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Abstract

In this paper, a kind of an infinite irregular tree is introduced. The strong law of large
numbers and the Shannon-McMillan theorem for Markov chains indexed by an
infinite irregular tree are established. The outcomes generalize some known results
on regular trees and uniformly bounded degree trees.
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1 Introduction

By a tree T we mean an infinite, locally finite, connected graph with a distinguished vertex
o called the root and without loops or cycles. We only consider trees without leaves. That
is, the degree (the number of neighboring vertices) of each vertex (except o) is required to
be at least 2.

Let T be an infinite tree with root o, the set of all vertices with distance # from the root
is called the nth generation (or nth level) of T. We denote by T the union of the first
n generations of T, by T((r:)) the union from the mth to nth generations of 7, by L, the
subgraph of T containing the vertices in the nth generation. For each vertex ¢, there is a
unique path from o to ¢, and |¢| for the number of edges on this path. We denote the first
predecessor of ¢ by 1;, the second predecessor of ¢ by 2,, and by n, the nth predecessor
of t. We also call ¢ one of 1,’s sons. For any two vertices s and ¢, denote by s < ¢, if s is on
the unique path from the root o to ¢, denote by s A ¢ the vertex farthest from o satisfying
sAnt<sandsAt<t. X4 ={X,teA}and denote by |A| the number of vertices of A.

If each vertex on a tree T has m + 1 neighboring vertices, we call it a Bethe tree Tg,,;
if the root has m neighbors and the other vertices have m + 1 neighbors on a tree T, we
call it a Cayley tree T¢,,. Both the Bethe tree and the Cayley tree are called regular (or
homogeneous) trees. If the degrees of all vertices on a tree T  are uniformly bounded, then

we call T a uniformly bounded degree tree (see [1] and [2]).

Definition 1 (see [3]) Let T be alocally finite, infinite tree, S be a finite state-space, {X;, t €
T} be a collection of S-valued random variables defined on the probability space (€2, F, P).
Let

{p(x),x € S} (1)

© 2014 Peng; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/244
mailto:weicaipeng@126.com
http://creativecommons.org/licenses/by/2.0

Peng Journal of Inequalities and Applications 2014, 2014:244 Page2of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/244

be a distribution on S, and

(Pylx)), xyeS 2)
be a stochastic matrix on S2. If for any vertex ¢,

P(X; =y|X;, =xand X, fort As <1;)

=P(X,=y|Xy, =x) =P(ylx) Vx,yeS (3)
and
P(Xy=x)=px) VxeS§,

then {X,,t € T} will be called S-valued Markov chains indexed by an infinite tree 7" with
initial distribution (1) and transition matrix (2), or called T-indexed Markov chains with
state-space S.

Benjamini and Peres [3] gave the notion of tree-indexed Markov chains and studied the
recurrence and ray-recurrence for them. Berger and Ye [4] studied the existence of en-
tropy rate for some stationary random fields on a homogeneous tree. Ye and Berger [5], by
using Pemantle’s result [6] and a combinatorial approach, studied the Shannon-McMillan
theorem with convergence in probability for a PPG-invariant and ergodic random field
on a homogeneous tree. Yang and Liu [7] studied the strong law of large numbers and
Shannon-McMillan theorems for Markov chains field on the Cayley tree. Yang [8] studied
some strong limit theorems for homogeneous Markov chains indexed by a homogeneous
tree and the strong law of large numbers and the asymptotic equipartition property (AEP)
for finite homogeneous Markov chains indexed by a homogeneous tree. Yang and Ye [9]
studied strong theorems for countable nonhomogeneous Markov chains indexed by a ho-
mogeneous tree and the strong law of large numbers and the AEP for finite nonhomoge-
neous Markov chains indexed by a homogeneous tree. Bao and Ye [10] studied the strong
law of large numbers and asymptotic equipartition property for nonsymmetric Markov
chain fields on Cayley trees. Takacs [1] studied the strong law of large numbers for the
univariate functions of finite Markov chains indexed by an infinite tree with uniformly
bounded degree. Huang and Yang [2] studied the strong law of large numbers for Markov
chains indexed by uniformly bounded degree trees.

However, the degrees of the vertices in the tree models are uniformly bounded. What if
the degrees of the vertices are not uniformly bounded? In this paper, we drop the uniformly
bounded restriction. We mainly study the strong law of large numbers and AEP with a.e.
convergence for finite Markov chains indexed by trees under the following assumption.

