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University, Hadath, Beirut, Lebanon For any unitarily invariant norm ||| - |||, the Heinz inequalities for operators assert that

2IASXBE ||l < [IAVXB'™ + AV XBY||| < [IAX + XBI|, for A, B, and X any operators on a
complex separable Hilbert space such that A, B are positive and v € [0, 1]. In this paper,
we obtain a family of refinements of these norm inequalities by using the convexity of
the function f(v) = [JAVXB'™ + A'"VXB"|| and the Hermite-Hadamard inequality.
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1 Introduction

Let M, (C) be the algebra of #n x n complex matrices. We denote by H,(C) the set of all
Hermitian matrices in M,,(C). The set of all positive semi-definite matrices in M,,(C) shall
be denoted by H}/(C). A norm ||| - ||| on M,,(C) is called unitarily invariant or symmetric if

LAVl = 1A

for all A € M,(C) and for all unitaries U, V € M,,(C).
The arithmetic-geometric mean inequality for two nonnegative real numbers a and b is

m < a+ b’
2
which has been generalized to the context of matrices as follows:
2[|A3xB3 || < [lAX + XBIl,

where A,B € H;(C), X € M,,, and ||| - ||| is a unitarily invariant norm on M,,(C).
For v € [0,1] and two nonnegative numbers a and b, the Heinz mean is defined as

ﬂvbl—u +a1—vbv

Hv(“»b) = 9

Clearly the Heinz mean interpolates between the geometric mean and the arithmetic
mean:

b
vab < H,(a,b) < a; .
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The function H,(a, b) has the following properties: it is convex, attains its minimum at
V= %, its maximum at v = 0 and v = 1, and H,(a,b) = H1_,(a,b) for 0 < v <1. The gen-
eralization of the above inequalities to matrices is due to Bhatia and Davis [1] as fol-

lows:
2[|A3XB} || < ||A"XB"Y + ATV XBY || < IAX + XBl|, (11)

where A,B € H}(C), X € M,(C), and v € [0,1]. For a historical background and proofs
of these norm inequalities as well as their refinements, and diverse applications, we re-
fer the reader to the [2—8], and the references therein. Indeed, it has been proved, in [1],
that f(v) = [|AYXB'™" + A"VXB"||| is a convex function of v on [0,1] with symmetry about
V= %, and attains its minimum there and it has a maximum at v = 0 and v = 1. Moreover,
it increases on [0, %] and decreases on [%, 1].

In [4, 5], (1.1) is refined by using the so-called Hermite-Hadamard inequality:

b 1 [t b
g<a; )Em/;g(t)dtfgw,

where g is a convex function on [a, b].
Recently, in [3] and [7], respectively, the following inequalities were used to get new

refinements of (1.1):

b
g<ﬂ) ! g(hydt < %(g(a) +2g<a : b) +g(b)> < ‘M,

< — -
2 )" b-al, 2 2
a+b 1 b 1 a+b gla) +g(b)
g( : )sm a g(t)dti5<15g(ﬂ)+2g(7)+15g(b)>ST-

The purpose of this note is to obtain a family of new refinements of Heinz inequalities for
matrices. Also the two refinements, given in [3] and [7], are two special cases of this new

family.

2 Main results
We start by the following key lemma which plays a central role in our investigation to

obtain a further series of refinements of the Heinz inequalities.

Lemmal Let g be a convex function on the interval [a, b]. Then for any positive integer n,

we have

b 1 b 1 b
g(d; ) < m/a o(t)dt < E[(Zn—l)g(a)+2g<%) +(2n—1)g(b)]

- gla) +g(b)
— 2 .

Proof Since g is convex on [a, b], we have

FEuEE
2 2
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Thus
(2n-1)g(a) + 2g(a2Lb) +(2n-1)g(b) < 2ng(a) + 2ng(b),

whence

(@) +gb)

1 b
2 (- vg@ r26( 57 ) 4 g ) <55

To prove the middle inequality, we start by

b b b
biaf gt)de = bia[/ g(t)dt+/;+bg(t)dt:|

1 [g(%) +g@) b-a o) +g(%3h) b—a]
b-a 2 2 2 2

1 b
- ¢ |g@2(%57) +ew)]

-ng(a) + 2ng(aT+b> + ng(b)i|

IA

ng(a) + 2g<ﬂ—+b> + (21 — 2)g(ﬂ> + ng(b)}
nl 2 2
[ [g(a) +g(b)]
2

gl- -

IA
|

ng(a) + Zg(aTw> +(2n-2) + ng(b)i|

@ +26( 37 )+ - gt + 01 Do)+ )|

= — _(211 -1)g(a) + Zg(az;b> +(2n- 1)g(b)]. m
Applying the previous lemma on the convex function defined earlier
f) = ||A"XB"™" + A" XB" ||
ontheinterval [u,1—u] when 0 < u < % and on the interval [1— u, 1] when % <u<lwe
obtain the following refinement of the first inequality (1.1) which is a kind of refinements

of Theorem 1 in a paper Kittaneh [5] and Theorem 1 in a paper of Feng [3].

Theorem 1 Let A,B € H}(C), and X € M, (C). Let n be any positive integer. Then for any

wu € [0,1], and for every unitarily invariant norm ||| - ||| on M,(C), we have
1 1 1 1-p
2llabxst| = | [ e e
|1 - 2““' n

1 _ _ 1.1
< Lfan-nJarxr A+ 2ljadxed |

<||a*XB"" + A¥HXB|. 21
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Proof First assume that 0 < u < % Then it follows from Lemma 1 that

w+l—p 1 L
f( 5 )SI_ZM ; f)dt

< 4i [(2n ~1)f () + 2f(m) +(2n-1)f(1- u)}
n 2

< W =f(w).

