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Abstract

In this paper, some new types of nonlinear integral inequalities on time scales with
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1 Introduction

The theory of time scales (closed subsets of R) was created by Hilger [1] in order to unify
continuous and discrete analysis and in order to extend those theories to other kinds of
the so-called dynamic equations. Many authors have expounded on various aspects of the
theory of dynamic equations on time scales. We refer the reader to the monograph [2] and
the references cited therein. Also, a few papers studied the theory of dynamic inequalities
on time scales; see, for example, [3-17].

Differential equations with ‘maxima’ are a special type of differential equations that con-
tain the maximum of the unknown function over a previous interval. Several integral in-
equalities have been established in the case when maxima of the unknown scalar function
is involved in the integral; see [18—21] and the references cited therein.

Recently in [22] we initiated the study of integral inequalities on time scales with ‘max-
ima; where some new integral inequalities were established. The significance of our work
in [22] lies in the fact that ‘maxima’ are taken on intervals [St, ] which have non-constant
length, where 0 < B < 1. Most papers take the ‘maxima’ on [¢ — /4, t], where /1 > 0 is a given
constant.

In this paper we continue the study of [22] and investigate some nonlinear dynamic
integral inequalities on time scales with ‘maxima’ This paper is organized as follows. In
Section 2 we give some preliminary results with respect to the calculus on time scales. In
Section 3 we deal with our nonlinear dynamic inequalities on time scales with ‘maxima’

In Section 4 we give an example to illustrate our main results.

2 Preliminaries
In this section, we list the following well-known definitions and some lemmas which can
be found in [2] and the references therein.
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Definition 2.1 A time scale T is an arbitrary nonempty closed subset of the real set R
with the topology and ordering inherited from R.

The forward and backward jump operators o, p : T — T and the graininess p: T — R,
are defined, respectively, by

o (t):=inf{s € T|s > t}, p(t) :=sup{s e T|s < t}, w(t):=o(t) -t

forall t € T. If o(t) > ¢, t is said to be right scattered, and if p(t) < ¢, t is said to be left
scattered; if o (£) = ¢, ¢ is said to be right dense, and if p(£) = ¢, ¢ is said to be left dense. If
T has a right-scattered minimum 1, define Ty = T — {m}; otherwise set Ty = T. If T has a
left-scattered maximum M, define TX = T — {M}; otherwise set TX = T.

Definition 2.2 A function f : T — R is rd-continuous (rd-continuous is short for right-
dense continuous) provided it is continuous at each right-dense point in T and has a left-
sided limit at each left-dense point in T. The set of rd-continuous functions f : T — R will
be denoted by Cq(T) = Cq(T, R).

Definition 2.3 For f: T — R and ¢ € TX, the delta derivative of f at the point ¢ is defined
to be the number f2(¢) (provided it exists) with the property that for each ¢ > 0, there is a
neighborhood U of ¢ such that

If (o(8)) = () = f2 @) (0 (&) - 5)| <¢&|o(t) 5|
forallse U.

Definition 2.4 For a function f : T — R (the range R of f may be actually replaced by a
Banach space), the (delta) derivative is defined at point ¢ by

_flo@®)-f(@)
o) -t

£

’

if f is continuous at ¢ and ¢ is right scattered. If ¢ is not right scattered, then the derivative
is defined by

o0 < tim @D SO -S6)

s>t J(t)—s s>t t—s
provided this limit exists.

Definition 2.5 If F2(¢) = f(t), then we define the delta integral by

t
/ f(s)As = F(t) — F(a).
Lemma 2.1 ([2]) Assume thatv:T — R is strictly increasing and T.= v(T) is a time scale.

Iff : T — Ris an rd-continuous function and v is differentiable with rd-continuous deriva-
tive, then for a,b € T,

b v(b) -
/f(t)vﬁ(t)At:/ (f ov™)(s)As.
a v(a)
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Lemma 2.2 ([23]) Assume thata>0,p>q>0,and p #0. Then

ab < (gkqppa+ukz) forany k > 0.

p p
3 Main results
For convenience of notation, we let throughout ¢, € T, £, > 0, Ty = [y, 00) N T and an in-
terval [y, n]lt = [y, n]NT. In addition, for a strictly increasing function : T — R, T= a(T)
is a time scale such that T C T.Forf € C4(T,R), we define a notation of the composition
of two functions on time scales by

f@oas)=f(a'(s)), yeTseT.

