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Abstract

In this paper, we study the existence and multiplicity of positive solutions for
semi-linear elliptic equations with a sign-changing weight function in weighted
Sobolev spaces. By investigating the compact embedding theorem and based on the
extraction of the Palais-Smale sequence in the Nehari manifold which is a subset of
the weighted Sobolev spaces, we derive the existence of the multiple positive
solutions of the equations by using the variational method. In the last part of this
paper, by applying the Arzela-Ascoli fixed point theorem, some existence results of
the corresponding time-fractional equations for semi-linear elliptic equations are
obtained.
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1 Introduction
In this paper, we consider the multiplicity results of positive solutions for the following

semi-linear problem:

—div(a(®)| Vux) P2 Vu(x)) + (u(x))P
= M () |u() |97 + ) |ux)|
u(x) =0,

(Expi) inQ,

on 092,

ue W&’p(a, ), where A is a real positive parameter, 1< g <p <r<p! (p>2,p; = £, pi =
Nps
N-ps
in RY; a(x), f(x), h(x) are measurable functions and satisfy the following conditions:

,S€E (%, o00) N [ﬁ, 00), ps < N(s + 1)). Q is a bounded region with smooth boundary

(H;) 0 <f(x) e L#(R), where LT (Q) = L7 (), q < r<p?, and f(x) has a compact support
in Q,

(Hy) 0 < h(x) € L*(R2), and it satisfies i(x) — 1 as |x| — oo,

(Hs) a(x) is a positive weight function, locally Hélder continuous, and almost everywhere
with positive measure in the Sobolev space Wé'p (a(x), 2) which comes with the stan-
dard norm |lu|| = {,(alVu®)l + (u(x))p)dx}ll’ and there exists v(x) if and only if
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Y8 < 4(x) < cju(x), where ¢; > 1 and v(x) is another weight function, which satisfies

() € LL (), v(x) 7T e LL (Q), ()™ € LY(<).

The problem (Ey,) is an important and basic mathematical model, widely used in many
fields. For specific theoretical implications of the above model, one can refer to Dribek,
Kufner and Nicolosi [1] and Adams and John [2] and references wherein.

Analogous equations with nonlinearities concave-convex in bounded domains are
widely studied. For example, Ambrosetti [3] studied the problem below:

—Au=Aul?+ |ulf, in g,
(E) Ju>0, in Q,
u=0, on 0%2,

where 0 < g <1< p <2*—1. They proved the existence of 1y > 0 such that the problem
(E») admits at least two positive solutions for A € (0, A¢); there is one positive solution for
A = )Xo, and no positive solution exists for A > 1q. Recently, for 2 = By(0,1), thatis, Q is a
unit ball, Adimurthi and Yadava [4], Damascelli et al. [5] and Tang [6] proved that there
are exactly two solutions for A € (0, 1¢); one positive solution for A = Ao and no positive
solution exists for A > Xo. When p = 2, h(x) =1 and a(x) =1, Wu [7] has investigated
equation (Ejs,), and he found that there exists Ao > 0 such that equation (Ey,1) admits at
least two positive solutions for A € (0,¢). Among other interesting results, Miotto and
Miyagaki [8] have studied the following equation:

—Au+u= A (x)|ult + h(x)|ulP, inQ, @)
u=0, on 0%,

where A >0,1<g<2<p<2* (2*:%ifN23,2*:ooifN:2),Q:Q’XR(Q/C

RN71) is an infinite strip domains, assuming that f(x) € L7 (R) = L', where g < r < 2%,

with f* = 0 and f~ is bounded and has a compact support in Q. 0 < &(x) € L*(£2) satisfies

limyy, | o0 A1(x, %) = 1 and there exists co > 0, 6; being the first eigenvalue of the Dirichlet

problem —A in €/, such that

h(x',xx) > 1= coe >/ 1IN,

for all x = («',xy) € Q. They proved that the existence of A = A(g,p, |41, ) such that
the problem (1.1) has at least two positive solutions for all A € (O,A|[f||zll), Wu in [9]
has studied (1.1) under the assumption that 0 < f € L%I(Q), 0 < h € C(Q) satisfying
limy,y |00 A(x) =11in = Q' x R and there exist § > 0 and 0 < ¢y < 1 such that

h(x',xn) =1 - coe Vol

for all (x',xxn) € Q. The existence of Ay > 0 was obtained such that for A € (0, Ag) the
problem (1.1) possesses at least two positive solutions.

We consider the P-Laplace Dirichlet problem above. In the following we will switch our
view point to investigate the existence of positive solutions for the corresponding nonlin-
ear time-fractional differential equation of the problem (E;; ). We know that the subject
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of fractional differential equations has emerged as an important area of investigation by
the fact that it has numerous applications in viscoelasticity, electrochemistry, control, elec-
tromagnetic, porous media, and so on, thus the subject of fractional differential equations
is gaining much importance and attention. For some recent developments on the subject,
please see the literature [10—-17], and the references therein for more details. But not many
people pay attention to the study of the P-Laplace problems with nonlinear partial differ-
ential equations of time-fractional order, except the literature such as [18, 19], but the aim
of this paper is to do so, too. To the best of our knowledge, the results in this paper are
new and original as we have not found any discussion in the existing literature.

