¢] n n t"
_ 77 _ n-k,. _ . \T7 v
= ;:0 ((2 +x) U, (%) kgzo (k) (1+2" % -x) L[k(x)) — (2.3)

Comparing the coefficients of ;—n, in (2.2) and (2.3), we can represent the equation as

n n

3 (’;) (2 = 1) s (0) + Ty () = 2+ 9 yo) — Y (Z) (1+ 2" — 2) T, ().

k=0 k=0
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Rearranging, we get
n-1
U1 () — (1 + %) U (x) = Z <n) (1- 2”_k)f[k+1(x) —(1+2" % —x) Zlk(x)).

Thus we complete the proof. g

Remark From Theorem 2.4, we easily see the following.
Ifx =0 and « =1, then

n-1
Ty == Y () (02T - ).
k=0

Ifx=1and « =1, then

n-1

I:vanrl(l) - Ziln(l) = Z (Z) ((1 - 2n—k) Z[]@rl(l) - 2”71([:\/[/((1)).

k=0

So far, we got some properties of polynomials T (x). From now on, we will investi-
gate the relation of the polynomials 7 (x), the Stirling numbers and the central factorial
numbers.

Theorem 2.5 Let n,k,l € NU{0} and n >k — [ —1. Then we have

n
~ 2n 2n
U5 (%) = > < (2m> Ain-mpx" + <2m . 1) b(Z(n—m)—l,k)x2m+l>:

m=0
n
~ 2n+1 2n+1
Uéiil(x) = ;(( o )b(Z(n—m)+l,k)x2m + <2m N l)ﬂ(Z(n—m),k)x2m+l>;
where
2n [%] n-I ,
2n _ (2)! N
agniy =Y <21)(—1)k N ,—}'T(n —1,))s(j, k - 20k,
k=0 [=0 j=k=21 J:
2n+1 [%] n-l .
2m+1 _ 2! Ny
bonii = (21 1)(—1)k 20D Z ‘—]'T(n —1,))s(j,k — (20 +1))a%,
k=1 (=0 - jek-@1+1) 7

and [x] is the greatest integer not exceeding x.

Proof By using the Stirling numbers and the central factorial numbers, we express the
polynomials LNI,(,“)(x) as follows:

oo

~ ¢" el * 1 “

u(a) x)— = e = et(on)
-~ ()n! et+et-1 e+et-1

n
_ 1 aet(owx)
1+(ef+et-2)
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o0 . -1 ) )
_ (] +0{ )(—1)’ (et el 2)1et(a+x)
J
0

~.
Il

> foa+j—
= - T(n,
0( 1)’( j )(21)‘§ (”])(2 T

~.
Il

o 2n

n=0 j=o0
n j 2n

Y st

n=0 j=0 k=0
After some calculation, we get

oo n

S st ’)

n=0 j=0 k=0
oo 2n [%{] n—-1 .
2 2j)!
=) ( n> 1y O 0~ 1, j)s(j, k —20)a
2/ , J!
n=0 k=0 [=0 j=k-21
00 2n+1[%]
2n+1
+ Z < )(_1)k2(1+1)
o ko o -1
n-l 2n+1
Z T(n 1L)s(j,k — (21 + 1))k Gy
j=k—(21+1)
where [x] is the greatest integer not exceeding x.
Let
2n [%] n-l .
2j)!
271/( < n) (_1)/(—21 Z g T(l’l - lyj)S(ir k - Zl)aky
k=0 [=0 j=k=21 J:
2n+1 [%] n—1
2n+1 2j)!
boniiy = <21 1)(—1)"_2(“1) Z ( ] =T —1))s(j,k— 21+ 1))
k=1 1=0 - j=k-(21+1) :

Then we have

o ~ (@ " o 2 R £2n+l
U (x)— = agniy——+ » b —
> U )n! > ank 2! HZO: 10 G,

n=0 n=0

From the above equation, we have to consider odd terms and even terms by using the

Cauchy product. Thus, we get generating terms by dividing the odd terms and the even

terms, respectively,

o n o 2n o 2n+1

~ t ~ t ~ t
(o) _ (o) (o)
E u, (x)n! = E Uu,, (x) ! + E Uy, ) on )
n=0 n=0

n=0

o+j- N\ N4 ¢
Yy w( . )(2/).T<n,1) e

oz+x)

(a+x)

00 noot
ERNN

oo

>t

2n
« L
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The following equations represent L[ (x) for n even and n odd terms:

n
(o) 2n 2m+1
x) = E ap " E
2n (%) — (2m> 200-m) % <2m+1) @ln-m)-LRY%

n

2n om 2n )
= Ao x4 Dot i1 10X m+1 ,
Z((2m) (2(n—m),k) <2m + 1) (2(n—m)-1,k)
m=0
n
~ 2n+1 2n+1
USZ:—I (x) = Z ( )b(2 (n—m)+1,k)%X "y ( ) ,,_m),k)xz”’*l

2m 2m +1

n
2n+1 2n+1
— b 5 x2m + a _ x2m+1 ,
m§—o(< 2 ) (2(n—m)+1,k) <2m + 1) (2(n—my),k)

where
2n [%]
aA@nk) Z < ) (-1 Z T(n 1,j)s(j, k — 20)a*
k=0 =0 j=k=21 J
2n+1[%] n—l
2 1 2
bomii) = <2’; +1>(_1)k-2<l+1> S Do g s(ik- @1+ 1)k,

k=1 =0 - j=k—(20+1) :

and [x] is the greatest integer not exceeding x.
Thus, we complete the proof of Theorem 2.5.

