Hung and Kieu Journal of Inequalities and Applications 2014, 2014:250 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/250 a SpringerOpen Journal

RESEARCH Open Access

On the existence and essential components
of solution sets for systems of generalized
quasi-variational relation problems

Nguyen Van Hung and Phan Thanh Kieu"

"Correspondence:
ptkieu@dthu.edu.vn

Department of Mathematics, Dong
Thap University, 783 Pham Huu Lau
Street, Ward 6, Cao Lanh City,
Vietnam

@ Springer

Abstract

In this paper, we study the existence of a solution for a system of quasi-variational
relation problems (in short, (SQVR)). Moreover, we discuss the existence of essentially
connected components of the solution set for (SQVR). Then the obtained results are
applied to systems of quasi-variational inclusions and to systems of weak vector
quasi-equilibrium problems. The results presented in the paper improve and extend
many results from the literature. Some examples are given to illustrate our results.
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1 Introduction and preliminaries

Variational relation problems were first introduced and studied by Luc in [1]. These prob-
lems include as special cases variational inclusion problems, vector equilibrium problems,
vector variational inequality problems and vector optimization problems, etc. Later, the
results of many authors had been extended and studied as regards the existence and sta-
bility of solutions in different models; see for example [2—11] and the references therein.

In 1950, Fort [12] first introduced the notion of essential fixed points of a continuous
mapping from a compact metric space into itself and proved that any mapping can be
approximately closed by a mapping whose fixed points are all essential. Later, Kinoshita
[13] introduced the notion of essential components of the set of fixed points of a single-
valued map and proved that there exists at least one essential component of the set of
its fixed points. Recently, the essential components of the solution set have been studied
for vector equilibrium problems [14, 15], vector variational inequality problems [16], etc.
Very recently, Yang and Pu [17] introduced and studied the system of strong vector quasi-
equilibrium problems (in short, (SSVQEP)) and also obtained the existence of essential
components for these problems.

Motivated by the research works mentioned above, in this paper, we introduce the sys-
tem of generalized quasi-variational relation problems. Then we establish some existence
theorems of solution sets for this problem. Moreover, we also obtain an existence theorem
for essentially connected components of the set of solutions for a system of generalized
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quasi-variational relation problems. These results are then applied to systems of quasi-
variational inclusion problems and systems of weak vector quasi-equilibrium problems.

Now, we pass to our problem setting. Let I = {1,...,n} be an index set. For each i € I, let
X;and Y; be two real locally convex Hausdorff topological vector spaces and K; a nonempty
convex compact subset of X;. Denote

K=]] K  K=]]K=kixK, Xx=]]X.

jelji iel iel

For each x € K, we can write x = (x;,%;). Foreachi e/, let S;, T; : K — 2Ki be set-valued
mappings, and let R;(x;,%;,y;) be a relation linking x; € K;, x; € K; and y; € K;. We con-
sider the following system of generalized quasi-variational relation problems (in short,
(SQVR)).

(SQVR): Find (X;,%;) € K such that, for each i € I, ¥; € S;(¥) and

Ri(x:,%;, ;) holds,  Vy; € Ty(x),

where % is a solution of (SQVR). We denote by X (R) the solution set of (SQVR).

Next, we recall some basic definitions and some of their properties.

Let X, Y be two topological vector spaces; let A be a nonempty subset of X and F: A —
2Y be a multifunction.

(i) F is said to be lower semicontinuous (Isc) at xy € A if F(xo) N U # ¥ for some open

set U C Y implies the existence of a neighborhood N of x such that F(x) N U #,
Vx e N.

(ii) F is said to be upper semicontinuous (usc) at xy € A if, for each open set U 2 G(xp),
there is a neighborhood N of x, such that U D F(x), Vx € N.

(iii) F is said to be continuous at xy € A if it is both Isc and usc at xg € A.

(iv) F is said to be closed if Graph(F) = {(x,y) : x € A,y € F(x)} is a closed subset in
AXxXY.