The paper is organized as follows. In Sections 2 and 3, we show that equation (E;s,,) in
weighted Sobolev space has at least two positive solutions for A sufficiently small. First, we
recall the Nehari manifold which is a subset of the weighted Sobolev space, and analyze the
behavior of the energy functional associated with our problems on the Nehari manifold.
Moreover, by extracting the Palais-Smale sequences in the Nehari manifold and combining
the properties of the compact embedding theorem in weighted Sobolev space, we obtain
the result that there exist at least two positive solutions of the problem (E; ). In Section 4,
we shall consider the following time-fractional differential equations derived from (Ey):

Du(x, t) = div(a(x)| Vulx, )72V, t) + (u(x, £))?!

+ A (), )77 + h(x) ux, ), in Qr,
(Exft) u(x,t) =0, on AQ7,
u(x, 0) = ¢(x), inQ,
u(x,0) = ¥ (x), in Q,

where Q1 = Q x [0, T], D* denotes the Caputo fractional derivative (e.g., see [13]),1 <@ < 2
is a parameter describing the order of the fractional time, and ¢ (x), ¥ (x) € H}(a(x), 2) are
given real-valued functions. Then the problem (Ejy ) is deduced to an equivalent integral
equation under the fractional order integral operator /. Finally, we prove the existence
of solution for the time-fractional differential equations by using the Arzela-Ascoli fixed
point theorem. The conclusion is given by Section 5.

2 Notations and preliminaries
In the following, we first consider the positive solutions of the following problem.

Theorem 2.1 There exists Ao = Ao(q, P, |1l 0os 7 |[f||z},) > 0 such that for A € (0, ), the
equation (Ejz ) has at least two positive solutions.

In order to prove it, we need the following lemma.

Lemma 2.2 I[f2<p<r<pl, X — L'(Q) is the compact embedding, then X — LF(Q) is
also the compact embedding, where X = W/é’p (a(x),2) (e.g., see Drdbek, Kufner and Ni-
colosi [1]).

Throughout this section, we denote by S, the best Sobolev constant for the embedding
of Wé’p(a(x), Q) in L"(2). We define

u r
S wp  [le)
wew P, nio) I#IX
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For the convenience we will denote W/é’p(a(x), Q) by X, and | - ||x by || - || if there is no
confusion, unless otherwise stated, and the integrals are over 2. Now we give the proof of
Theorem 2.1.

Proof Associated with equation (Ey,), we define the energy functional I, in X for given
A >0, f(x) and h(x) by

_1 Py P e X 0\ gy L r
Ik(u)_p/Q(a|Vu| +uf)dx qu(f(x)lul ) dx r/ﬂ(h(x)lul ) dx.

It is clear that I is of class C' with Gateaux derivative I} (x) at each u € X given by

(I;(u),qo):/S;(aIVuIP_IVgo+up‘1g0)dx—kfs2(f|u|q_2ug0)dx

_ / (h|u|”2u¢)) dx,
Q

for all ¢ € X. Therefore the (weak) solutions of equation (E,y,;) are the critical points of
the energy functional [, (see Rabinowitz [20]).

As the energy functional [, is not bounded from below on X, it is useful to consider the
functional on the Nehari manifold which has the best behavior subset of X (see Brown
and Zhang [21]). For any A > 0, we define

Ny, ={ue X\ {0}:(I,(w),u)=0}.

Then u € N, if and only if

(QWL@:nmw—x/kﬂmﬂdx—/Xmmﬂdx:a 2.1)
Q Q 0

Note that any nonzero solution of the problem (E;;,,) belongs to N;,. Furthermore, we

have the following result.
Lemma 2.3 The functional I, is coercive and bounded from below on N;.

Proof Let u € N, be arbitrary. Then by (2.1) and by the Holder and Sobolev inequalities
we get

e ‘g LN
A(u)zWHun”—(?)x(/ﬂm dx) (/Q'”' dx)

r-p r-q
—llull” - (—)M[fIILHS?IIMII”-
pr qr

v

Since g < p < r, it follows that I, is bounded from below and coercive on N, provided A is

small enough. O
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Next, we consider the Nehari minimization problem; for A > 0, define ;. = inf,en; ) (1)
and

w,\(u):<1j\(u),u>:||u||p—)L/Q(f|u|q)dx—/Q(h|u|’)dx.

Then for u € N; by (2.1) we have

(v (u), u) :pnunp—qxf (flul?) dx—r/ (hlul") dx
Q Q
— p-@lulf - (r—0) fQ (Hlul") dx 22)
— (o= Ilull = (g [ (Flul?) dx. 2.3)
Q

Now, we split N, into three parts (see Drabek, Kufner and Nicolosi [1] and Ambrosetti et
al. [3]).

N = {u e N, :<1//,{(u), u) > 0},
N} ={ue N, :(y;(u),u)=0},
N; = {u €N, : (w;(u),u) < O}.
Then we have the following result.

Lemma 2.4 There exists A > 0 such that for each i € (0, A1), we have N°=g.

Proof We consider the following two cases.
Case (I) u € N, (2) and fQ(f(x)Iulq)dx = 0. We then have

||u||p—/(h|u|r)dx:0.
Q
Thus

(W@, = (o — ) el — (r — ) / (hlul) dx
Q
=[p-q) - (r=)]llul’ = (@ -7r)lul? <0.