1
Example 3.1 Let f(¢) = 52 fort e T: Ng = {/n:neNy} and a(t) = t* for ¢t € T. Then we
have a~1(¢) = /£ for t € T = N, and

f)oa(s)=(5"")os=5, seT.

Theorem 3.1 Let the following conditions be satisfied:
(i) The function o € Cq(To,R,) is strictly increasing.
(i) The functions a, b, p and q € C.q(To,R,).
(iii) The function ¢ € Cua([B7,t0]T,R,), where 0 < B <1 and T = min{ty, «(to)}.
(iv) The function h € C(R,, (0, 00)) is increasing.
(v) The function u € Ciq([Bt,00)1, R,) and satisfies the inequalities

u(t) <k + / t[p(s)h(u(s)) +q(s)h (E max u(g))] As

t €lBsslT

o O [at () b h(, max u())]

(to) [By>ylT
o oc‘l(s)Zs, t €Ty, (3.1)
Lt(t) =< d)(t)r te [ﬂf’ tO]']I‘, (3'2)
where k > 0.
Then, for all t € Ty satisfying
t

H(M) + / [p(s) +q(s) + a(s)a™(s) + b(s)aA(s)] As € Dom(H’l),

0

we have

u(t) < H! (H(M) - [69) + 466) + als)ar®(5) + b(s)aﬂ(s)]As), (33)
where

M= max{ ki max ¢(s)} (3.4)
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Jix ()d’) 5’CO>0, 35

which H(co) = 0o, and H™\ is the inverse of H.
Proof We define a function z: [8t,00); — R, by

M+ ff [p(S)h(u(S)) + q(s)h(maxe s u(€))] As ~
At)=7 + f““ [a(y)h(u(y)) + b(yYh(maxec(py,y1p w()] 0™ ()As, ¢ € To,
M, te B, tolT,

where M is defined by (3.4). Note that the function z(¢) is nondecreasing.
It follows that the inequality

u(t) <z(t), tel[pr,00);
holds. Therefore, for t € T and s € [y, t]T, we have

max (&) < max z(§) = z(s).
&€(psslT &e[Bsslr

For t € Ty and s € [a(ty), «(t)]5, we have

h( max u(é))oa’l(s) §h< max z(é))oa’l(s)

EelBy.viT ge(By.ylr

h( max z(& ))
ge(pals)a L(s)r

Then, from the definition of z(¢) and the above analysis, we get for t € T that

zZ(t) <M +/ [p(s)h(z(s)) + q(s)h( max Z(E))]

SS']T

+ / a(t:[a(y)h(z(y))+b(y)h< max. z(g))]oofl(s)zs

alty s€lByylT

<M+ / [p($)h((s)) + q(s)h(=(s)) | As

0

a0 N
. / [a()h(e()) + b H(z())] 0 0\ (5) A

a(to)

M+ / [p(5)(=(9) + a(h(z(s) | As

Lo

+ /t[a(s)h(z(s)) + b(S)h(Z(S))]O(A(S)AS

to

=M+ /t[p(s) +q(s) + a(s)a®(s) + b(s)a™(s) | h(z(s)) As. (3.6)

to
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From inequality (3.6) we have

24(t) < [p(0) + q(0) + a()a™ (©) + b(D)a™ (t) |1 (2(2)),
which implies

z5(1)

A A
) PO+ a(t) +aat @)+ bou ). (3.7)

On the other hand, for t € T, if o (¢) > t, then

s H(z(o(t)) — H(z(t)) 1 ECO Y
[H(Z(L‘))] = ot = G(t)—tl(t) Mdr
_Ho@)-z0) 1 22

o) -t hizt)  h©) (3.8)

If o(¢) = ¢, then

_ 2(t)
mWW”W%miJ 1,

A
[H(z(0)]" =1l o 0

s—t t—s s—>tf—S§
. zZ()—z(s) 1 z5(t)
=lim

=t t—s hw) hzd) (39)

where w lies between z(s) and z(¢). Hence from (3.8) and (3.9) we have

(3.10)

Combining (3.7) and (3.10), we get
[H(z(t))]A <p@) +q(t) + a(t)a®(t) + b)a™(t).

An integration for the above inequality with respect to ¢ from ¢, to ¢ yields

H(z(t)) <HM) + /t[p(s) +q(s) + a(s)a’(s) + b(S)OlA(S)]AS.

to

Since H! is an increasing function, we obtain

-1 ! A A
= ) 0
zZ(t) <H (H(M) + / [p(s) +q(s) + a(s)a™(s) + b(s)x (s)]As) teT

0

which results in (3.3). This completes the proof. O

We introduce the following classes of functions in connection with the nonlinearity of
the considered integral inequality.

