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Abstract

In this paper we determine the fine spectrum of the generalized difference operator
A, defined by a lower triangular double-band matrix over the sequence space ¢.
The class of the operator A, contains as special cases many operators that have
been studied recently in the literature. lllustrative examples showing the advantage of
the present results are also given.
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1 Introduction
Several authors have studied the spectrum and fine spectrum of linear operators defined
by lower and upper triangular matrices over some sequence spaces [1-21].

Let X be a Banach space. By R(T), T*, X*, B(X), o (T, X), 0,(T, X), 0,(T, X) and o.(T, X),
we denote the range of T, the adjoint operator of T, the space of all continuous linear
functionals on X, the space of all bounded linear operators on X into itself, the spectrum of
T on X, the point spectrum of T’ on X, the residual spectrum of 7" on X and the continuous
spectrum of T on X, respectively. We shall write ¢ and ¢, for the spaces of all convergent
and null sequences, respectively. Also by /; we denote the space of all absolutely summable
sequences.

We assume here some familiarity with basic concepts of spectral theory and we refer to
Kreyszig [22, pp.370-372] for basic definitions such as spectrum, point spectrum, residual
spectrum, and continuous spectrum of linear operators in normed spaces. Also, we refer
to Goldberg [23, pp.58-71] for Goldberg’s classification of spectra.

Now, let (ax) and () be two convergent sequences of nonzero real numbers with

lim ay =a and klim br=b+#0. (1)

k—o00

We consider the operator A, : co — co, which is defined as follows:

Aupx = Agp(we) = (arxi + bioaxioa)peg Withw_ =b_ =0. (2)

© 2014 EI-Shabrawy; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons At-
tribution License (http:/creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/241
mailto:srshabrawy@yahoo.com
http://creativecommons.org/licenses/by/2.0

El-Shabrawy Journal of Inequalities and Applications 2014, 2014:241 Page 2 of 9
http://www.journalofinequalitiesandapplications.com/content/2014/1/241

It is easy to verify that the operator A, ; can be represented by a lower triangular double-
band matrix of the form

ag 0 0
b() a; 0
Aa,b = 0 bl a, - |- (3)

We begin by determining when a matrix A induces a bounded linear operator from co
to itself.

Lemma 1.1 (c¢f [24, p.129]) The matrix A = (a,) gives rise to a bounded linear operator
T € B(co) from ¢ to itself if and only if

(1) the rows of A are in |y and their I} norms are bounded,

(2) the columns of A are in cy.
The operator norm of T is the supremum of the [, norms of the rows.

As a consequence of the above lemma, we have the following corollary for the bounded
linearity of the operator A, on the space cy.

Corollary 1.1 The operator A,y : co —> co is a bounded linear operator with the norm
lAgpllco = supi(lak| + [br-al).

The rest of the paper is organized as follows. In Section 2, we analyze the spectrum of the
operator A,; on the sequence space ¢g. In Section 3 we give some illustrative examples.
Finally, Section 4 concludes with remarks and some special cases.

2 Fine spectrum of the operator A,;, on ¢,
In this section we examine the spectrum, the point spectrum, the residual spectrum and
the continuous spectrum of the operator A, ; on the sequence space cy.

Theorem 2.1 Let D={\L € C:|A —al| < |b|} and E = {a; : k € N,|ay — a| > |b|}. Then
o(Agp,c0)=DUE.

Proof First, we prove that (A,;, — AI)™! exists and is in B(cp) for A ¢ D U E and then the
operator A, — Al is not invertible for A e DUE.

Let A ¢ DUE. Then |A —al| > |b| and A # ay, for all k € N. So, (A, — Al) is triangle and
hence (A, — A)™! exists. We can calculate that

1
(ap—2) 0 0
b 1
Ay - A — (50) = oM7) @7 0
ab — - (Sk}) - boby -b1 1

(ao-A)a-M)(ax-2)  (a1-A)az-2)  (az-A)