Hence u ¢ NY(Q).
Case (II) u € N;.(2) and [, (f(x)|u|?) dx # 0. Suppose that N} # ¥ for all A > 0. If u € NY,
then we have

0=(wi(u),u)=pllu||’”—qxf(f|u|‘1)dx—r/(h|u|r)dx
Q Q
- (P—Q)||M||p—(r—q)/(hlul’)dx.
Q
Thus
r-q

0<fup=""12 / (Hlul") d, (2.4)
P—qJq
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and

q — P _ r :ﬂ hlul” )
0<ALUIMI )dx = ||ull /Q(hlul)dx p—q/Q( |ul") dx. (2.5)

Moreover, by the Holder and Sobolev inequalities, for all # € X, we obtain
i [ (Pt <2t 26)
Q

Thus for any u € NS, by (2.4)-(2.6) we obtain

1

= (E22) 7 SE7 uf1n) 5. @)

Let J; : N;(2) — R be given by

_ lul”
A(u)-K(q,r)(f G ) /(f|u|q ) d,

where K(g,7) = (%)(%)#. Then /() = 0 for all u € N}. Indeed, from (2.4)-(2.5), it
follows that, for u € NY, we have

) Il \77
A(u)-K(qm)(f i |)dx) /(f|u|’f
:(V—p)<p—q>w (lu]]?)7 _"P/(hw)dx
p-q)\r-q (/Q(h|u|f)dx)$ rP-qJa

_ (r_p)<"—q>r_p (s q)rp‘fa(h'”'r)fx)# _rop f (hlul”) dix

p-q)\r—q ([ (hlul") dx) 7P p—9qJa

r—p r—p
= hlu|")dx— —— | (h|u|")dx=0. .
p—q/gz( |u|) x p—q/n( |u|) x=0 (2.8)

However, by (2.7) and the Hélder and Sobolev inequalities, for u € N,

llaell”
Jo(hlul") dx

.- T r
> K(g,r)(€) ™ = AIf o Syllull”s

J,) = K(q, r)( ) A Sl

where ¢ = (|| ]|z S7)~!. This implies that for A sufficiently small we have J; () > 0 for all
u € NY, this contradicts (2.8). Thus, we can conclude that there exists A; > 0 such that for
A € (0,11), we have N? = ¢J. The proof is complete. O

Lemma 2.5 Ifu € N}/, then [o(f|ul|?)dx > 0.

Proof We have

||u||p—k/9(f|u|q)dx—/Q(h|u|’)dx:0,

Page 6 of 22
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and
|Mwﬂ:1/wwﬂw.
p—-qJq
Thus

AAUMQM=WW—AwmﬂM>;

_p/(h|u|’)dx>0,
—4qJa

and this completes the proof. d
By Lemma 2.4, for A € (0, A1) we write
N, =N; UNj,
and we define

oy () = inf I, (u),

ueNy
a; (Q) = inf I, (u).
ueN;
The following results show that minimizers on N are the ‘usual’ critical points for I;.

Lemma 2.6 For A € (0,11), if ug € N, is a local minimizer point for I, on N, and uy ¢ Nf,
then I} (uo) = 0 in X~(R).

Proof If uy is a local minimizer point for I, on N, then uy is a solution of the following

optimization problem:

inf I (u).
Vi ()=0

Hence, by the theory of Lagrange multipliers, there exists § € R such that
I (o) = 0; (o),
in X~1(). Thus
(I3, (o), o) = 67, (uo), uo)- (2.9)

Since uy € N;, (I; (1o), uo) = 0 and so

||uo||P—A/(f|uo|q)dx—/(h|uo|f)dx=o.
Q Q

Hence
(1 (o), uo) = (p — @)l uoll” - (r—q)/ (hluo|") dx.
Q

Thus, if uo ¢ N2, (¥; (u0), uo) # 0 and so by (2.9), 6 = 0. This completes the proof. O

Page 7 of 22
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For each u € N, C X \ {0}, we have

||u||p—)»/9(f|u|q)dx—/Q(h|u|’)dx:0,

so we have A [, (flul?) dx = |ull? — [, (hlu|") dx. By (2.2), we define the fiber map ¢,(¢t) =
I, (tu), and we let ¢,,(t) = 0, i.e.,

tp_1||u||p—tq"1)»/(flulq)dx—t"1/(hlul’)dx:O.
Q Q

Hence

(1 = 1) Jull? - (£~ 1) / (Hul") dx = 0.
Q
By the Lagrange mean theorem, there exists a £(£) such that

lul? -1 (@) ik P
JolulNdx  -1-1 (p-qtE)P-11 p-q '

In particular, we have

(0= llul )

0< tmax(u) = t(é) = ((V— q) fQ(h|u|r) dx

r=q _2(q-r,

)
Lemma 2.7 Let H = ﬁz and Ay = (é)(%)WSW(HfHLH)‘l. Then for each u € X \ {0}
and ) € (0, Ay), we have

(i) thereis a unique t™ =t (u) > tmax > 0 such that t(u)u € N; and

Ik(t_u) = sup L (tu) > 0;

t>tmax

(ii) ifo(f(x)Iu|q)dx > 0, then there exists unique 0 < t* = t*(u) < tmax Such that
t*(u)u € Ny and

I)\(t*u): inf I (tu);

0<t<tmax

(iii) there exists a continuous bijection between U = {u € X \ {0} : ||u|| =1} and Ny, in
particular, t~(u) is a continuous function for nonzero u.

