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1 Introduction
Let X be a Banach space and C be a closed convex subset of X. For each j > 1, a mapping

T;: C — C is said to be nonexpansive on C if
I Tjx — Tiyll < llx - yll

for all x,y € C. For each j > 1, let F(T}) be the set of fixed points of T}. If X is a strictly
convex Banach space, then F(T)) is closed and convex.

In [1], Baillon proved the first nonlinear ergodic theorem such that, if X is a real Hilbert
space and F(T}) # @ for each j > 1, then, for each x € C, the sequence {S,,jx} defined by

1
Spjx==(x+ Tx+---+ T/ ')
n

converges weakly to a fixed point of T}. It was also shown by Pazy [2] that, if X is a real
Hilbert space and S,,jx converges weakly to y € C, then y € F(T). These results were ex-
tended by Baillon [3], Bruck [4] and Reich [5, 6] and [7].

2 Multi-Banach spaces
The notion of a multi-normed space was introduced by Dales and Polyakov in [8]. This
concept is somewhat similar to an operator sequence space and has some connections
with the operator spaces and Banach lattices. Observations on multi-normed spaces and
examples are given in [8-10].

Let (E, | - ||) be a complex normed space and let k € N. We denote by EX the linear space
E® --- @ E consisting of k-tuples (xy,...,xx), where x1,...,x¢ € E. The linear operations
on EX are defined coordinate-wise. The zero element of either E or E¥ is denoted by 0. We

denote by Ny the set {1,2,...,k} and by X the group of permutations on k symbols.
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Definition 2.1 A multi-norm on {E¥ : k € N} is a sequence {|| - ||« }xexn such that || - ||x is a
norm on EX for each k € N with k > 2 satisfying the following conditions:
(AD) (Ko@)« %o @) Ik = 11, -, %) 1k (0 € B, 1,0, %k € E);
(A2) (et .. apxi) Ik < (Maxgery, o) (1. @) Ik (@1, 0 € C, 21,00, ¢ € E);
(A3) [1(xr, .- a1, O) Ik = I1Ce, . s Xpm1) -1 (X1, ..., %21 € E);
(A4) N1Ger ey dp1 Xk-1) 1k = 11, - oo Xko1) ller (e o o X1 € E).
In this case, we say that {(EX, || - [|x)}xen is a multi-normed space.

Lemma 2.2 ([10]) Suppose that {(EX, || - |«)}xen is a multi-normed space and take k € N.
Then we have the following:

@) M. x)llx = llxll (x € E);

(2) maxjen, llxill < [l ..o, xxllx < ZL ]l < kmaxen, [l (x1,..., %k € E).

It follows from (2) that, if (E, || - ||) is a Banach space, then (EX, || - ||x) is a Banach space
for each k € N. In this case {(EX, || - ||«)}xen is a multi-Banach space.

Now, we give two important examples of multi-norms for an arbitrary normed space
E [8].
Example 2.3 The sequence {|| - |[x}xen on {EX : k € N} defined by

”(xl,...,xk) ”k s=max |la]  (x1,...,% € E)
tENk

is a multi-norm, which is called the minimum multi-norm. The terminology ‘minimum’ is
justified by the property (2).

Example 2.4 Let {(|| - |} : k € N) : @ € A} be the (nonempty) family of all multi-norms on
{E¥:k e N}. For each k € N, set

”(xl,...,xk) ”k = sup”(xl,...,xk) HZ (x1,...,xx € E).
a€eA

Then {|| - ||x}xen is a multi-norm on {EX : k € N}, which is called the maximum multi-norm.

We need the following observation, which can easily be deduced from the triangle in-

equality for the norm || - ||x and the property (2) of multi-norms.

Lemma 2.5 Suppose that k € N and (x,,...,x;) € EX. For eachj e {1,...,k}, let {x/;,},,zl be

a sequence in E such that lim,,_, o, x’;, =x;. Then, for each (y1,...,¥x) € EX, we have

lim (] = 1,000k = 91) = (01 = 1,000 2% = 90)

n—00

Definition 2.6 Let {(EX, | - - - ||x)}xen be a multi-normed space. A sequence {x,,},>1 in E is

called a multi-null sequence if, for any ¢ > 0, there exists ny € N such that

SUP” (xn:~~rxn+k—l)||k <& (}’1 > n0)~
keN
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Let x € E. We say that the sequence {x,},>1 is multi-convergent to a point x € E and write

lim x, =x
n— o0

if {x,, — x},, is a multi-null sequence.