Definition 3.1 ([24]) We will say that a function # € C(R,,R,) is from class @ if the fol-
lowing conditions are satisfied:
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(i)
(ii)
(111)

(iv)

h is a nondecreasing function;
h(x) >0 forx > 0;
h(tx) > th(x) for0 <t <1,x>0;

floo thcc =00.

Definition 3.2 ([24]) We will say that a function € C(R,,R,) is from class  if the fol-
lowing conditions are satisfied:

(i) /s a nondecreasing function;

(ii) A(x) > 0 for x > 0;
(iii) A(tx) > th(x) for0 <t <1,x > 0;
(iv) A(x+y) < h(x) + h(y) for x,y > 0;

dx

W) i 5 = oo
Note that the functions 4(x) = /x and h(x) = x are from class €.
In the case when in place of the constant k involved in Theorem 3.1 we have a function

k(), we obtain the following result using functions from class ®.

Theorem 3.2 Let the following conditions be satisfied:
(i) The conditions (i)-(iii) of Theorem 3.1 are satisfied.
(i) The function he C(R,,R,)and h € ®.
(ili) The function k € Cy4(Ty, [1,00)) is nondecreasing.
(iv) The function u € Cyy([BT,00)1,R,) and satisfies the inequalities

u(t) < k(®)+ / [PO(u) + qh( max wu(e)]as

o ((; [t hutr) + b )h( max ute)) ]

oal(s)As, teT,, (3.11)

u(t) < (), telBr, bolr. (3.12)

Then, for all t € Ty satisfying

H(N) + /t[p(s) +q(s) + a(s)a’(s) + b(s)aA(s)] As € Dom(H_l),

0

we have

u(t) < k(t)H™ (H(N) + /t[p(s) +q(s) + al(s)a™(s) + b(s)ozA(s)]As), (3.13)

to

where

N:max{l, max 9(s) } (3.14)

se[Br.tolT k(t()) ’

and H (x) is defined by (3.5).
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Proof From inequality (3.11) we obtain for t € Ty

% <1+ /t[P(s)h(kL:(t;)) + Q(S)h(maxi[f;’)shr u(g))]As
ot h(u(y)) h(maxge(gy,y 1y u(€)) RPS
+ /a(to) |:a( X0 +b(y) X0 :| o (s)As. (3.15)

Let us define functions k* : [81,00)p — R, and w: [B7,00)7 — R, by

k(t), te ’]r(),
k*(t) =
{k(to)r te[Br,tolT,

u(t)
Kk (t)’

w(t) = te [ﬂT,OO)T.

Note that the function k*(¢) is nondecreasing on ¢ € [81, 00)7.

By conditions (ii) and (iii) of Theorem 3.2, it follows that L (kbg)) < h(%) for t € Ty and

s € [to, t]r. From the monotonicity of k(t) and «(t), we get for £ € T and s € [£y, ] that

MaXge(Bs,sy u(§) < maXee[Bs,s]p u()
k(¢) - k*(s)

u(é) u(§)

= max < max
gelBssiy k*(s) — selssly k*(§)

) (3.16)

For t € Ty and s € [a(ty), «(¢)]5, we have

MaXee(py,yly 4() 0 ™(s) — MaXee(pa-i(s)a-l(s)y 4(5)

k(t) k(t)

~ Mg cipatiatoiy 4(E)
B k*(a(s))

u(§)

= max
eelBal(s)a-1s)r k*(71(s))
u
= max ﬁ
eelpaLis)a ()] k*(§)

— max u(é)
gclBy.yir kK*(§)

oo l(s). (3.17)

From inequalities (3.15), (3.16) and (3.17) and the definition of w(t), we have

w(t) <1+ /tt[p(s)h(w(s)) + q(s)h( max w(é))]As

o se[BsslT
a(t)
+ / L) s bon( max wee))]
oo (s)As, teT,, (3.18)

w(t) < % te B, tolr. (3.19)

Page 7 of 20
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Using Theorem 3.1 for (3.18) and (3.19), we get

w(t) <H™ (H(N) + ft[p(s) +q(s) + a(s)a™(s) + b(S)OlA(S)]AS), teTy,

to

which results in (3.13). This completes the proof. O

In the case when the function k() involved in the right part of inequality (3.11) is not a
monotonic function, we obtain the following result.

