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1 Introduction and main result

g-Series, which are also called basic hypergeometric series, play a very important role in
many fields, such as affine root systems, Lie algebras and groups, number theory, orthog-
onal polynomials, physics, etc. The inequality technique is one of the useful tools in the
study of special functions. There are many papers about the inequalities and g-integral;
see [1-10]. Convergence is the key problem of a g-series. In order to give some new meth-
ods for convergence of a g-series, we derive an inequality for the g-integral with the basic
hypergeometric series ,,1¢,. Some applications of the inequality are also given. The main

result of this paper is the following inequality.

Theorem 1.1 Suppose a;, b;, t be any real numbers such that |t| < (]_[:;'11 M) and b; <1
withi=1,2,...,r. Then we have

t
a1, 425 ..+ Aryl |t]
19 g,z ) dgz| < ,
/0” r<bbbz,...,br ) S 1T M) (g% )

11)

where b,.; = 0, M; = max{1, ‘i:Z‘:' Y fori=1,2,...,r+1.

Before we present the proof of the theorem, we recall some definitions, notation, and
known results which will be used in this paper. Throughout the whole paper, it is supposed
that 0 < g < 1. The g-shifted factorials are defined as

n-1 [e'¢)
@qo=1  @@.=][]0-ad), @@w=]]01-aq"). (12)
k=0 k=0
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We also adopt the following compact notation for a multiple g-shifted factorial:

(@1,a25 s @ D = (151 (@25 Qs - -+ (W3 Qs (1.3)

where # is an integer or oo.
The g-binomial theorem is [11, 12]
i (@i _ (@59
@D @D

, el <1 (1.4)
k=0

Heine introduced the ,,;¢, basic hypergeometric series, which is defined by [11, 12]

o0
a1,az, ..., 04 (a1, a2;..., a1 Q)uZ"
) gz | = . (1.5)
e blbe;uwbr 1 VIX:O: (q:blrbZ,H';br;q)n

Jackson defined the g-integral by [13]

d 00
fo F@)dyt=d(-) S f(de")" (L6)
n=0
and
d d c
¢ T 0 o o~ .
fWdit=| foyde- | fode (1.7)

In [14], the author gives the following inequality.

Theorem 1.2 Suppose a;, b; and z be any real numbers such that |z| < (]_[lr;'l1 M), b <1
withi=1,2,...,r. Then we have

aA1,a2y...,0r4+1 1
19 G2 S g (1.8)
r+1@r ( bl’bz,...;br )‘ (|Z| n::llMuq)oo
where b,,; = 0, M; = max{l, ‘}:—Zﬁ'}fori: 1,2,...,r+1.

As an application of (1.8), the author give the following sufficient condition for conver-
gence of g-series [14].

Theorem 1.3 Suppose a;, b;, t be any real numbers such that |t| <1 and b; <1 with i =
1,2,...,r. Let {c,} be any number series. If

Cn+l

lim

n—00

=p<l,

Cn

then the q-series
> a,a a
IRLZ P RRRS) 1
ch a1 Pr " 39 tqn (19)
1n=0 b17b21---:br

converges absolutely.
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2 Proof of theorem
In this section, we use Theorems 1.2 and 1.3 to prove Theorem 1.1.

Proof First we point out that, under the conditions of Theorem 1.1, the g-integral

t
a1, a2, ..., qr41
r+1Pr 3q,2 | dgz 2.1
/(; 1¢ (blrbZ;-nybr 1 ) g ( )
converges absolutely.
In fact, by the definition of g-integral (1.6), we get

t
a1,a25 .5 Aryl
r+1¢r gz dsz
./(; (blrbZ)"wbr ) 7
i a, a a
1) 025« eo Uypt]

=t(1- 1Oy g tq" ). 2.2

( q);q 1¢ (blinrn-;br 1 q) ( )

Using Theorem 1.3 and noticing

n+1

lim =qg<l,
n—00 q”
we see that the g-integral (2.1) converges absolutely.