For any integer N > 0, let d°(t) := 1 and denote

dN(t):=|lo e T:N, = | (4)

by the amount of t’s N'th descendants. Denote

. c .
O(n) = {¢,: 0 <limsup = < ¢,cis a constant {.
n—oo N
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We assume that for enough large # and any given integer N > 0,

AN - T <of1 |T(H+N)| s
maX{ (t)te }_ HW . ()

The following examples are used to explain assumption (5).

Example 1 Both the Bethe tree T, and the Cayley tree T¢,, satisfy assumption (5). Ac-
tually, max{d™(¢) : t € T" N} is a constant m", and In(| 7™ |/|T"N)|) = NInm.

Example 2 A uniformly bounded degree tree satisfies assumption (5). In fact, if the tree T’
is a uniformly bounded degree tree, then max{d™ (¢) : t € T"~N)} is no more than a constant
a, and

|T(n)| |T(n—N)| X (lN

0 Ty =z

=Nlna

is also a constant.

Example 3 Define the lower growth rate of the tree to be gr T = liminf,_, o, | 7" |% and
the upper growth rate of the tree to be Gr T = limsup, _, . |T"| i
If both the gr T and Gr T are finite, then

| TN | - (Gr )N GrT

In <In =nln—— + NInGr T,
70| (gr T)" e T

hence (5) implies that

N ) |T(n+N)|
max{d t):teT } < O(ln W) < O(n).

2 Some notations and lemmas
In the following, let 8(-) be a Kronecker §-function. For any given integer N > 0, denote

ST = > sX)dV @), (6)

teT(n-N)

which can be considered as the number of k’s among the variables in 7", weighted
according to the number of N'th descendants. By (6), we have

SOSNK) = [T -1, ?)
keS
Define
Hyw)= Y alX,X) (8)
teTM\ {0}
and
Gulw)= Y E[a(X,X)IX,]. )

teTM\ {0}


http://www.journalofinequalitiesandapplications.com/content/2014/1/244

Peng Journal of Inequalities and Applications 2014, 2014:244 Page 4 of 8
http://www.journalofinequalitiesandapplications.com/content/2014/1/244

Lemma 1 (see [2]) Let T be an infinite tree with assumption (5) holds. Let (X;)icT be a
T-indexed Markov chain with state-space S defined as before, {g;(x,y),t € T} be functions
defined on S?. Let L, = {0}, F,, = o X7,

& Zeeron o &K1, X0

= X1,.X0) ’
[Licrin (o) El ekg‘( 121Xy, ]

where X is a real number. Then {t,(A, w), F,, n > 1} is a nonnegative martingale.

Lemma 2 (see [2]) Under the assumption of Lemma 1, let {a,,n > 1} be a sequence of
nonnegative random variables, a > 0. Set

B- { Jim an:oo} (11)
n— 00
and
1
D(a) = {lim sup — Z E[g2(Xq,, X;)e XXl X, ] = M(w) < oo} NB. (12)
nee T et (o)
Then
H,(w) -G,
lim M =0 a.e onD(a). 13)
n—00 a,

3 Strong law of large numbers and Shannon-McMillan theorem
In this section, we study the strong law of large numbers and the Shannon-McMillan the-
orem for finite Markov chains indexed by an infinite tree with assumption (5) holds.

Theorem 1 Let T be an infinite tree with assumption (5) holds. Then under the assumption
of Lemma 1, for all k € S and N > 0, we have

ST = sy (T V)P (/<|1)}=o a.e. (14)

. 1
nli>n<;lo | T0n+N) | { k
leS

Proof Let gi(x,y) = dN(£)8x(y), @, = | T"*N)|. Since

Gulw)= Y E[a(X,X)1X,]

te T\ {0}

Z dN 25k xt)th|X1[

teT n)\ {o} xt€S

> ave)Pkixy,)

teT(M\{o}

>3 s00)d 0Pk

leS teTM\ {0}

:Z Z 81(X)dN 1 (t)P(k|D)

leS teT(-1)

= ST )Pkl (15)

leS
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and

Hyw)= Y aX,X)= Y dv@sX,) =S (T") - 8:(X,)d" (o). (16)
teTM\{0} teTM\{o}

By Lemma 1, we know that {t,(, w), F,, n > 1} is a nonnegative martingale. According
to the Doob martingale convergence theorem, we have

lim¢, (A, w) = t(A,w) <00 a.e. 17)
n
We have by (17)
. Int, (A, w)
II}ITIi)SOlip W <0 ae weB. (18)