Proof (i) Fix u € X \ {0}, let
s(t) = 7| u|)? - t”q/ (h(x)|u|’) dx,
Q

for ¢ > 0, we have s(0) = 0, s(t) - (—00) as t — 00, and by (2.2), we have

s(t) = 2 ||u||P — ¢4 <1ﬂ> llu|l? = <tP—q _ t’-fiﬂ) llu]l?,
r—4q r—4q

Page 8 of 22
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sincel<g<p<r,so0<Zl <1, p—g<r—gq, hence, if 0 <t <1, then #~7 > t"~7, and so
—q
s(t) < 0, therefore, s(£) can achieve its maximum at ... Moreover,

S(tmax) = 7 |ull? = £ | 1| oo Sy e

P= plr-q) r—q r2-pq

- (P—Q)’_ lloll 7~ _(51)<P—Q>”’ llaell
- ~ =g — r— r2—qr
=4/ @ Huln) i N =T =2

) .

— =P p-q N = — =

> (p ") @ ul = () (u) |
r—q r—q

S

S

|”G
I
S

)

N
> K(q,7)(©) ™ ||u||?
> ST N g Ml

> A/ (Flul?) dx. (2.10)
Q
Note that tu € N, if and only if s(t) = & [, (f|u|?) dx.

Case (I) Suppose that Afg(f|u|q) dx < 0, there is a unique ¢~ > ty,x such that s(t7) =
A [o(flul?) dx and s'(¢7) < 0. Now

-aleul’ -0 [ (leuf)as
= ()™ [(p — (&) Nl - (r - g /Q (htul") dx}
- ()" <o,
and
()] = (Pl = (% [ () ds= ()" [ (s1ur) s
- () [s(6) - [ () as] -0

Thus t"u =t (u)u € N;, since for ¢ > t,x, we have

d2
(' (ew), tu) = (p = @l tull” - (r - q) /Q(hltulr) dx <0, Eh(tu) <0,

and

i],\(tu):tp‘I/(a|Vu(x)|p)dx—tq_1)L‘/(flulq)dx—t"l/(hlulr)dx
dt Q Q Q
:tp’lllullp—tq’lk/(flulq)dx—tH/(hlul’)dxzo,
Q Q

for t = t~. Therefore I, (t"u) = sup,.,  I(tu).
Case (II) If A [,(f|u|?) dx > 0, by (2.10) and

s(0)=0 <2 / (Flul?) dx < A S22 < (),
Q

Page 9 of 22
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for A € (0, 1,), there are unique t* and ¢~ such that 0 < t* <ty <7,

S(£) =1 / (Flul?) dx = (),
Q
and s'(t*) > 0 > s'(¢t™) we have t*(u)(u) € N, t~(u)(«) € Ni and
I, (t‘(u)u) > 1, (t(u)u) > 1, (t*(u)u)

for each #(u) € [t*(u),t” (u)] and L, (¢*(u)u) < I,(¢t(u)u) for each t(u) € [0,t"(u)], thus
Lt u) =sup,s,  L(tw), Lt u) = info<i<yy, L (E11).

(ii) by Case (II) of part (i).

(iii) Fix u € U, define G, : (0,00) x U — R by

G, (t,w) = <Ig (tw), tw).

Since G, (t~(u), u) = (I, (¢ (w)u),t (u)u) = 0, and

0G,

oo () u) = [ )] (W (¢ )w), £ (w)u) < 0,

then by the implicit function theorem, there is a neighborhood W), of u in U and an
unique continuous function T, : W,, — (0, 0c0) such that G,(T,,(w),w) = 0 for all w € W,
in particular, T, (x#) = ¢~ (u). Since u € U is arbitrary, we find that the function T': U —
(0,00), given by T, (u) = t~(u) is continuous and one-to-one. Having T~ : I — N, where
T~ (u) = t~(u)u, we find that T~ is continuous and one-to-one. Now if # € Nj_ then we have

T~ (w) = u, where w = -%, since ¢~ is continuous on U, it follows that ¢~ is continuous for

U
flacll

nonzero u. Then the proof is complete. g

Lemma 2.8 There exists a positive number Ao < A1 (A defined in Lemma 2.4) such that
if A € (0, Ag), then
(i) o <0,

(ii) oy >0 and of <, in particular, o), = o

Proof (i) Let u € N, by (2.3)

r

(V:Z)||u||p<k/g(f|u|q) dx, @2.11)

and so

_rep, o, (T4
1) = L julp ( = )kfg(flulq)dx

=P, g
qr

Thus, o] <O0.