Theorem 3.3 Let the following conditions be satisfied:
(i) The conditions (i)-(ii) of Theorem 3.1 are satisfied.
(ii) The function ¢ € Cra([BT,00)T, R,) with maXse(ge i)y ¢(s) > 0, where 0 < B <1 and
T = min{ty, a(ty)}.
(iii) The function h e C(R,,R,) and h € Q.
(iv) The function u € Cq([BT,00)1,R,) and satisfies the inequalities

u(t) <p(t) + /t[p(s)h(u(s)) + q(s)h( max u(é))]As

to Ee[Bs,slT

o w)) [t hutr) + o)A max ute)) ]

(to
oa\(s)As, teT,, (3.20)
u(t) < ¢(t), telpr,tolr. (3.21)

Then, for all t € Ty satisfying
H(Q1) + /t[p(s) +q(s) + a(s)a®(s) + b(s)aA(s)]As 1S Dom(H_l),

we have

ut) <o)+ f()H™ (H(l) + ft[p(s) +q(s) + a(s)a™(s) + b(s)ozA(s)] AS), (3.22)

0

where H(x) is defined by (3.5) and

£ max 90+ [ [p61(06) + g max 9(e)]as

se[Br.tolr f §€(Bsslr

a(t) -
+ /a [a(y)h(qs(y))+b(y)h(s max 4)(5))] oal(s)As, teTy.  (3.23)

(to) elBy.vlr

Proof Let us define a function z: [7,00)7 — R, by

i [p($)h((s)) + q()h(maxecips sy w(&))] As
+ 2O [a(y)h(u(y)) + b(y)h(maxeepy 1, w(E))]
oal(s)As, t €Ty,
0, te (B, tolr.

z(t) = (3.24)

Page 8 of 20
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Therefore,

u(t) < ¢(t) +z(t), tel[pt,00). (3.25)

From the definition of the function z(¢), it follows that

2 < / t[ (s)h(¢(s)+z(s))+q(s)h< max ¢(¢) + max z(“;‘))]

[BsslT

o a8 + )

+b(y)h( max ¢(&)+ max z(&))}oa‘l(s)zs

ge(By.ylr &elBy.viT

<0+ [ [p(0) + a@n( max (0)]as

€[BsslT
a(t) -
/ |a(y)h (2(y)) + b(y)h( I[E%]Tz(g))} oal(s)As, teT,, (3.26)
z(t) < ¢(8), telBr,tolr, (3.27)

where the function f(¢) is defined in (3.23).
Since the function f(¢) : To — (0, 00) is nondecreasing and f(¢y) = maxee[gr 51 $(5), by
using Theorem 3.2 for (3.26) and (3.27), we get

z(t) <f()H™ (H(l) + /t[p(s) +q(s) + a(s)a™(s) + b(s)oeA(s)] As), teTy,

to

which results in (3.22). This completes the proof. O

Now we will consider an inequality in which the unknown function into the left part is
presented in a power.

Theorem 3.4 Let the following conditions be fulfilled:
(i) The conditions (i)-(iil) of Theorem 3.1 and (iii) of Theorem 3.3 are satisfied.
(i) The function k € Ca(To, (0,00)) is nondecreasing and the following inequality

L:= max ¢(s) <+/k(ty), n>1 (3.28)

se[Br.tolT

holds.
(ili) The function u € Cia([BT,00)1, R,) and satisfies the inequalities

u"(t) < k(t) + /t

to

[PO(ts)) + a(h(, max u))]as

Eelp

+/aa(z))[a(y)h(u(y))+b(y)h( max u(é))]

(to gelBy.vir
oal(s)As, teTy, (3.29)

u(t) <¢(t), telfr,tolr. (3.30)

Page 9 of 20
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Then, for all t € Ty satisfying

HQ) + /t[p(s) +q(s) + a(s)a®(s) + b(s)a™ (s)] As € Dom(H™),

to

we have
u(t) < %c‘* ko) + "Lk ¢ (L4 gO)H (H(l)
o 29 +4(9) + alo>s) + b(s)aﬁ(s)]As),
where

g - / [ptoyn(us) + a@h(, max we))|as
+1:3PMOWWWD+bWV(&$%WWQD]oa4®5&

with

1

o ) teTO)
wt)=1" .

Lo k(to) + Bhen, te Bt tolr

for any constant ¢ > 1.

Proof Define a function z: [81,00); — R, by

S [P()h(w(s)) + q(s)h(maxeeqss gy u(€))] As
+ [0 [aly () + by )n(maxee(sy, 1, u(€))]

2(t) = o~
oa~l(s)As, teT,,

0, te[Br,tolr.