Now, for each k € N, the series S = Zj |si;| is convergent since it is finite. Next, we prove
that sup; S is finite.
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Since limg_, |af—’j/\| = |%| < 1, then there exist ky € N and g < 1 such that |oz/[<7_lik| < 4o,

for all k > ky. Then, for each k > ko,

1 | b |br-1]1br—2|
Sk = 1+ +
|ax — Al lak-1 — Al lak-1 — Allak—2 — Al
[Dr-111bi=2| - - - 1 |
|ar-1 = Allag— = Al - - - |ax, — Al
|br-1l1br-2l - - - 1bry+1l1ig | - - - 1ol ]
|ak-1 = Mllag—a = M| -+ - |arge1 = M|arg — Al - - - lao — Al
1 _ _ Dy — _ bro 1116k -
< |:1+q0+q(2)+“.+q§ko+ql(;k0 |Drg-1l l(;ko |Dig-111Diy-2|
lag — Al |@ky-1 — Al |@kg-1 — Mll@ig—2 — Al
_ br_1||bro—2| -+ - |b
+---+q§k° |k -111Big—2| - - - 1o }
|akg-1 — Makg—2 = Al -+ - |ao — Al
Therefore
K=k
Sk < [1+40+qg+“'+‘10 Omko]’
|ax — Al
where
Dy Dbir—1||bkn— bio1|1bxy—a| - - |b
g, = |Drg-1l . |Drg-111Dkg—2| P |brg-111bkg—2| - - - 1ol '
|6lk()71 - )‘-| |ﬂk0,1 - )\.“61](0,2 - )‘-| |(lk0,1 - )"||ak072 - )‘-| t |ﬂ() - )‘-|

Then m;, >1 and so

rnko
lax — Al

Sk <

[1+qo+qé+---+qgfk°].

But there exist k; € N and a real number ¢ < llﬂ such that W+M <q, for all k > k;. Then

for all k > max{ko, k1 }. Thus sup; Si < co.
Also, it is easy to see that limy_, o |sxj| = 0, for all j € N, since

b
a—A

. Sk+1,j
lim | —

k—o00

= lim <1

k— o0

b ‘_
dk+1—)\.

Skj

So, the sequence (s, s1,8),...) converges to zero, for each j € N. This shows that the
columns of (A,; — AI)7! are in ¢o. Then, from Lemma 1.1, (A,; — M) € B(cp) and so,
A& o(Ayp co) Thus o(Ayp,co0) SDUE.

Conversely, suppose that A ¢ o(A,p,co). Then (A, — AI)™' € B(co). Since the (A, —
AI)7! transform of the unite sequence ey = (1,0,0,...) is in ¢y, we have limy_, o |akfﬁ| =
|H_LA| <land A #ay, forall k e N. Then {A € C: |A —a| < |b|} C 0 (Aup,co) and {ay : k €
N} C o(Aup, o). But 0(A,p, o) is a compact set, and so it is closed. Then D = {A € C:
A —a| <|b|l} CSo(Aup co) and E = {ay : k € N, |ay —a| > |b|} € 0 (A,p, co). This completes

the proof. O
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Theorem 2.2 0,(A,p,¢o) = EUK, where

K= a,:jeN,|a,—a|:|b|,l—[a

i=m T

bi

diverges to zero for some m € N ¢.

L

Proof Suppose A, px = Ax for any x € ¢y. Then we obtain

(@p—A)xog=0 and brxy + (ars1 — A)xps1 =0, forall k e N.

If the sequence (ay) is constant, then we can easily see that x = 6 and so, 0,(A,,¢0) =9
and the result follows immediately. Now, if the sequence (ay) is not constant, then for all
A ¢ {ax : k € N}, we have x; = 0 for all k € N. So, A ¢ 0,(Agp, o). Also, we can easily prove
that a ¢ 0,(Agp, co). Thus 0,(Agp, co) € {ax : k € N}\{a}. Now, we will prove that

heoy(Agp,co) ifandonlyif AeEUK.

If X € 0,(Agp, o), then A = a; # a for some j € N and there exists x € ¢o, x # 6 such that
Agpx = ajx. Then

b
ll—(li

Kk+1
Xk

lim

k—o00

<L

Then A = a; € E or |a; — a| = |b|. In the case when |a; — a| = |b|, we have

k
brabi—z by b4
Xk = Xm-1 = Xm-1 l_[ , k>m.
(a; —ax)(aj —ar-1) - - (a5 — am) o W=

Then ]_[ffm % diverges to 0, since x € ¢o. Therefore A € EUK. Thus 0,(Agp,¢o) S EUK.