(ii) Let u € N;, by (2.2) and the Sobolev embedding theorem,

<p_q>||u||”</(h|u|r)dxSSf”h“Lw“”“r’
r—gq Q

Page 10 of 22
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and so

1
nw>(—iti——yﬁ
(r—q)Sy Al

for all u € N, by the proof of Lemma 2.3

r— r—
qu)z|nmq[(——£)nunpﬂ-(——ﬁ)xuﬂuﬂ}

pr qr

pr-q

L % r-p P—q q_ ﬂ ;
>(V—WSMMW) [(Pr><0—@$WNw> <qr)“Wh}'

Thus, there exists a positive number Ay < A; such that if A € (0, Ag), then I, (u) > 0, i.e.,
a; >0 for all # € N; . Obviously, & < o; . This completes the proof. O

3 Proof of Theorem 2.1
First, by following the idea of Tarantello [22], we have the following result.

Lemma 3.1 For each u € N, there exist € > 0 and a differentiable function & : B(0,¢€) C
X — R* such that £(0) =1, the function &€ (v)(u — v) € N, and

(& @),v)
=P Jo@lVulP Vv + uP ) dx + g JoF 1wl uv) dx + v [o(hlul*uv) dx
) 0 - @lull? = (= q) [o(hlul") dx

forall v(x) € X. (3.1)

Lemma 3.2 For each u € N, there exist € > 0 and a differentiable function £~ : B(0,€) C
X — R* such that £~(0) = 1, the function £~ (v)(u — v) € Ny and

(& @w),v)
P Jo @ VulP Vv + uP vy dx + gh [o(Flul®2uv) dx + 1 [o(hlul"uv) dx
) @ - Dllull? - (= q) [ohlul) dx

forall v(x) € X. (3.2)

The proof of the two lemmas above is almost the same as given by Hsu [23] and thus we

omit it.

Proposition 3.3 Let Ao = min{Ay, Xy, Ag}. Then for A € (0, 1),

(i) there exists a minimizing sequence {u,} C N; such that

L(un) = o + 0(1) = &) + 0(1),

L(u,) =0) inX7"
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(ii) there exists a minimizing sequence {u,} C Ny such that

L (uy,) = o +0(1),

L(u,) =0(1) inX".

Proof (i) by Lemma 2.3, and the Ekeland variational principle [24], there exists a minimiz-
ing sequence {u,} C N} such that

1
Li(u,) <aj +—, (3.3)
n
1
L(u,) <L(w) + —|lw—u,ll YweN;. (3.4)
n
By taking # large, from Lemma 2.8(i), we have

1 1 1 1
Li(u,) = <; - ;)Hun”p - (5 - ;)A/Q(ﬂunm dx

+

< + - <=, 3.5
oy 7S (3.5)

consequently u, # 0, and putting together (3.5), (2.6), and (2.7), we obtain for all n

[—m(ﬁrqﬂ% <l < [‘”S‘I( )(xufnw)]%’. (3.6)

Now, we will show that ||} (,)|| — 0, as n — oo.

Applying Lemma 3.1 with u, to obtain the functions £* : B(0,¢) — R* for some ¢, > 0

such that £*(w)(u, —w) € N, choose 0 < p < €, let u € X with u £ 0 and let w,, = ﬁ. We
setn, =&, (w,)(u, —w,), since n, € N, we deduce from (3.4) that
+ 1 +
1)\(77,,) _IA(un) = _; || 77,) — Un |
and by the mean value theorem, we have
/ + + 1 +
(5@ = ) + ([ = ]} = =y = -
Thus
<1,/\(Mn)¢ ) ('i'- (Wp) 1)( (un) ( - Wp))
1 +
=z = ng = un] + o[} - wa))- (3.7)

From &} (w,)(u, — w,) € N, and (3.7) it follows that

—p<1§(un) P ”> (&rwo) = )L () = I (), (1t — W)

1
2 g = (5 - ).
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Thus

<1;(un), =

> - my — tell . o(llny; — unll)
[l

np o

- SO0 ) - 1 7). - ) 6

Since [0}, — uall < pI&; (W,)| + 1&; (W, — Dll|s]] and lim,,_.o S22 < g7 (w)]), if we let
p — 0in (3.8) for a fixed n, then by (3.6) we can find a constant ¢ > 0, independent of p,
such that

<1;<un>, 2 ),

[l

c /
)<< Jew

and we are done once we show that [|(£;7) (1) || is uniformly bounded in #. By (3.1), (3.6),
and (2.6), we have

N il
\6:) @) < e == g St ol

for some b > 0. We only need to show that

-l - (r-0) /Q (hlun ") x| > c, (3.9)

for some ¢ > 0, and 7 large enough. We argue by contradiction; assume that there exists a

subsequence {,} such that
-l =) [ (Husl)dx = o(0), (3.10)
Q
combining (3.10) with (3.6), we can find a suitable constant d > 0 such that
/ (hlun |’) dx>d, (3.11)
Q
for n sufficiently large. In addition (3.10), and the fact that u, € N, also give

A/Q(flunlq)dx= ||un||1’—f9(h|un|')dx=%/Q(hmw)dxw(l),

and the right side of (3.6) holds. This implies

IA(M)=K(LI,V)(%)W —A/Q(ﬂulq)dx
Q

r—p r—p
= hlul") dx - —= " dx = o(1). .
p_q/Q( |ul") dox p_q/Q(thl) x =o(1) (3.12)

Page 13 of 22
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However, by the right of (3.6), (3.11), and A € (0, Ao),

L(u) = K(q, r)(%) . Ml SEll ]|
Q

-~ r r
> K(q,r)@©) 77 = Allf | xSpllull” > 0,

for A sufficiently small, here ¢ = (||/]|S7)~!. This contradicts (3.12), we get

174 (4
1/ nl» 5 <_;
<k(”) ||u||>—n

this completes the proof of (i).
(ii) Similarly, by using Lemma 3.2, we can prove (ii) and thus its proof and its details are
omitted here. u

Theorem 3.4 Let Ao(q,p, |hll0os 7 |[f||z},) = Ao = min{Ay, Ay, Ag}. Then for A € (0,Xo), the
functional I, has a minimizer point ul in Ny and it satisfies
(i) L(ug) =y =0,
(i) uf is a positive solution of equation (Ejz),
(i) [|lug]l — 0 asx— 0.