It follows from inequality (3.29) for t € Ty that

1
n

u(t) < [k(2) +z(1)]".

Using Lemma 2.2, for any ¢ > 1, we obtain

1-n n-1

cn [kt) +2(t)] +

1
n

u(t) < c

n

n-11 1 1ax
cn +—cn z(t)
n

—

e k(t) +

I~ x| =

l-n

1
=w(t)+—cn z(t), teTo.
n

From inequality (3.28) and applying Lemma 2.2, for any ¢ > 1, we have

Vk(to) =

-n -1
¢ k(to) +

=

cn,

N

n

Page 10 of 20
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Indeed, by using inequality (3.36), we have for ¢t € [B7,to]T
1 10 1 1n
u(t) <(6) <(6) + —cm z(t) < wlt) + —c m z(¢), (3.37)
n n

where w(¢) is defined by (3.33).

Now we define a nondecreasing function v: To — (0, 00) by v(t) = L + g(¢), where L and
g(t) are defined by (3.28) and (3.32), respectively.

From the definition of the function z(¢), it follows that

2(t) < / t{ (s)h(w(s)+% 1—z(s)>

+q(s)h( max w(5)+lc1_7” max z(é))}As
selp n

€[Bs:slT §€[BsslT

alt) 1-n
. / {a(y)h(w(y) . lc»«z(y))
a(to) n

+b(y)h( max w(é)+%ck7n max z(é))}oa’l(s)&s
1

selBy.ylT &elBy.ylr
t 1 —n —n
<v(t)+ / |:p(s)h<—clnz(s)) +q(s)h< max cnz(é))j|As
o n gelpssir 1

() 1 1
+/ [cz(y)h(—c nz(y +b(y)h( max —cTz($)>:|
alto) selByylr n

o Ol_l(S)ZS, te Ty, (3.38)
z(t) < ¢(t), te[Br tolr (3.39)

From inequalities (3.38) and (3.39), we getforc>1,n>1

% ) < v + /tot[p(s)h(%cl_Tnz(s)> +q(s)h(§$g%1r%cl‘7"z(g)>]m

a(t) 1 1 1 Ln
+ /a(to) [d(y)h<zc " Z(V)) +b(”)h<g£§§m L Z(E))}

oa’l(s)As, teT, (3.40)

L <o), telprtolr (3.41)

N

Applying Theorem 3.2 for (3.40) and (3.41), we obtain

% 5 z(t) < v(t)H™ (H(l) + /t[p(s) +q(s) + a(s)a™(s) + b(S)OtA(S)] As), te Ty,

to
which results in (3.31). This completes the proof. d

Next we will consider an inequality which has powers on both sizes.

Theorem 3.5 Let the following conditions be fulfilled:
(i) The conditions (i)-(iii) of Theorem 3.1 and (iii) if Theorem 3.3 are satisfied.

Page 11 of 20
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(i) The function k € Cq(To, (0,00)) is nondecreasing and the following inequality

K= max {$°0.6'0)) < 2" k(to) + "2 (3.42)
se[Br.tolT n n
holds for any constant c>1landn>m=>1>§>¢ > 1.
(iii) The function u € Cua([BT,00)1, R,) and satisfies the inequalities
u"(t) < k(t) + /to [p(s)h(um(s)) + q(s)h<se%%§]T ul(g))]As
“ h(u® b(y)h s
+ faa@ [a(y) (#(y)) + bly) (561[23,))(/]11‘ u (E))]
oa’l(s)As, teT,, (3.43)
u(t) <¢(t), telBr,tolr. (3.44)
Then, for all t € Ty satisfying
H(Q) + /t[p(s) +q(s) + a(s)a”(s) + b(s)o:A(s)]As € Dom(H’l),
we have
u(t) < %c%’k(t) + 2= lcﬁ + %CFT (I( + )»(t))H’1 (H(l)
+ / [p(s) +q(s) + al(s)a™(s) + b(S)OlA(S)]AS), (3.45)
where
AE) = / [pnm) ¢ qon(_max )]s
a(t) -
+ /a N [a(y)h(W(y)) + b(y)h(&?‘g%hw@))] oal(s)As, (3.46)
with
- {%cmnnk(t) e, pe, 547
Zeon k(to) + ”T‘ICW, te BT, bl
Proof We define a function z: [8t,00); — R, by
[ p($)h(™(5)) + qls)(maxecips iy ' (€))] As
P S laly )’ () + b(y Y(maxecipy ), 1 (€))] (3.48)

oal(s)As, te T,

0, te B, tolT.
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From inequality (3.43) we have for t € T

1
n

u(t) < [k(®) + 2(8)]",

W(6) < [k(®) + 2],

m
n

u"(t) < [k@®) + ()] ",

)
n

w(t) < [k(t) + z(t)] ,

X|™

u®(t) < [k(t) + z(t)] .