Let A, B, C be convex sets in topological vector spaces and R(x, y, z) be a relation between
elements of the three sets. The relation R is said to be closed if the set {(x,7,z) € AxBx C:
R(x,y,z) holds} is closed. The relation R is said to be convex in the first variable if whenever
R(x1,7,2) holds and R(x5,y,z) holds, then R(Ax; + (1 — X)x3,9,2) holds, for all x;,x; € A,
A €[0,1].

Definition 1.1 ([18]) Let X, Y be two topological vector spaces, A is a nonempty subset of
X,and F: A — 2Y be a multifunction; and C C Y is a nonempty, closed, and convex cone.
F is called upper C-continuous at x, € A, if, for any neighborhood U of the origin in Y,
there is a neighborhood V of x such that

Fx) CFxg)+U+C, VxeV.

Definition 1.2 ([18]) Let X and Y be two topological vector spaces and A be a nonempty
convex subset of X. A set-valued mapping F : A — 2 is said to be properly C-quasiconvex
if, for any x,y € A and A € [0,1], we have

either F(x) C F(tx+(1-t)y)+C

or F(y) CF(tx+(1-1t)y) +C.
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Lemma 1.1 ([18]) Let X, Y be two Hausdor{f topological vector spaces and F : X — 2¥ be
a multivalued map.

(i) IfF is upper semicontinuous with closed values, then F is closed.

(i) IfF is closed and Y is compact, then F is upper semicontinuous.

Lemma 1.2 ([19]) Let X, Y be two Hausdorff topological vector spaces and F : X — 2Y be
a set-valued mapping with compact values. Then F is upper semicontinuous xo € X if and
only if, for each net {x,} € X which converges to xy € X and for each net {y,} C F(x,), there
exist yo € F(xo) and a subnet {yg} of {yo} such that yg — y,.

Lemma 1.3 ([20]) Let A be a nonempty compact convex subset of a Hausdor{f topological
vector space X. Suppose that M : A — 24 U {()} be a set-valued map with the following
conditions:
(i) foreach at x € A, M(x) is convex;
(ii) foreachatx € A, x ¢ M(x);
(i) foreachatye A, M7\ (y) = {x € A:y € M(x)} is open in A.
Then there exists xq € A such that M(xq) = 0.

Lemma 1.4 (Kakutani-Fan-Glicksberg [21]) Let A be a nonempty compact convex subset
of a locally convex Hausdorff vector topological space X. If F : A — 24 is upper semicontin-
uous and for any x € A, F(x) is nonempty, convex, and closed, then there exists an x* € A
such that x* € F(x*).

2 Existence of solutions
In this section, we establish an existence theorem of solutions for system of generalized
quasi-variational relation problems.

Theorem 2.1 For each i € I, assume that
(i) S; is upper semicontinuous in K with nonempty compact convex values;

(i) T; is lower semicontinuous in K with nonempty convex values;

(iii) for all (x;,%;) € K; x K;, Ri(%;, %3, %;) holds;

(iv) the set {(x;,y;) € K; x K : Ri(-, %, ;) does not hold} is convex in K;;

(v) the relation R; is convex in the first variable and closed.
Then the (SQVR) has a solution, i.e., there exists (x;,%;) € K such that, for each i € I, %; €
S;(x) and

Ri(%;,%;,9:) holds, Vy; € T;(%).
Moreover, the solution set of the (SQVR) is closed.

Proof We define a set-valued map: ® : K — 2X by ®(x) = [],.; ®:(x), where

iel
D;(x) = {ai € Si(%) : Ri(ai, %3, 9;) holds, Vy; € T,-(x)}, Vx e K.

(The map & is called the best-reply map; see [14, 17].)
ForeachieI:
(I) For any x € K, we show that ®;(x) # ¥ is nonempty.
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Indeed, for all x € K, we define a set-valued map M; : S;(x) — 25® U {¢} by
M;(x) = {yi € Ti(x) : Ri(x;, %3, y;) does not hold}, for each x; € S;(x).

(a) For each x; € S;(x), by condition (iv), M;(x) is a convex set.

(b) For each x; € S;(x), by condition (iii), x; & M;(x;).