From Theorem 2.5, we find examples of the I:vlf,“)(x) polynomials
Example 2.6 Letn=1,2,3,4,5,6,7,8. Then we have
ap) = o’ - 2a,
aap = ot =120 +120% +10a,

aep = a® —30a° +180a* + 300> - 3000? - 182«

Also,
b(l,k) =

b(gyk) = Ol3 - 60[2,

by = o —20a* + 600> + 5002,

Therefore, we can express 7% (x) as a function of x and « explicitly. For instance,

L[l(a)(x) =x+a,

é“ (x) = 22 = 2ax + &? - 201,
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f[;a)(x) =% + 3ax? + 3a%x — 6ax + o> — 602,

3 Some relations of the polynomials af,"‘)(x), the Euler polynomials, and the
Genocchi polynomials

In this chapter, we find interesting relations between the polynomials 7 (x), the Euler

polynomials, and the Genocchi polynomials. In other words, the polynomials 7 (x) can

be shown in a combined form by using Euler numbers and polynomials. We also easily see

the polynomials 7 (x) that are represented by Genocchi numbers and polynomials.
First, we study a link between the polynomials 17 ,(,“) (%) and the Euler polynomials E,(qa) (x).

Theorem 3.1 Let a € C, n be a non-negative integer. Then we have

~ 1 1 1
20 U9 (x) = (-3)" (ES)‘) (—gx) +E@ <—§x + §a>).
Proof From Definition 2.1, we have
oo
~ " e *
@ = tx
U (x)n! - <et+e‘t—1> ¢
n=0
= i L ae”‘ + L aet(x—a)
20 \\1+e3 1+e3
oo
-3)" 1 1 1 t"
:Z 3) EO-Zx)+E9(-=x+ -« —.
2¢ 3 3 3 n!

n=0

By comparing the coefficients of both sides, we have

~ -3)" 1 1 1
U (x) = =3 EO—Zx)+E9(—Zx+za])).
2¢ 3 3 3

Hence the proof of the Theorem 3.1 is complete. d
From Theorem 3.1, we easily get the following corollary.

Corollary 3.2 Let a = 1. Then one has

~ " 1 1 1
200,(x) = (-3) (En <—§x) L, (_gx . §)>
=(-3)" (En <—%x) +(-1)"E, (—%x + %))

Proof Let a =1 in Definition 2.1 and Theorem 3.1, respectively. Then we easily obtain the
proof of Corollary 3.2. O

Theorem 3.3 Let n,vy,...,vi, k € N. Then we have

- E ) + (_1)V1EV1) e (Evk(%x) + (_1)VkEvk)xl

n-1 K
flék)(x):gzk Yoy Gl

vite gl
=0 V1oV =0 1 k

Vit +vge=n-1
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Proof From the Definition 2.1 and the Euler numbers and polynomials, we can write the

following equation:
00 k
~ ¢ et
Wt €\
ZU,, (x)n! - (et +e‘t—1) ¢
n=0
k
1 1 2t X
- (1+e3t T1ret ) ¢

o0 k oo
1 2 n n
= ( E (S”E,,(gx) + (—3)”E,,) %) E x"%.

n=0 n=0

Here, we can represent the above right-hand side as the following equation:

00 k
1 o (2 L\t
? (HE_O (3 E}’l (gx) + (—3) En> ;)
3"(Ey, (5%) + (-1)"Ey) - - - (B, (52) + (-1)*Ey,)

1 o0
=§Z Z vileeevg!

n=0 vi,.,vg=0

Vi++V=n
Therefore, we obtain

n-l " 2 ! 2 —_1\
LNI,Sk)(x)=32—kZ(n—l)! > (En (3%) + (=1) E:/ll)'~~~$/fl'/k(3x)+( D kEVk)xl.
=0 . :

V1oV =0
g
V1+-+vg=n—1

Secondly, we note a link between the polynomials flf,a)(x), the Genocchi numbers, GS,“),

and the polynomials GY(x).

Theorem 3.4 Let k,n € N. Then we have

k+n\~ " (k) 1 (k) 1 1
Zkk!( X )U,(,k)(x)z(—?)) (ka —gx +G,, —§x+ gk .

Proof f[f,k) (x) is represented as follows:

St - ot () o o2
= ﬁ :.20(—3)” (Gilk) (—%x) +G® (—éx + %/{))Z—T
= ﬁ ;20(—3)” (Gg‘) (—%x) +GW (—%x + %k)) t:!k.

By comparing the coefficients of both sides in the above equation, we derive

- _3)n 1 1 1
709 () = a® (CLY o ew (21 1))
0= Sy Gl 737 G737 5

Thus we complete the proof of Theorem 3.4. d
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From Theorem 3.4, we get the following corollary.

Corollary 3.5 Let k=1,n € N and k + 1 < n. Then we derive

2004 DT, = 3 (G (~35) + G (554 3) )
= (_B)W (Gn+1 <_%x) + (—l)nGn+1 <—%x + %))

Proof Let o =1, k =1 in Definition 2.1 and Theorem 3.4, respectively. Then we easily
obtain the proof of Corollary 3.5. O
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