Since f(u) =f(1 — n), we have

(5) =150 T e < 2 an-2v00+2(3)]

2) “1-2u ), 4n
1 1
< ﬂ[@n—l)f(u) +f<§ } <f(w).
Thus,
2la2xB? || <

1—
/ "4 XB + A XBY || dv
1-2u J,

< % [(2n-1)||A*XB"* + A#XB" || + 2|| A2 xBz ]

< ||A*xB** + A**XB"||. (2.2)

Now, assume that % < @ < 1. Then, by applying (2.2) to 1 — u, it follows that

123

/ [|4"XB" + A XB" || dv
1-p

2l|a2xB3 || <
2u—1

< Zi [(2n—1)||A# XB"* + A1 XB" || + 2[| A3 XB? ||]
n

<||A*XB"" + A XB"|. (2.3)

Since

1-p
lim — ' / |A"XB" + A" XB" || dv
ey 1= 2001,
= lim i[(afn-z)f( )+f<l)} = 2|42 xB3
") an r\2) T ’

the inequalities in (2.1) follow by combining (2.2) and (2.3) and so the required result is
proved. g

Applying Lemma 1 to the function f(v) = [|A"XB"™" + A" XB"||| in the interval [, %] on
0<u< %, and in the interval [%, u] for % < u <1, we obtain the following, which is a kind

of refinements of Theorem 2 in a paper Kittaneh [5] and Theorem 2 in a paper of Feng [3].
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Theorem 2 Let A,B € H(C), and X € M,(C). Then, for any positive integer n, any p €
[0,1], and for every unitarily invariant norm ||| - ||| on M,(C), we have

|” 1+2p 3- le l+2;/.
'

A4 XB = + A%

"XB'"™' + A" XB"|| dv

3-
n-— +
= [2 1) H|A“XBI " P XBT" AT XBTE

2;4 3= 2;/. 1+2p. ’”

+202n-1)||A3xB? ||]

< Z[|la*XB"* + A xBH || + 2|43 xB3 ||]. (2.4)

l\Jl’—‘

Inequalities (2.4) and the first inequality in (1.1) yield the following refinements of the
first inequality in (1.1).

Corollary 1 Let A,B € H}(C), and X € M, (C). Then, for any positive integer n, any | €
[0,1], and for every unitarily invariant norm ||| - ||| on X € M,(C), we have

1+2u 3-2

2l|aixel | < [Ja™ X8 v a7

21 1+2p
=

1
< ‘ / AV XB + A XBY || dv
|1 - 2M| m

< i [(2r1 -1)[|a*XB'* + AT XB" |

1420 3= 2/1 3-2u 1+2;L

+2|[ATT XBTE + AT XB 4

+202n-1)||A2xB? ||]

= E[HIA“XBI”‘ +AXB | +2]|A2XB2 ]

<||A*XB"" + A¥HXB|. (2.5)

Applying the Lemma 1 to the function f(v) = [||A"XB™ + A" XB" || on the interval [, %]
when 0 < pu < %, and on the interval [%, ] when % < u <1, we obtain the following theo-
rem, which is a kind of refinements of Theorem 3 in a paper Kittaneh [5] and Theorem 3
in a paper of Feng [3].

Theorem 3 Let A,B € H;(C), and X € M,(C) and let n be a positive integer. Then:

(1) forany0<pu < % and for every unitarily invariant norm ||| - |||, we have
A% XB-% + A5 XxB% ||
n
< 1 f [[A"XB*" + A" XB" || dv

< 4—[(2;4 DIIAX + XB||| + 2||AZ XB""% + A2 XB"

+(2n - 1)[|A*XB"#* + A XB"||]

%[|||AX +XB|| + ||A*XB"* + A¥*XB*||]; (2.6)
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2) for any % < u <1 and for every unitarily invariant norm ||| - ||, we have

i 1-p 1-p 1+p

la™ xB + A3 xB

1
1 / [A"XB" + A" XB" | dv
n

%[(2n IAX + XBJ| +2[|A # XB 3 + A7 XB'"||]
%[|||AX+XB||| + [|A*XB"* + AT XBM||]. (2.7)

Since the function f(v) = [|A*XB'™" + A"V XB"||| is decreasing on the interval [0, %] and
increasing on the interval [%,1], and using the inequalities (2.6) and (2.7), we obtain a

family of refinements of second inequality in (1.1).

Corollary 2 Let A,B € H;}(C), and X € M,(C) and let n be a positive integer. Then:
(1) forany0<pu < % and for every unitarily invariant norm ||| - |||, we have

[[A*XB'" + A XB*||

<|laZxB-% + A5 xBE ||

<1 / ' |A”XB"" + A" XB" || dv
nJo

n
+ @n-1)[|A*XB* + ATHXB ]
< 10X Bl + e A

= lIAX + XBl[; (2.8)

2) for any % < u <1 and for every unitarily invariant norm ||| - |||, we have

[|A*XB"* + AM*XB |

Lp

- wA ESR

i l u 1+/L M

i / ||lA"XB" + A" XB" || dv

/, 1+/1,

< E[(2H—1)|||AX+XB||| +2|”A]+%X317 e

+(2n - 1)[|A*XB"#* + A XB"||]
< %[|||AX +XB|| + [|A*XB"" + A¥*XB*||]

= [lAX + XB]|l. (2.9)
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It should be noted that in inequalities (2.8) and (2.9), we have

"
lim | [|A'XB"" +A"XB"| dv
0

1
[,L*)Oﬁ

1
= lim 1 / [|lA"XB™ + A" XB"|| dv = ||AX + XB|.
n=>11—-p u

Remark 1 The two special values # = 1 and # = 8 give the refinements of Heinz inequali-
ties obtained in [3] and [7], respectively.
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