(c) For each y; € T;(x), by condition (v), the set
M () = {x: € Si(w) 1 3 € Mi(x)} = {x; € Si(x) : Ry(x1, %, ¥;) does not hold} is open in
Si(x).

By Lemma 1.3, there exists X; € S;(x) such that M;(x;) = ¢, i.e., ®;(x) # .

(II) We show that ®;(x) is convex.

Let a},a? € ®;(x) and A € [0,1] and put a; = Aa; + (1 — A)a?. Since a},a? € S;(x) and S;(x)

is convex, we have a; € S;(x). Thus, for a}, al-z € ®;(x), it follows that

Ri(a;,x;,¥;) holds,  Vy; € Ti(x).
By (v), R; is convex in the first variable, we have
Ri(ka} +(1- )»)a?,x;,yi) holds, Vi €[0,1],Vy; € T;(x),

i.e., a; € ®;(x). Therefore, ®;(x) is convex.
(III) We will prove that @, is upper semicontinuous in K with nonempty compact values.
Since K is a compact set, it suffices to show that ®; is a closed mapping. Indeed, let
{(a¥,x*)}qen be any a net in Graph(®;) such that (af,x*) — (a?,xo). Now, we need only
prove that a? € @;(x°). Since a? € S;(x*) and §; is upper semicontinuous at x° € K with
nonempty compact values, we have S; is closed at x° € K, thus, a? € S;(x°). Suppose to the
contrary a) ¢ ®;(x°). Then 3y? € T;(x°) such that

Ri(ay,x;,}) does not hold. (2.1)

By the lower semicontinuity of T;, there is a net {y*} with y* € T;(x%) such that y* — »?.
Since af € ¥;(x%),

Ri(a‘l?‘,x‘;,y?‘) holds. (2.2)
By condition (v) and (2.2),

R(a),x;y]) holds. (2.3)
This is a contradiction between (2.1) and (2.3). Thus, a? € ®;(x°). Hence, ®; is upper semi-
continuous in K with nonempty compact values.

By the definition of the mapping ® is upper semicontinuous with nonempty compact
values. By Lemma 1.4, there exists (x;,%;) € K such that, for each i € I, x; € S;(x) and

Ri(Q_C,‘,J_C;,_)/,‘) holds, V_)/i € T,(Q_C)

(IV) Now we prove that X (R) is closed.
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Let a net {x,, @ € I} € X(R): x, — xo. We need to prove that xy € X(R). Indeed, by the
lower semicontinuity of T}, for any y? € T;(x°), there exists y¢ € T;(x*) such that y¥ — y?.
Asx* € X(R),

R; (xf‘, xf‘,yf‘) holds.

Since §; is upper semicontinuous with nonempty and closed values, by Lemma 1.1(i), we
find that S; is closed. Thus, ° € S;(x°). By condition (v),

R; (x?,x?,y?) holds.
This means that x° € £(R). Thus Z(R) is a closed set. O

If we let S;(x) = T;(x) = K; for each i € I and x € X, then (SQVR) becomes the following
system of variational relation problems (in short, (SVR)). So, we obtain following result.

Corollary 2.1 Foreach i € I, assume that
(1) for all (x;,x;) € K; x K3, Ri(xi, %3, %;) holds;
(ii) the set {(x;,y:) € K; x K : Ri(-, %, ;) does not hold} is convex in K;;
(ili) the relation R; is convex in the first variable and closed.
Then the (SVR) has a solution, i.e., there exists (x;,x;) € K such that, for each i € I,

Ri(.?_ci,&_C;,yi) holds, Vyi S I(i.
Moreover, the solution set of the (SVR) is closed.

If I is a singleton, S;(x) = S(x), T;(x) = T'(x), then (SQVR) reduces to the following quasi-
variational relation problem (in short, (QVR)). So, we also obtain the following result.