3 Main results
To prove the main results in this paper, first, we introduce some lemmas.

Lemma 3.1 ([11]) Let {(X, || - ||;)}jen be a uniformly convex multi-Banach space with mod-
ulus of the convexity 8. Let x;,y; € X. If |(x1,...,x)ll; <7 |015..-9)|; <7 ¥ < R and
(1 =91, % = y)ll; = € > 0, then

| (s + @ =2y, d + (1= 1)) | < (1= 221 = 1)3(e))
Jorall ) € [0,1], where dr(€) = 8(%).

To proceed, let {(X/, || - ||;)}jen denote a uniformly convex multi-Banach space with mod-
ulus of the convexity §.

Lemma 3.2 Let C be a closed convex subset of X and for eachj>1, T;: C — C be a nonex-
pansive mapping. Let x € C, f; € F(T}) for each j > 1 and 0 < < B < 1. Then, for any € > 0,
there exists N > 0 such that, for alln > N,
I(TF (AT + (L= 0)A) = (AT % + 1= 1)f),
k n n+k
o T (AT + (L= 0)f) = (AT e+ A= 2)f)) |,

<€

forallk >0 and ) € [a, B].

Proof Put

R= H(x—fl,...,x—ﬁ)

j}

r:lirlln”(T{’x—ﬁ,...,Tj”x—ﬁ) 7

c=min{2A(1-1):a <A < B}.

For given € > 0, choose d > 0 such that ﬁ > 1 - cép(€). Then there exists N > 0 such that,
forallm > N,

||(T1”x—f1,...,Tj”x—ﬁ)”].<r+d.
Foreachn > N, k>0and ¢ <X < 8, we put

w=(=3)(Tiz=f),  v=rT}"x-T2),
where z; = )»Tj”x + (1 - A)f;. Then we have

|G|, < 2@ =D [(TPx = Ao TPx =) |,
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and
||(v1,...,v,»)||}. < )L(l—)\)”(Tl”x—fl,..., Tj”x—ﬁ)”j.
Suppose that

”(ul—Vl»"'rui_Vi)Hj

= [(Tfz - (I % + A= Wf),., Tz = (AT + (1= 2)5)) |

> €.
Then, by Lemma 3.1, we have

[ Gt + (= 2w, 2ty + (1= 1)
=M= DT %= firon T2 - £

<M= (T7%—=fis.., T2 = £) | (1= 20(1 = 1)8z(€))

( j
<M1-W[(T{x~firos Tix =) (1 = cre)).
Hence we have

(r+ d)(l — CSR(e)) <r<(r+ d)(l — CSR(G)),

which is a contradiction. This completes the proof. O

Lemma 3.3 (Browder [12]) Let C be a closed convex subset of X and T;: C — C be a
nonexpansive mapping. If {u;} is a weakly convergent sequence in C with the weak limit u
and lim; ||u; — Tju;|| = O, then uy is a fixed point of T;.

Lemma 3.4 Let C be a closed convex subset of X and, for each j>1, T;: C — C be a

nonexpansive mapping. Then, for all x € C and n > 0,

lim sup || (TS Tix = St T¥ Tix, ..., Tf S Tix — S Tf i) ||1. =0 1)

i—)OOj_M)O
uniformly for each k > 1.

Proof By induction on 1, we prove this lemma. First, we prove the conclusion in the case
n=2.Put

r=lim sup| (77" - T7x, ..., Tj’”lx - T]"x)

n—00 }Zl j’

R= ||(x— Tlx,...,x—zj)|

_ i
E xij=Tix

foreachi>1.
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If r #0, then, for any € > 0, choose ¢ > 0 such that = > 1 — §r(€)/2. Then there exists
N > 0 such that, forall i > N,

” (lexi,l - T1k+1x,"1, ey T}-kx,‘,j - Tjk”x,-,,') HI <r+c

for each k > 1. If we put

1 1
=2 (Tiz=Tiwy),  v= (T % - Tfg),

where i >N, k>0and z = %(xi,j + Tjx;;), then we have

1
[ r) ”1 =3 |21 =1 -2 - xi,/)“/
1
= Z H (Tlxi,l —Xilyeres T}xi,j — xi,j) H)
=< i(r +¢).