Proof By Proposition 3.3(i), it follows that there exists {u,} C N, satisfying

L (uy) =y +0(1) = o) +0(1),

L(uy;)=0(l) in XYQ).

We can infer that {u,} is bounded from below on X. Thus, passing a subsequence if
necessary, there exists uy € X, such that u,, — u, weakly in X. We get I (y) = 0. Suppose,
by absurdity, that uy = 0, then by (2.2), we have (p — @) |||l — (r — q) [(hlu,|") dx = o(1)
and by (2.1), we get

x/(f|un|q)dx= ||un||1’—/(h|un|')dx+o(1)= [ P
Q Q r—q

r_
= 2P, 1P +01),
r—q

thus by the Egorov theorem we obtain fQ(flunlq) dx = 0(1). Since I} (u,) = o(1) in X}(Q),
we have

o) = {1, )10 = P = [ (W) -+ o).
Q
By Lemma 2.8(i), it follows that o} < 0, then considering 7y € N such that

! ||un||”—/(h|un|’) dx Y
Q

r

+ é’k/ﬁ(flunlq) dx

a+
I)»(ul’l) < 7)\;
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for all n > ng. Thus for all n > ny, we get

1 1 ¥
(— - —)nunnp <L) - 22 <0,
p r 2

which is an absurdity, because p < r. Hence, 1y # 0 and since I} (i) = 0, it follows that
ug € N;, and in particular, I, (1) > «;. We will show that, up to a subsequence, u,, — ug
strongly in X. Suppose, for a contradiction, that |lug|| < liminf,_, ||#,]. Since {u,} C N,
and uy € N,, we have

oy <I(uo) < linrgi;gflx(uy,) =ay,

which is a contradiction. Hence, we can suppose, up to a subsequence, that u, — ug
strongly in X. Note that uy € Ny, since uy € N, and I, (4g) = o} < & . Considering u =
o], we get uf £ 0 since ug € X \ {0}. If u € N}, then |u| € N} and by I, (uf) = Li(uo) = a5,
we see that 4§ € Nj is alocal minimum point of 7, on N, . Then by Lemma 2.6. We find that
uj; is a solution of the problem (E;y;). By the Harnack inequality according to Trudinger
[25] we obtain u{ > 0 in ©2. Now by (2.3) we have

0 < 0305} 65 = = Dy | = g =0 [ (¢l ")
==tr=pus|"+ = DnIf I 5|
Then by (2.6), we infer that

(r=p)|ug|” < = @Al ||,

e

that is

1
1 1

— =9 1 1
il = (222) " G 10) % = o),
where c is a positive constant, independent of A. So

L
5] = e(xlf ) 77,
and thus we conclude the proof. d
Next, we establish the existence of a local minimum for I, on N .

Theorem 3.5 Let Ao(q,p, | 2llcos 7 "f”ZIli) = Ao = min{Ay, Ay, Ag}. Then for ) € (0,1o), the
functional I), has a minimizer point uy in N; and it satisfies:
(0) L(ug) = oy,

(ii) ug is a positive solution of equation (Ejys,p).
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Proof By Proposition 3.3(ii), it follows that there exists a minimizing sequence {u,} for I,
on Nj such that

Ik(un) = Ol; + 0(1)7

L (u,) =o(1) inX7Y(Q).

By Lemma 2.8 and Lemma 2.3 and the compact embedding theorem, there exists a sub-
sequence {u,} and u; € Nj is a nonzero solution of (Eyy) such that

u, — uy weakly in X,

u, — ug strongly in L7(€2) and L'(S2).
We now prove that u, — u; strongly in X. Suppose otherwise, then
|4 || < liminf [|a, |,
and so
Jis =5 [ (gt~ [ (g i
Q Q
< liminf(||u,,||p —)»/ (f|u,,|q) dx — f (h|un|') dx) =0.
n—0o0 Q Q

This contradicts u; € N; . Hence, u, — u, strongly in X. This implies I (#,) — I, (ug) =
a5, as n — oo. Since I, (ug) = I,(|uy]) and |ug| € N;, by Lemma 2.6, we may assume that
uy is a nonnegative solution. By Drabek, Kufner and Nicolosi [1, Lemma 2.1], we have
uy € L*°(2). Then we can apply the Harnack inequality due to Trudinger [25] in order to
find that u; is positive in .

Now we can complete the proof of Theorem 2.1: By Theorem 3.4 and Theorem 3.5,
for (Ez,) there exist two positive solutions #{ and uj such that uf € Ny, uj € N . Since
N;" NNy =0, this implies that #§ and u; are different. Thus the proof of Theorem 2.1 is
complete. 0

4 Time-fractional equations
In this section, we switch our view point to the fractional order equation (Ejss;) in
weighted Sobolev space H} (a(x), Q) with the standard norm

”le”H(l)(a(x)yﬂ) = {/Q(|a(x)vu(x)|2 + (u(x))Z) dx} 2.