Corollary 2.2 Assume that
(i) S is upper semicontinuous in K with nonempty compact convex values;
(i) T is lower semicontinuous in K with nonempty convex values;
(iii) for all x € K, R(x,x) holds;
(iv) the set {y € K : R(-,) does not hold} is convex in K;
(v) the relation R is convex in the first variable and closed.
Then the (QVR) has a solution, i.e., there exists x € K such that x € S(x) and

R(x,y) holds, Vye T(x).
Moreover, the solution set of the (QVR) is closed.
Remark 2.1
(i) Foreachiel, letX;, Y;and K;, K;, K, T; = S; be as in (SQVR). Let

F;: K; x K; x K; — 2Yi be a set-valued mapping, C; C Y¥; be a nonempty, closed, and

convex cone, and the relation R; be defined as follows:

Ri(x;, %5, 9:) holds  iff  Fi(x;,%5,9:) C Ci.
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Then (SQVR) becomes the system of strong vector quasi-equilibrium problem (in
short, (SSVQEP)) studied in [17].

(if) Let S;(x) = T;(x) = K; for each i € I and x € X and let F;, C; as in Remark 2.1(i). Then
(SVR) becomes the system of strong vector equilibrium problems (in short,
(SSVEP)) studied in [17].

(iii) If I is a singleton, S;(x) = S(x), T;(x) = T'(x), and let F: K x K — 2¥ be a set-valued
mapping, C C Y be a nonempty, closed, and convex cone, and the relation R be

defined as follows:
R(x,y) holds iff F(x,y) C C.

Then (QVR) becomes the strong vector quasi-equilibrium problem (in short,
(SQVEP)) studied in [17].

(iv) Yangand Pu [17] obtained some existence results for the system of strong vector
quasi-equilibrium problems. However, the assumptions of theorems in [17] are
different from the assumptions of Theorem 2.1, Corollary 2.1, and Corollary 2.2.

(v) Corollary 2.2 is a particular case of Theorems 3.1 and 3.3 in [2]. However, the
assumptions and proof methods in Theorems 3.1 and 3.3 in [2] are different from

the assumptions and proof methods of Corollary 2.2.

In the next example all assumptions of Corollary 2.2 are satisfied, but Theorem 3.3 in
[17] is not applicable. The reason is that F is neither upper C-continuous nor properly

C-quasiconvex.

Example 2.1 Let/={1},X;=Y; =R, K;=[0,1], C=R,, and let S;, T; : K; x K; — 2% and
F:K; x K; — 2Yi be defined by

Si(x, ) = Tix,y) = [0,1],

. 1
Filxi,;,91) = F(x,) = 2l it =,
[%, 1] otherwise.
We let the relation R; be defined by R;(x;,x;,;) holding iff F;(x;,%;,5:) = F(x,y) € R,. We
show that all assumptions of Corollary 2.2 are satisfied. However, F is neither upper
C-continuous nor properly C-quasiconvex at xy = %
Firstly, we prove that F is not upper C-continuous at x¢ = % Indeed, we let a neighbor-
hood U = [—%, %] of the origin in Z, then for any neighborhood V' = [% -¢, % +¢e]ofxg = %,

where ¢ > 0, we choose % Zx*e€Vandy= % Then

F(x%,y) :F( *,%) = [%,1:| ¢ F(xo,y) +U+C

11 5 13
=[L2]+|-—, = |[+R,=| =, — | +R,.
6 6 6 6

Page 6 of 12
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Next, we show that F is not properly C-quasiconvex at xy = % Indeed, welety = %, A= %,
and x; = 0, x, = 1. Then

F(x1,) :F(O, 1) = [%,1:| Z F(xh + (1 - A)xp,y) + C

2
11
=F<§,§)+R+=[1,2]+R+,
1 1
F(x,9) :F(l, 5) = [5,1] gZF(xlk + (l—k)xz,y) +C
11
:F(—,—)+R+:[1,2]+R+.
22

Thus, it gives also the case where Corollary 2.2 can be applied, but Theorem 3.3 in [17]
does not work.