By using Lemma 2.2, for any ¢ > 1, we obtain

11 1 14
cn+—cnz(t), teTy,
n

—

n—

e k(t) +

N

u(t) <

€ & e
i + —c%z(t)
n

E e-n n-—
ut(t) < —cn k(t) +
n
m m-n
<wit)+—c 7 z(t), teTo,
n

W) < —c7 k() + ci+ —c 7 z(t)

S s n—-38 s & s
n

m m-n
<w(t)+—c 7 z(t), teT,,
n

m m-n n—m m m-n
u(t) < —c n k(t) + g
n

m-n

<w(t)+ —c 7 z(t), teT,.
n

Moreover, we have

m-n

n z(t)

U (£) < °(1) < ¢° (1) + %c
<) + %c#z(t), t € BT, to]r
and

m-n

nz(t)

Wt < ') < ¢(t) + %c

_ m —
<W(t)+ —c' 7 2(t), telBr, bl
n

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

where w(¢) is defined by (3.47). From the definition of the function z(¢), it follows that

z(¢) < /[{p(s)h (W(s) + %cm»?" z(s))

+q(s)h( max w(£)+ max Zcm;nz(é))}As

§€[Bs.slT s€[psslr n
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a(t) m-n
+/ {u(y)h<W(y)+ e Z(y)>
alto) n

+b(y)h( max w(£)+ max Zcmn”z(‘;f)>}oozl(s)As
§elBy.yiT gelpyylr n

< ol0)+ / [ms)h(%c“”n” z(s>) . q(s)h(g max 2 (s))} As

a(t)
+/ [a(y)h(ﬂc”’n‘”z(y))+b(y)h( max Tc’”n’”z(s))]
alto) n Ee[By.ylr n

oal(s)As, teT,, (3.56)

z(t) < ¢(8), telBr,tolr. (3.57)

From inequalities (3.56) and (3.57), we have

%cm;nz(t) < p(t)+ /Tp(s)h(zcmnnz(s)) +q(s)h< max Tc%z(§)>]As

" n telBsslt 1
alt) m  wm-n m m-n
+/ [a(y)h(—cTz(y)> + b(y)h( max —cTz($)>:|
alty) n gelBy.ylr n
oaM(s)As, teTy, (3.58)
M) < o), t e (BT, ol (3.59)
n

where a nondecreasing function p(£) : Ty — (0, 00) is defined by p(¢) := K + A(t), where K
and A(¢) are defined in (3.42) and (3.46), respectively.
Applying Theorem 3.2 for (3.58) and (3.59), we obtain

B

CT_nz(t) < p()H™ (H(l) + ft[p(s) +q(s) + a(s)a™(s) + b(S)OtA(S)]AS>, t €Ty,

0

which results in (3.45). This completes the proof. d

In the case when the unknown function is involved nonlinearly in the left part of the
inequality, we obtain the following result.

Theorem 3.6 Let the following conditions be fulfilled:
(i) The conditions (i)-(iv) of Theorem 3.1 are satisfied.
(i) The function ¥ € C(R,,R,) is strictly increasing, lim;_, o, W(£) = 00.
(ili) The function u € Ciq([Bt,00)y, R,) and satisfies the inequalities

\Il(u(t)) <k+ /t[p(s)h(u(s)) + q(s)h( max] u(“;‘))]As

to Ee[Bs,slT

o " atm(ut) + b h(, max u(e))]

(to) €lByvir
oa’l(s)As, teTo, (3.60)
ut) <¢(t), telpr,tolm, (3.61)

where k > 0.
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Then, for all t € Ty satisfying
]TI(\I!(P)) + /t[p(s) +q(s) + als)a®(s) + b(s)a"(s)|As € Dom(ﬁ’l)

to

and

H! (ﬁ(W(P)) + /t[p(s) +q(s) + a(s)a’(s) + b(s)ozA(s)] As) € Dom(\IJ’l),

0

we have

u(t) < \D’l{ﬁ_l <ﬁ(W(P)) + /t[p(s) +q(s) + a(s)a®(s) + b(s)aA(s)]As> }, (3.62)