By (10), (16) and (18), we get

. 1
lim sup W {an(w) - Z ln[E[eAg(Xlt’XfHXl[]]} <0 ae weB. (19)

n—0o0
teTM\ {0}

Let A > 0. Dividing two sides of (19) by A, we have

1 In[E[e*¢W1X0) | X,
limsup—{H,,(a))— Z nE[e llt”}fo a.e.w € B. (20)

n—oo a4 A
teT(M\ {0}

The case {dV(¢t) : t € T™} is uniformly bounded was considered in [2], we only consider
the case {dN(t) : t € T"} is not uniformly bounded. By (18) and inequalities Inx < x — 1
(x>0),0<e*—1-x<21a2ell as 0 < A < &, we have

. 1
hm Sup W |:Hn(6l)) bl Z E[gt(XINXt)|X1[]i|

n— 00

teT(M\{0}
] IH[E[E}Lgt(le'Xt”X 1]
<limsup ——0 Z { = - E[g(Xi,, X0)1X1, ]
n—oo | TVHV] A
teT®
. 1 E[e )X, ] -1
= hirisolip W Z { X —E[gt(leXlet]
teT™)
A 1 2 Alge (X1, Xe)|
< S limsup s D Bl (, XX,
teT™)
A 1 N 2 N ()8 (Xz)|
= 5 h’?lsololp W X(:)E[(d (t)(Sk(Xt)) e |X1z]
teT(I")
Ao 1 N (1))2 phdN ()
1)

AL 1 2, N
< Ehmsupm Z [(dN(t)) e)\d (t)]

H— 00
te T((n)
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A
= 5 li:liso'ip | TN X(;) 2" (for enough large ay ®))
teT(l)
A [T™] -1 93N
< —limsup ———— max{e teT
=3P Ty i
A IT] =1, maxia (0)0e T\ 22
z L el
< hrl;isolip T ( v (21)
By (5), there exists a constant 8 > 0 such that
(n+N)
N () | T
max{d (&), te Ty } <BIn T
hence,
(1) (VHN) Z)Mﬂ
(emax{d ()teT(l)}) < |T | ) (22)
| T
Set0< A< 2‘3, by (21) and (22) we have
i eup (@) = Gnl@) _h . (TW -1 (TN N 23)
imsup —————— < —limsu
nﬁwp |T(n+N| - 2 nﬁoop |T(n+N)| |T(n)|
Let A — 0* in (23), by (15) and (16) we have
1 N ((n) N+l D\p
nh%ow{sk (T®) =D SV (1" )Pkl ae. (24)
leS
Let -5 <A — 0. By (19), we similarly get
: 1 N+1 n 1)
leS
Combining (24) and (25), we obtain (14) directly. a

Let T be a tree, (X;):;cr be a stochastic process indexed by the tree T with state-space S.
Denote

P("") = p(x™ =2™").
Let

fulw) = 1 0] — —1In P(XT ) (26)

fu(w) will be called the entropy density of X ™ i (X)ier is a T-indexed Markov chain
with state-space S defined by Definition 1, we have by (5)

ﬁ,(w)=—|7}7)||:lnP(Xo)+ Z lnP(Xlt,Xt)]. 27)

te T\ {0}
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The convergence of f,(w) to a constant in a sense (L; convergence, convergence in prob-
ability, a.e. convergence) is called the Shannon-McMillan theorem or the entropy theorem

or the AEP in information theory.

Theorem 2 Let T be an infinite tree with assumption (5) holds. Let k € S, and P be an
ergodic stochastic matrix. Denote the unique stationary distribution of P by w. Let (X;)ser
be a T-indexed Markov chain with state-space S generated by P. Then, for given integer
N >0,

sy (T

nli>ngo W = ﬂ(k) a.e. (28)

Let Sjp(T™) := |{t € T : (X3, X;) = (I, k)}|, then

S il
lim % —2()PKID) ae. (29)

Let f,(w) be defined as (27), then

lim fy(@) == w(OPKI)InPKI) a.e. (30)

leS keS

Proof The proofs of (28) and (29) are similar to those of Huang and Yang ([2], Theorem 2
and Corollary 3). Letting g;(x,y) = — In P(y|x) in Lemma 1, then

. Hy(w) . 1
lim £, (@) = lim ey =~ > InP(Xy,X,)
teT(M\{o}
= - lim — IT Z D0 8i06,)8k(Xe) In P(k|D)
teT ) leS keS
S, T
=~ lim Y Y InP(k|) = ’k( )
e leS keS |
by (29), (30) holds. O
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