3 Essential components
In this section, we discuss the existence of essential components for (SQVR).

First, we recall some notions; see [17, 22, 23]. Let A be a nonempty and compact
subset of a linear normed X. Denote by M the set of all upper semicontinuous maps
R: A — 2% with nonempty convex compact values. For any R, P € M, we define &(R, P) =
sup,.4 H(R(x), P(x)), where H is the Hausdorff metric defined in A. It is easy to verify that
(M, &) is a metric space. For each R € M, we denote by E(R) the set of all fixed points of R.
By Kakutani-Fan-Glicksberg’s fixed point theorem, E(R) is a nonempty compact set.

For each R € M, the connected component of a point x € E(R) is the union of all the con-
nected subsets of E(R) containing x. Note that the connected components are connected
closed subsets of E(R), and, since A is compact, thus, all the connected components are
connected compact. It is easy to see that the connected components of two distinct points
of E(R) either coincide or are disjoint, so that all connected components constitute a de-

composition of E(R) into connected pairwise disjoint compact subsets, i.e.,

E® = E.),

aeA

where A is an index set. For each « € A, E,(R) is a nonempty connected compact subset
of E(R), and for any o, 8 € A (o # B), E(R) N Ep(R) = J.

Definition 3.1 ([22]) Let R € M and E be a nonempty and closed subset of E(R). E is said
to be an essential set of E(R) if, for each open set O D E, there exists an open neighborhood
U of R in M such that for any R € U with E(R) N O # . If a connected component &, (R)
of E(R) is an essential set with respect to M, then E, (R) is said be an essential component
of E(R) with respect to M.

Lemma 3.1 ([23]) For any R € M, there is at least one essential component of E(R) with
respect to M.

Next, we discuss the existence of essential components for (SQVR).
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Let Q2 be the collection of all (SQVR) satisfying the conditions of Theorem 2.1. For each
w € Q, denote by W (w) the solution set of w. It is easy to see that ¥(w) = E(P), where P
is the best-reply map of w. By the proof of Theorem 2.1, we know & € M.

Definition 3.2 Let w € Q and E, a connected component of ¥ (w). &, is said to be es-
sential if it, as a connected component of E(®), is an essential component of E(®P) with

respect to M, where @ is the best-reply map of w.
By Lemma 3.1, we obtain the following result.
Theorem 3.1 For any w € Q, there is at least one essential component of V(w).

Remark 3.1
(i) In the special case of Remark 2.1, Theorem 3.1 improves and extends Theorems 4.1
and 4.2 in [17].

(i) In 2011, Khanh and Quan [24] studied the existence of essential components for
generalized KKM points. Moreover, Khanh and Quan also applied these results to
optimization-related problems. However, the assumptions and proof methods are
very different from the assumptions and proof methods in Theorem 3.1.

(ili) IfI is a singleton, then (SQVR) becomes the variational relation problem (in short,
(VR)) studied by Khanh and Luc in [3]. However, Khanh and Luc discussed some
kinds of semicontinuous sets as outer-continuous, inner-continuous, inner-open,
and outer-open solution sets for (VR), while our Theorem 3.1 discusses the
existence of essential components for (SQVR) by using Kakutani-Fan-Glicksberg’s

fixed point theorem.

4 Applications (lI): system of quasi-variational inclusion problems

For eachi €I, let X;, Y; and K;, K;, K, T; = S; be as in (SQVR). Let F; : K; x K; x K; — 2Yi
be a set-valued mapping. We consider the following system of quasi-variational inclusion
problems (in short, (SQIP)): Find (x;,%;) € K such that, for each i € I, X; € S;(x) and

0 € Fi(xi, %, %),  Vyi € Si(%),
where X is a solution of (SQIP).

Definition 4.1 Let X, Y, Z be topological vector spaces. Suppose F: X x ¥ x X — 2% isa
multifunction. F is said to be generalized {0}-quasiconvex (in the first variable) in a convex
set A C X, if, whenever 0 € F(x1,7,z) and 0 € F(x,,y,2), then 0 € F(Ax; + (1 — X)x3,9,2),
Vx1,%0 € A, VYA € [0,1].