0

where
P:max{‘lf"l(k), max ¢(S)} (3.63)
se€lBr.tolT
and
H(x) / L 4 x50 (3.64)
= ————dr, x¢>0, .
xo H(Y71(r)

where ITI(oo) = 00, and H' is the inverse ofITI.
Proof Define a function z: [87,00)7 — R, by

W(P) + [ [p(s)h(uls)) + q(s)h(maxee g, u(€))] As
2=+ [20[al)hu(y)) + b(y)h(maxeeisy y1; u@))] 0 e (s)As, te Ty,
w(P), te (BT tolr,

where P is defined by (3.63). Note that the function z(t) is nondecreasing.
It follows that the inequality

u(t) < W (z(t)), te[Br,00);
holds. Therefore, for t € Tg and s € [£y, t]T, we have

max u(§) <  ax W (z(8)) = U7 (2(5)).

For t € Ty and s € [a(ty), «(¢)]5, we have

-1 -1 -1
g 0) 070 < s, 97 eED) 00

g <Se[ﬁa max—l v (z(g)))

(¥ ((—1(3))))
= (U7 () e a7'(s).
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Then, from the definition of z(¢) and the above analysis, we get for t € T, that

2() < U(P) + / [p(s)h(\rl(z(s)))+q(s)h(§$3§§mqu(z(g)))]As

Lo

+/aau)[a(y)h(‘l’_l(z(y)))+b(y)h( max \D‘l(z(é))ﬂ

(to) EelBy.ylT
oa’l(s)As, teT,, (3.65)

z(t) <W(P), tel[Brt tolr. (3.66)

According to Theorem 3.1, from inequalities (3.65) and (3.66), we have

Z2() <H™ (ﬁ(\y(P)) + f t[p(s) +q(s) + a(s)a™(s) + b(s)aA(s)]As), t €Ty,

0

which results in (3.62). This completes the proof. O

In the case when in place of the constant k involved in Theorem 3.6 we have a function
k(), we obtain the following result.

Theorem 3.7 Let the following conditions be fulfilled:
(i) The conditions (i)-(iii) of Theorem 3.1, (ii) of Theorem 3.2 and (ii) of Theorem 3.6 are
satisfied.
(i) The function k € Cq(To, [1,00)) is nondecreasing and the inequality
Q = MaXee e o)y B(5) < WL (Kk(t)) holds.
(iii) The function u € Cua([BT,00)1, R,) and satisfies the inequalities

W (u(t)) < k(®) + / l[p(s)h(u(s)) +q(s)h(é max u(e)) |as

f €[Bs.slT

)

(t0) se[By.yiT
oal(s)As, teTy, (3.67)
ut) <o), telBr, tolr. (3.68)

Then, for all t € T satisfying
IA-:f(l) + /t[p(s) +q(s) + a(s)a”(s) + b(s)aA(s)]As € Dom(ﬁ[‘l)

and

k(t)H™ (1?(1) + / t[p(s) +q(s) + a(s)a™(s) + b(s)aA(s)]As) € Dom(¥™),
we have

u(t) < vt {k(t)ﬁl (ﬁu) + / t[p(s) +q(s) + a(s)a®(s) + b(s)ozA(s)]As> } (3.69)

0

where ﬁ(x) is defined by (3.64).
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Proof Define a function z: [81,00); — R, by

k(t) + ftf, [p(s)h(u(s)) + q(s)h(maxeegs, i, u(§))] As
2(t) = + f““ [a(y)n(u(y)) + b(y)h(maxecisy 1 w(E)] o a (s)As, ¢ €Ty,
k(to) te [ﬂ":’tO]’]I"

Note that the function z(¢) is nondecreasing. It follows that the inequality
u(t) <W(z(8), telpr,00);
holds. Therefore, for t € Ty and s € [y, t]T, we have

u(§) < (max W (2(8)) = U (z(s)).

For t € Ty and s € [« (), ®(£)]7, we have

h( max u(’;‘)) oas) §h< max lIl_l(z(%‘))) oo }(s)

EelBy.viT &elBy.yir

i max w7 v (=€) )

ge[Bal(s)a~L(s)]T

(W~ (z(e ’1(5) )
= h(¥7(z(y))) o a™'(s).