In order to discuss the existence of the positive solution for the (Es,), we need to
present some basic notations, definitions, and preliminary results, which will be used
throughout this section. We first have the following two definitions by [18].

Definition 4.1 The Caputo fractional derivative of order « of a function f(¢), £ > 0, is
defined as

D*f(t) = fUed g,

1 S|
- {a})/o (t-s)
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where {a}, [] denotes the fractional and the integer part of the real number «, respec-
tively, and I'(-) is the Gamma function.

Definition 4.2 The Riemann-Liouville fractional integral of order « of a function f(¢),
t >0, is defined as

I5f(0) = %a) /0 (£ - 51 f(s) ds,

provided that the right side is pointwise defined on (0, 00).
Lemma 4.1 [18] Assumey e C[0,T], T >0, 1<« <2, then the problem

Du(t) = y(t), tel0,T], (4.1)
has the unique solution

1 t
u(t) = u(0) + 1/ (0)t + —— / (t — )" Ly(s) ds.
I'(a) Jo
Now we establish some results as regards the existence of positive solutions for (Ejy,,.).
By Lemma 4.1, we may reduce (E;s,,) to an equivalent integral equation as in the fol-
lowing problem:

—p(x) — Yt + ulx, )

%a) fot(t — )2 Ndiv(a(x) | Vulx, $)IP2Vu(x,s)) + (u(x,s))P!
+ Af () |l 8)|97L + h(x)|u(x, s)|" V) ds, inQr,
u(x,t)=0, ondQr.

(Ekf ,h,integral)

The functional integral equations describe many physical phenomena in various areas
of natural science, mathematical physics, mechanics, and population dynamics [26-29].
The theory of integral equations is developing rapidly with the help of tools in functional
analysis, topology, and fixed point theory (see, for instance, [30—-33]) and it serves as a use-
ful tool in turn for other branches of mathematics, for example for differential equations
(see [34—36]). Now we define

D(u) = p(x) + P (%)t
+ ﬁ fot(t — 8)* 7 N(div(a(x)| Vulx,s)|P2Vu(x,s))
(Eif b fixed) + |ulx, $) P2 u(x, s) + Af (%) u(x, 5)| 77!
+ () |ulx, )" Dds, in Qr,
u(x,t) =0, ondQr.

Definition 4.3 We call u € C([0, T]; Hi(a(x), Q)) a weak solution of the fractional order
equation (Ejf ), if fQ(u — ®(u))vdx =0, Vt € [0, T] for every v € H}(a(x), Q), i.e.

/qudxz /Q|:¢(x)+1/f(x)t+ ﬁfot(t—s)“1(|u(x,s)|pzu(x,s)+Af(x)|u(x,s)|q1
+ h(x) ’u(x, s) ’r_l) ds] vdx

—/ /t(t—s)“_l(a(x)|Vu(x,s)|p_2Vu(x,s)) dsvdx.
QJo
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Lemma 4.2 The operator ®(u) : H(a(x), Q) — H ™ (a(x), 2) is completely continuous.
Proof Put

F(u) = div(a(x) ’ Vu(x,s) ’p%Vu(x, s))

+ (u,9)" ™+ @) |ulx, )| + B |ulx,s)|
We can rewrite

— L ! _ -l
¢(M)—¢(x)+l/f(x)t+r(a)/o(t $)* 1 F(u) ds.

For each v € H}(a(x), Q2), and ||V||Hé(a(x),9) =1, by integration by parts, we can get
(F(w),v)| = ‘/(a(x)wmp_le) + 1?7+ A () | T + h(w) | ul M) dx|.

Since 0 < f(x) € L' (), where L (Q) = = (2), g < r < p¥, and f(x) has a compact support
in Q,0 < h(x) € L*(2), and satisfies h(x) — 1as |x| — 00, so F(u) € C([0, T1; Hy(a(x), 2)).
Since 2 < p, by Sobolev embedding theorem, we have Wé’p(a(x), Q) — Hi(ax),Q),

and thus, ”u”H(l)(a(x),Q) < C”M”Wé,p(a y in the following, we denote IIuIIH(l)(amQ) and

),Q
2]l 11.ax), 0 BY Nl HY» |le¢|| 11, respectively. Hence, by the Cauchy-Schwarz inequalities,

the Poincaré inequalities, the Holder inequalities, the Sobolev embedding theorem, and
(2.7) and 1 < g < p < r, we have

(P,

= ‘/(ﬂ(x)WuV’_le) + 1?7+ M) |7y + h(x) || ) dx

< (ﬂa(x)wuw-l\zdx)%(/ |Vv|2dx)% + (/!up‘1|2dx)%</ |v|2dx)%

+ </|Af(x)|u|q‘1|2dx)%</|v|2dx>% + </|h(x)|u|’-1|2dx)%(/|v|2dx)%
< ( / \a(x)|w|1”-1|2dx) : VY20 ) + ( / \u"—llzdx> : VY1222

+ IMF@)| 1 ( / ||u|q1|2dx) : VYl 2 + ( f ||u|”|2dx) : IVVI 2.0
<((flacorvar ) o (frepas)’