Similarly, we have ||(vi,...,v)ll; < i(r + ¢). Suppose that

||(u1—V1,...,Mj—Vj)||j

1 1
= H (T{‘Zl -3 (le+1xi,1 + lexi,l); s Tij/ - i(Tjk”xi,/ + Tjkxi,j)> ‘
j

> €.
Then, by Lemma 3.1, we have

1
=2 (Tt 20 = T, T iy = Ty |

1
Hi(u1+vl,,..,u,~+v,»)

J

< i"””)(l‘ %we)),

which contradicts r > (r + ¢)(1 - %513(6)).
If r = 0, then, for any € > 0, choose i > 0 so large that sup; (1, ...,u)l; < 5. Hence we

have

sup
jz1

1 1
(lezl - 5 (le+1xi,1 + lexi,l); IR T}ij - 5 (Tjk”xi,,' + fo,»;))

j

= sup| (u — vi,..., 4 — v)) ”}
j=1

< sup| (ul,...,uj)H]. +sup| (V1,...,v;)“,~
jz1 7=

<e.

This completes the proof of the case n = 2.
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Now, suppose that

lim sup | (T Su-11%i1 — Su-11 Tx i1, - - - T;'kSn—l,jxi,j - Sn—l,jT}'kxi,j) | ;=0

=00 j>1
uniformly for each k > 1. We claim that

lim sup||(Sy—1,1 T1%41 — 15 -« » Sue1; Tikiy — %)) ||}

=00 j>1
exists. Put

r= 11m1nfsup ” (Sn—l,l Tlx,-,l —Xilreeor SYI—L}' T,'x,»,j - xi,,») ||1
=500 s

For any € > 0, choose i > 0 such that

€
SUp|| (Su-11 T1%i1 = Xis - - » St Tikiy — i) H/ <r+g
j=1

and

€
k k k k
sup|| (Su-11 T %11 — Ty Suct1%is1 1o - - 3 Sn-1, T i — T Sn-1,%is1) ||1 <3
j=1

Then we have

sup ” (Sn-11 T1Xirk 1 = Xivk1s -+ - St TiXivkj — Xisk)) ”]
j=1

k k k k
< sup|| (Su-11 T{ %111 = Tf Su-11%is1 - - - »Sn-1, T %isrj — T Su-r%is)) | j
j=1

+ sup|| (T Sy-11%i410 — T, -, Tjksn_l,/xm,j - Tf%‘,j) [

jz1 /
€ €
<—+r+ =
2 2
=r+e€

for all k > 1. Therefore, we have

limsup sup||(Su_1,1 T1%i1 = &i1, . » Su_1; Tj¥ij — %)) ||1

i—oo j>1

= lim sup sup || (Sy-11 T1%ik1 = Kisk 1 - - - » Snoty T ik — Fisk)) |

k—oco j>1 /

<r+e.

Since € > 0 is arbitrary, we have

limsup sup || (S,—1,1 T1%i1 = %1 - - » S Tjia — %i1) | i
oo j21

<liminfsup | (Sy-11T1%:1 = Xis- - - » Suor Tjij — %i)) | »
=00 > ]

i.e., hmHoo supjzl || (Sn—l,l Tlxm —Xilreeor Sn—l,j T,-x,»,, - x,;,») ||1 exists.
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Now, we put

r = llm sup || (Sn—l,l TNC,'J — x,',1, vesy Sn—l,/'zji,j — x,»,j) HI
=00 j>

If r #0, then, for any €, choose ¢ > 0 such that

r—c (n-1)
e >1- (2 s )83,(6).