Then, from the definition of z(¢) and the above analysis, we get for ¢ € T, that

2t) < k(t) + / t[p(s)h(\ll_l(z(s)))+q(s)h( max qu(z(g)))]As

to EelBs,slT

+ /““j [ﬂ()/)h(\lf1 (z(r))) + b()/)h(gerhrﬂlsx v (Z@)))]

alto B2k
o oc"l(s)Zs, teT,y, (3.70)
z(t) < k(ty), te[Bt, tolr. (3.71)

According to Theorem 3.2, from inequalities (3.70) and (3.71), we have
o - t
z(t) < k() H™! (H(l) + / [p(s) +4(s) + a(s)a®(s) + b(s)aA(s)]As), teTo,
to

which results in (3.69). This completes the proof. d

4 An application
In this section, in order to illustrate our results, we consider the following first-order dy-
namic equation with ‘maxima’:

X2 = F(t (), max x(s)) teT,, (4.1)

se[Bt.t]T
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and initial condition

x(t) = ¢(t)’ te [/37:, tO]Tr (42)

where F € Ciq(Typ x R x R,R), ¢ € Ciq([Bto, tolT,R), 0 < B <1, T is a constant such that
BT <ty.
Corollary 4.1 Assume that:

(Hi1) There exists a strictly increasing function o € Cq(To,R,) such that o(T) = T is a time
scale and min{ty, a(ty)} = 1.

(Hy) There exist functions A, B,C,D,a” € Ci(To,R,) and an integer p > 1 such that for
te Ty, u,vek,

|F(t,u,v)| < (A() + BO)a™(0) Y ul + (C©) + DO ) YV (4.3)

Then the solution x(t) of IVP (4.1)-(4.2) satisfies the following inequality:

L

|x(t)| < {MpI;1 +‘UT_1 /t[A(s) +C(s) + B(s)a’ (s) +D(s)ozA(s)]As}p_1, teTy, (4.4)

where

M = max |¢(s)|

se[Br.tolT
Proof It is easy to see that the solution x(¢) of IVP (4.1)-(4.2) satisfies the following equa-

tion:

x(t) = p(to) + /tF(s,x(s), max x(é)) As. (4.5)

to Ee[Bs,slT

Using the assumption (H;), it follows from (4.5) that

%) < [ (k)| + /;’F s,x(s)  ax x(s))’As

SS']I‘

<[ote] + [ [(46)+ B ) {0

to

+ (C(s) + D(s)x (s))

max +(6)|[as

< [p(e0)] / [ o]+ co oy [ve]as
; / [B6){/x)] + D5 M]aﬂ(sms
= [p(t0)| +/t:[A(s)” 2(s)| +C(S)M]As
+ / :’: (80100 + D) M] oa\(s)As. (4.6)
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Hence Corollary 4.1 yields the estimate

P

/ t[A(s)+C(s)+B(s)o¢A(s)+D(s)aA(s)]As}p1, teTo. (4.7)

()| < {Mppl +2

Inequality (4.7) gives the bound on the solution x(¢) of IVP (4.1)-(4.2). O

Example 4.1 Consider the following first-order dynamic equation with ‘maxima’ on time
scale T = {2": n € Z} U {0} (Z stands for the integer set):

x2(2) = 5 tan (2 + 8£%) /()

+2sin((e* + 4 cos*(rt)) 3 max, 1, X(s), ¢ €To, (4.8)

M)=3, tell2n
where Tg = [2,00) NT.

Here ¢(t) = 3, B = 1/16, p = 3, F(t,%(¢), maxe(ge,q, %(s)) = (tan™((2 + 8¢2) x /x(¢)))/2 +
2 sin((e* + 4 cos®(t)) 3 maX,e 1, x(s)), Lo =2, T = 2.

By choosing «(t) = 4t, we can show that «(T) = TC Tand min{zy, x(fo)} = 2. Clearly,

’F(t,x(t), max x(s))‘ = ’%tan_l(@ + 8t2)m)

selpttlT

+2 sin((e% +4cos*(mt)) 5/ max x(s))
sel &bt

< (1+48)J|x@®)| + (2¢* + 8cos* (1)) 3

max  x(s) ’
se[ g ttr

and

max |¢(s)| =3.
se[(l/(8))'(2)]11“ ‘

On the other hand, we have a®(t) = 4. Set A(t) = 1, B(t) = £, C(t) = 2¢* and D(¢t) =
2 cos?(rt). Hence, Corollary 4.1 yields the estimate

3
2 [t 2
|x(t)| < {3% +§/ [1+2ezs+4s2+80052(ns)]As} , teT,y.
2
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