Theorem 4.1 For each i € I, assume that
(i) S;is continuous in K with nonempty compact convex values;
(ii) for all (x;,x;) € K; x I, 0 € Fy(x;, %, %;);
(iil) the set {(x3,y;) € KG x K;: 0 & Fi(-,%3,9:)} is convex in K;;
(iv) for all (x;,9:) € K; x K;, Fi(-,%;,;) is generalized {0}-quasiconvex in K;;
(v) the set {(x;,%3,y:) € Ki x K; x K; : 0 € Fi(x;,%;5,9:)} is closed.
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Then the (SQIP) has a solution, i.e., there exists (X;, %;) € K such that, foreach i € I, x; € S;(x)
and

0 € Fi(xi,%;,5:),  Vyi € Si(%).
Moreover, the solution set of the (SQIP) is closed.

Proof Let the relation R; be defined as follows:
Ri(xi,x;,yi) holds iff Oe Fi(x,«,x;,yi).

Then the problem (SQIP) becomes a particular case of (SQVR) and Theorem 4.1 is a direct

consequence of Theorem 2.1. d

Next, we discuss the existence of essential components for (SQIP).

Let © be the collection of all (SQIP) satisfying the conditions of Theorem 4.1. For each
0 € O, denote by A(0) the solution set of 6. It is easy to see that A(f) = E(P), where P is
the best-reply map of 6. By the proof of Theorem 4.1, we know ® € M.

Definition 4.2 Let 6 € ® and E, be a connected component of A(f). E, is said to be
essential if it, as a connected component of E(®), is an essential component of E(®) with
respect to M, where @ is the best-reply map of 6.

By Lemma 3.1, we also obtain the following result.

Theorem 4.2 For any 0 € ©, there is at least one essential component of A(0).

5 Applications (ll): system of weak vector quasi-equilibrium problems

Foreachie I, let X;, Y; and Kj, K;, K, T; = S; be as in (SQVR). Let f; : K; x K; x K; — Y; be

a vector function and C; C Y; be a nonempty, closed, and convex cone. We consider the

following weak system of quasi-equilibrium problems (in short, (WSQVEP)).
(WSQVEP): Find (x;,%;) € K such that, for each i € I, ¥; € S;(%) and

fi(ici,a"c;,yi) ¢ —intCi, Vyi € SL(J_C)

Definition 5.1 Let X, Y, Z be topological vector spaces and C C Z be a nonempty, closed,
and convex cone. Suppose f : X x Y x X — Z is a vector function. f is said to be weakly
C-quasiconvex (in the first variable) in a convex set A C X, if whenever f(x1,7,z) ¢ —intC
and f(xy,y,2) € —intC, then f(Ax; + (1 — L)xp,y,2) € —int C, Vx1,x, € A, VA € [0,1].

Theorem 5.1 For each i € I, assume that
(i) S; is continuous in K with nonempty compact convex values;
(ii) for all (x;,%;) € Ki x K, fixi, %3, %;) & —int Cy;
(iii) the set {(x},y:) € IG x K; : fi(-, %3, 91) € —int C} is convex in Kj;
(iv) for all (x;,9:) € K; x K;, fi(-, %, y:) is weakly Ci-quasiconvex in Ki;
(v) the set {(xi,%;, ;) € K; x K; x K; : fi(xi, %3, 5;) € —int C;} is closed.
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Then the (WSQVEP) has a solution, i.e., there exists (x;,%;) € K such that, for each i € I,
x; € Si(x) and

Jilxi%;,y:) € —int G, Vy; € Si(x).
Moreover, the solution set of the (WSQVEP) is closed.

Proof Let the relation R; be defined as follows:
Ri(xi;,y:) holds  iff  fi(x;, x5, 9:) ¢ —int C;.

Then the problem (WSQVEP) becomes a particular case of (SQVR) and Theorem 5.1 is a
direct consequence of Theorem 2.1. d

Definition 5.2 ([14]) Let X and Z be two topological vector spaces and A € X be
nonempty convex set, and C C Z be a nonempty, closed, and convex cone. Suppose
f:+A— Zis avector function. f is called C-continuous at x, € A if, for any open neigh-
borhood V of the zero element 6 in Z, there exists an open neighborhood U of x, in A
such that

f&)efxo)+ V+C, Vxel,;
and C-continuous in A if it is C-continuous at every point of A.