Letting z = tq" in (1.8) gives

a1, a2 ... Arsl n
19 /8
" r<bl)b27-uxbr 1 q)

1

, (2.3)
(Itlg" TTiH Mis 9)oo

where b,,1 = 0, M; = max{l, 5 1= “'} fori=1,2,...,r+1.
Using the definition of g- 1ntegral (1.6) again one gets

t
ap,a;, ... )ar+1.
r+19r 3q>Z qu
0 bl,bQ,...,br

i ay,,ay,...,0qrs .
<ltt-a)) q" m¢,<1 ’ bl;q,tq)
n=0

bl)beo--; r

<|t —
611 - q) -
e —— — —— Ml’
(|t| l_[Hle;q)oo HX(;<| |ll_1[ )

t(1 - (It TTH Mi3q)uq”
|t|1—I M;J]oo n=0 qun

Employing the g-binomial theorem (1.4) gives

(1 [T Mo @)ng” _ (@It T M @)
Z (@ Dn (@9 ' 25)

n=0

Substituting (2.5) into (2.4), we get (1.1).
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Corollary 2.1 Suppose a;, b;, c, d be any real numbers such that |c| < (]_[lr;'l1 M), |d) <
(T M) ™ and b; <1 with i =1,2,...,r. Then we have

d
aA1,42;5 .+« Aryl
sq,z ) dyz
/c ’”d”(bl,bg,...,br 1 ) ’
|d| + |c| - 2|de| T2} M;
T (=1 [T M)A = [el T M) (g% @)oo

(2.6)

Proof By the definition of g-integral (1.7), we get
d
a1, 425 ..., Aryl
19 g,z | dgz
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5 1 X
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|d| + |e| - 2de] [T/ M; 2.7)

T AT M) A= (e T M) (@5 e

<

+

Thus, the inequality (2.6) holds. |

3 Some applications of the inequality

In this section, we use the inequality obtained in this paper to give a sufficient condition for
convergence of a g-series. Convergence is an important problem in the study of a g-series.
There are some results about it. For example, Ito used an inequality technique to give a
sufficient condition for the convergence of a special g-series called the Jackson integral
[15].

Theorem 3.1 Suppose a;, b; are any real numbers such that b; <1 with i =1,2,...,r. Let

{c,} be any number series. If

. Cn+l 1

lim =p< -,
n—>oo| ¢,

then the q-series
o0 n
1 alra2r~-¢ar+l‘ d

Z Cn r+1¢r b b b gz q% (31)
=0 0 L2 Ur

converges absolutely.
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Proof Since
lim " =0, (3.2)

n—00

there exists an integer Ny such that, when n > Ny,

r+l -1
q" < (HM) ) (3.3)

where b,,; = 0, M; = max{1, '}:Z‘:'} fori=1,2,...,r+1.

When 1 > Ny, letting ¢ = " in (1.1) gives

7 aA1,42;5 .+« Ayl qn
r+1®r 4,2 dyz " . (3.4)
\/0 ! bi,by,..., b, v 1 q” 1_[ +1Mi)(q2;q)oo
Multiplying both sides of (3.4) by |c,| one gets
c /-q" 1¢) alrab'--:ﬂrﬂ'q Z d |Cn|qn (3 5)
“Jo O\ bybo,.b, ) S g [T Mi) (% )

The ratio test shows that the series

= - TIH M) (g% )

is absolutely convergent. From (3.5), it is sufficient to establish that (3.1) is absolutely con-
vergent. O

Corollary 3.2 Suppose a;, b; are any real numbers such that b; <1 withi=1,2,...,r. Then
the q-integral

1 t
a1, az; ..., 041
dgt | ra@r g2 | dgz 3.6
/o "/o a? (bl,bz,...,br ! ) ’ (30
is absolutely convergent. Here
1 t
a1, a2, .., 0r41
d,t | a0, g,z | dyz
/0 q/o e (bl,bz,...,b, 1 ) ’
/1[/t ¢ a1, a2 .. .5 Aril d }d ¢ (37)
= r+1Pr 3q, 2 z . .
o Ll 9\ by bayep, ' TE) S
Proof By the definition of g-integral (1.7), we get
a1, a2 ..+ Ayl
dgt [ radr 39,7 | dgz
/ / 1¢ (bl;b2) ; 1 ) 7

= 7 A1,y ..y Arsl
=(1 _q) qn/ r+19r e B g2 dgz. (3.8)
HX:O: 0 ! bl:bZ,'u:br 1
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Since
. qn+1 1
lim = -,
n—00 ql’l q
from the theorem, we know that (3.6) is absolutely convergent. O
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