Then there exists N > 0 such that, if, for all i > N, we put

n

%= o) (T Snij = Trxij) vy = n(Sua T xinry = T Suji),
so
|G, ) ||] < NSuca Tixig = %, -« » St Tikiy — i) ||] <r+g
” (Vl, veey Vg) ”l
< l’l” (Su-11 T %10 — TES, 11 %0410, - ~,5n_1,jTjkxi+1,j - T]‘kSn—l,ijl,j) ||]
+ || (Sucra Taxin = %is -+ r Sur T — %i5) ”1
<r+2c
and

||(u1—v1,...,uj—vj)||j

= % || (TfS,,,lxm — Sn,l lexi,l, ooy Tij,,,jx,-,j — Sn,,-Tjkx,-,j) ||1

Hence, by the method in the proof of the case n = 2, we have

SU?H (TESnaxia = Sua Ti it T;‘S,,,,»xi,,' = Snj Tj"xi,/) H; <€
jz

forallk>1andi>N.

If = 0, then, as in the proof of the case #n = 2, there exists N’ such that, for each i > N’,

€

€
i:F” (ul,...,u/)”]. < X i:?”(vl,...,vj) ||} < 5

Therefore, we have

S,u{) ” (lesn,lxi,l - Su1 lexi,l; cees Y}ksn,jxi,j —Suj Tjkxivj) ”] <E€.
]z

This completes the proof. d

Now, assume that the norm of X is Frechet differentiable and then we have the following.
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Proposition 3.5 ([4, 6, 13]) Let C be a closed convex subset of X and, for each j > 1, T;:
C — C be a nonexpansive mapping. If we put Wj(x) = N,,co{ T}‘x 1k > m} forallx € C, then
Wj(x) N F(T;) is at most one point.

In this paper, we give a new proof of the following theorem, which is due to Reich [6].

Theorem 3.6 Let {(X/,] - | )jen be a uniformly convex multi-Banach space which has
the Fréchet differentiable norm. Let C be a closed convex subset of X and, for each j > 1,
T;: C — C be a nonexpansive mapping. Then the following statements are equivalent:

(1) E(T) #9.

(2) {Tj”x} is bounded for all x € C.

(3) Forall x € C, {S,T;x} converges weakly to a point (y1,...,y;) € C uniformly for each

i>1.

Proof (1) < (2) is well known in [12].

(3) <= (2) Suppose that, for some x € C, there exists an unbounded subsequence {J"j"ix}
of {T}"x}. For each j > 1, since T} is a nonexpansive mapping, it follows that, for each m > 0,
the sequence {S,,,; Tj"ix} is also unbounded, which contradicts the condition (3).

(2) < (3) Since {Tj”x} is bounded and

[(T28na T = Sun Tis .., TiSu Tjx = S Tj) |

< [(T1SuaTix = Sua T Ty, .., TS Tjx = Su T T)) |
+ [ (St T T3x = Spa Tis ., S Ty Tjx = S, Tix) |

< [(T1SuaTix = Sua ThTi, .., TiSu T = S Ti i) |

1 . 4 , ,
i+1+n i i+l+n i
+;||(T1 x=Tix,.... T; x—Tlx)Hj,
there exists a sequence {S,,; T;”x} such that

lim sup [ (TaSna "% = Sua Ty, .., T3S0 Tj"x = S T} %) | = 0.
Then, by Lemma 3.3 and Proposition 3.5, it follows that any weakly multi-convergent
subsequence of {S,,,,»T;”x} multi-converges weakly to a point y;, i.e., S,,,,»T;”x — ¥j, where
¥; = Wj(x) N F(T}). Also, by Lemma 3.4, it follows that

. in+kn+i ip+kn+i in+kn+i in+kn+i
im sup | (T3S T3 % = S Ty, TSy T = S T 1) | = 0
1

n—00 ]2

for all i, k > 1. Therefore, S,,, Tji“k”xi — y; uniformly for each k > 1.
On the other hand, for each # > 1 with m > i,,, we have

in

1 - k d in+kn k
(e e Yoata)
k=i k=0

k=0

Page 8 of 9
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in+kn
i1

k > 1, it follows that {S,,,; T}x} converges weakly to y; uniformly for each i > 1. This com-

where m = tn + i, + r, r < n. Since {S, x;} multi-converges to y; uniformly for each

pletes the proof. d
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