Remark 5.1 Lin et al. [14] obtained some existence results of (WSVQEP). However, the
assumptions of Theorems 3.1, 3.3, and 3.4 in [14] are different from the assumptions in
Theorem 5.1. Example 5.1 shows that all the assumptions of Theorem 5.1 are satisfied. But
Theorem 3.1 in [14] does not work. The reason is that f; is not-C;-continuous.

Example 5.1 Let I = {1}, X; = Y;=Z; =R, K; = [0,1], C; = R,, and let S; : K; — 2% and
f:K; = R be defined by

Sl(x) = [Or 1]:

[0,3] ifxo=
[1,2] otherwise.

Sfy) =f(x) =

We show that all assumptions of Theorem 5.1 are satisfied. However, f is not-C-continuous
atxg = %. Thus, it gives the case where Theorem 5.1 can be applied but Theorems 3.1, 3.3,
and 3.4 in [14] do not work.

Remark 5.2 If we let S;(x) = K; for each i € I. Then (WSQVEP) becomes the system of
vector equilibrium problem (in short, (SVEP)). If we let I = {1}, then (WSQVEP) becomes
the strong vector equilibrium problem (in short, (VEP)). The problems (SVEP) and (VEP)
are studied in [14].

Definition 5.3 ([14]) Let X and Z be two topological vector spaces and A C X be a
nonempty convex set, and C C Z be a nonempty, closed, and convex cone. Suppose
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f:A — Zisavector function. f is called C-quasiconvex-like if, for any x;,x, € A and each
A €[0,1], we have
either f(kxl +(1- k)xg) €f(x)-C
or f(kxl +(1- A)xz) €flxy) - C.
Example 5.2 shows that in the special cases of Remarks 5.1 and 5.2, all the assumptions of

Theorem 5.1 are satisfied. But Theorems 3.1, 3.3, and 3.4 in [14] do not work. The reason
is that f; is not-C;-quasiconvex-like.

Example 5.2 Let Xj, Y;, Z;, K;, C; be as in Example 5.1, and let S; : [0,1] — 2Ki and f :
[0,1] — R be defined by

Si(x) =[0,1],
[%r% ifx = %;

Sfx) =

[2,5] otherwise.

We show that all assumptions of Theorem 5.1 are satisfied. However, f is not-C-quasi-
convex-like at xg = %. Indeed, let A = % andwx; =0, x5 = % Then

f()»x1+(1—k)x2)=f<é)= ,% Z f(x)+C=f(0)+C

=[2,5] + [0, +00),

SOy + (1= 1)) :f<l> = %

G ¢f(x2)+C=f<%>+C

=[2,5] + [0, +00).
Thus, Theorem 5.1 can be applied but Theorems 3.1, 3.3, and 3.4 in [14] do not work.
Theorem 5.2 Assume for the problem (WSQVEP) assumptions (i), (ii), (iii), and (iv) are
as in Theorem 5.1 and replace (v) by (V')
(V') fi is continuous in K; x K; x K;.
Then the (WSQVEP) has a solution. Moreover, the solution set of the (WSQVEP) is closed.

Proof We omit the proof since the technique is similar to that for Theorem 5.1 with suit-
able modifications. O

Next, we discuss the existence of essential components for (WSQVEP).

Let Y be the collection of all (WSQVEP) satisfying the conditions of Theorem 5.1. For
each y € T, denote by I1(y) the solution set of y. It is easy to see that [1(y) = E(®), where
® is the best-reply map of y. By the proof of Theorem 5.1, we know that ® € M.

Definition 5.4 Let y € Y and E, a connected component of I1(y). &, is said to be es-
sential if it, as a connected component of Z(®), is an essential component of E(®d) with
respect to M, where @ is the best-reply map of y.
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By Lemma 3.1, we also obtain the following result.
Theorem 5.3 Foranyy €Y, there is at least one essential component of T1(y).

Remark 5.3 Inthe special case of Remarks 5.1 and 5.2, Theorem 5.3 improves and extends
Theorems 4.1 and 4.4 in [14].
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