@] (/!Iulq‘llzdxy . (f!|u|’-1|2dx>%)||v||,{é
< ( [ \a(x)Wul""llzdx)% . ( / |u1"1|2dx>%

@] </||u|q‘1|2dx>% . </||u|"1|2dx>%
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;(P—l) ;(p—l)
- pIr) i
= (/\a(x)VuP(p ) dx) 1 + (/ |u| 2D dx) !
ql rl ) (r-1)
Il ([ et ) (/1u|l=nd¢)

= [atx V”||L2(p D@, * Hu”(LI’;PBl)(u( ),2)

(r-1)
F A£G el Gy D el 5 Na.52)

< Collullfy +clm|Lf(x)||LH||wn(q1 J+ Gl Vel
< Cllely™ + Co (MG e laely” + el 7)

< Cllu) +C4(|Alllf(x)HLH||ull)?‘ +ul§ ™)
= (p-1)
~ r—q pr—q = 1%1
sc{(ﬁ) SET(MF Nl zz) }
(q-1)
r-4q p pq pL
+|x|\V(x)||LH{(@) 7 (A ll) }

A=)

=M.

‘H
Q

b (r-1)
(Aufnw) }

Here, Cy, C1, C,, C3, Cy4, C denote the best Sobolev constants, and C= max{C, Cy4}.

Thus, by Cauchy-Schwarz inequalities, we obtain

[ @@,

= sup ’(CD(u),v)‘

vl 1 <1
Hy

= sup
vl 1 <1
Hy

1 ! a1
<¢(x),v> + <1ﬁ(x),v)t + m /0 (t-s) <F(u), v) ds

= [{o@).v)| + [{v @), v)e

/ (£ —s5)*t F(u) v)

<[ W) | 1113 + ||w(x)lle(ﬂ(x),m||v||HéT

)| [ -9 as

< 10 ey T + | [ -5
=< 6@ ey + [V > ”L°°<a(x>,9>T+alj“v([a)

=106 o * IV i + iy ™

Hence, ®(u) is bounded.
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On the other hand, given € > 0, setting

M N\
= (H‘/f(x)HLoo(a(x),g)Jr @T 1) €

then, for every v € Hj(a(x),Q), t < &, t1,t2 € [0,T], and &, — & < 8, one has || Du(ty) —
Qu(ty)|| g1 = SUPjy ;<1 [(Du(ty) — Pu(ty),v)| < e. That is to say, ®(u) has equicontinuity.
0

In fact,

| Pults) - Putr) |,

= sup |<<I>u(t2)—<bu(t1),v>’

vl 1 <1
Hy

=)+ s [ - Fas

= sup
vl 1 <1
Hy

1 i oa-1
—m/() (t1—s) (F(u),v)ds

< V@ oo a1Vl 122 = 1] + [(F), v)|

1 & a-1
m /t; (tZ - S) ds

w7 - -5 as

o
1

< ty—t M ty t
< W@l mawale =01+ S5 - ore

= ”w(x)HLOO(a(x),Q)“Z - bl + Otr—(()[)(tg - tiy)'

In the following, we divide the proof into two cases.

Casel:§ <t <ty<T,sincel <u <2, weget

“Cpu(tz CDM tl HH 1

= sup |<d>u(t2)—d>u(t1),v>|

vl 1 <1
Hy

= ” I/f(x) ||L°°(ﬂ(x),Q)|t2 - t1| +

= [ ”Lm(a(x),9)|t2 —hl+ o
M
= H‘/’(x) ”Loo(a(x), 8+ —aTa '

M
= ”w(x)”Lo"(a(x), 8+ —aTu_IS
M
~ (I g T o=

Here, t; < t < t;, and we apply the mean theorem tf - tlﬁ = BtP1(t, — 1y).
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Case2:0 <fy,ty <ot(lx§,

|| Ddu(ty) — <I>14(L‘1)HH_1 sup |(d>u(t2) — du(ty), v>|

vl 1 <1
Hy

M o o
= [V e o2 =1l + m(tz - 1)

= W@ owmad + oo

IA

M o
[0 8 + 0 T8

M
(||w(x) it + @ 1)(S =

By applying the Arzela-Ascoli theorem, we know that ®(u) : H}(a(x), Q) — H (a(x), Q)
is completely continuous. This completes the proof. d

By Lemma 4.2, we know that fQ(u — ®(u))vdx =0, Vt € [0, T] for every v € H}(a(x), Q).
That is to say, the fractional order equation (Ejs;) has a unique weak solution u €
C([0, T]; Hy(a(x), )).

5 Conclusion
In this paper, we study the existence of positive solutions for P-Laplace semi-linear elliptic
equations and the corresponding time-fractional equations. That is, we first establish the
multiplicity of positive solutions for nonlinear elliptic equations with a positive smooth
weight function involving concave and convex nonlinearities in weighted Sobolev spaces,
and the proof of the two positive solutions for the problem (E;y,,) is given. Second, by ap-
plying the Arzela-Ascoli fixed point theorem, one existence result for the time-fractional
equations is also obtained.

Finally we like to mention that for (Ej ) its corresponding time-fractional equations are
the foundation models of the nonlinear problems in the field of PDES and it is worthwhile

to pay more attention to their study.
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