Conversely, let . € EU K. If A € E, then there exists i € N such that A = a; # a and so we
can take x # 0 such that A, ,x = a;x and

b

a—a;

Kk+1
Xk

lim

k— o0

<1,

that is, x € ¢o. Also, if A € K, then there exists j € N such that A = a; #a and |a; — a| = ||,
T biy diverges to 0, for some m € N. Then we can take x € ¢y, x # 0 such that A, ,x =

i=m aj-a;

ajx. Thus EU K C 0,(Agp, ¢o). This completes the proof. d

Theorem 2.3 0,(A},,c5) ={A € C:|A~al<|b]} UEUH, where

<oo}.

o0
H={reC:|r-al=1b,)
k=0

k
)»—ﬂi
G

i=0
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Proof Suppose that A} .f = Af for f = (fo,fi,f2,...) #0 in ¢; = L. Then, by solving the sys-
tem of linear equations

aofo + bofi = Mo,

arfi + bifa = M,

asfa + baofs = Ao,

we obtain

A

fin=2"% 4 keN.

b

Then we must take f; # 0 since otherwise we would have f = 6. It is clear that for all k € N,
the vector f = (fo, f1,.-,fk, 0,0,...) is an eigenvector of the operator A}, corresponding to
the eigenvalue A = a, where fy #0 and f,, = A;:f'l“fn,l, forallm=1,2,3,...,k. Then {a; : k €
N} C op(A;b,c’{)). Also, if A # ay for all k € N, then f; #0, for all k > 1 and Z/ﬁo [fcl < o0 if
limg_, o |j%| = |’\%“| <1. Also, if |A — a| = |b|, we can easily see that

A—ag)(h—ar)--- (A —ax1)
boby - - - by,

A

il = ( H forallk>1,

k-1
ol =1l ] |
i=0

—a
b;

and so 350, [fil < 00 if Y00 1TTE, )‘;’7" | < 00. This implies that H € 0,(A} ,, ;). Thus

{)L €C:|A-al< |b|} UEUHC ap(szb,cé).
The second inclusion can be proved analogously. 0
The following lemma is required in the proof of the next theorem.
Lemma 2.1 [23, p.59] T has a dense range if and only if T* is one to one.
Theorem 2.4 0,(A,p,¢) = ap(A;b, ¢\ (Agps Co).

Proof For A € 0,(A} ,c5)\0p(Asp, co), the operator A, — Al is one to one and hence has
an inverse. But A}, — Al is not one to one. Now, Lemma 2.1 yields the fact that the range
of the operator A, — AI is not dense in ¢g. This implies that A € 0,(A, 4, co). a

Theorem 2.5 ¢,(A,p,c0) ={L € C:|A—al<|b|} U (H\K).
Proof The proof follows immediately from Theorems 2.2, 2.3, and 2.4. O
Theorem 2.6 o.(A,,¢c0) ={A€C:|A—a|=I|b|}\H.

Proof Since o (Ayp,co) is the disjoint union of the parts 0,(Agp, o), 07(Agp,co) and
0:(A4p, co) we must have 0.(A,p,c0) ={A € C: |A —a| = |b|}\H. O

Also, we have the following result.
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Theorem 2.7 o.(A,p, o) = U(Aﬂvb,co)\ap(A;b,cg).
Proof The proof is obvious and so is omitted. g

With respect to Goldberg’s classification of the spectrum of an operator (see [23, pp.58-
71]), the spectrum is partitioned into nine states, which are I, I, I, Iy, I, II3, II1, III,,
and II5. For the operator A, : ¢cg — ¢, we have

Lo (Agp,co) =30 (Agp,co) =0,

since 0,(Agp, o) S (A} 4, ¢5). Also, [o (Agp, o) = B, by the closed graph theorem. Thus
we have to discuss the states II,, III1, IIl,, and I1I5.

Theorem 2.8 A € 0,(Ayp,co) if and only if X € III30 (Agp, o).
Proof The proof is obvious and so is omitted. O
Theorem 2.9 X € 0.(A,p, o) if and only if & € II,o (A4, Co)-

Proof Let A € 6.(Agp, co). By Theorem 2.7, A}, — Al is one to one. By Lemma 2.1, A, —
Al has dense range. Additionally, A ¢ 0,(A44,co) implies that the operator A, — Al has
inverse. Therefore, A € I, (A4p, co) or A € Lo (Ayp, €o). But Lo (Ayp,co) =@. Thus A €
1o (Aup, co). O

Theorem 2.10 A € 0,(Ayp, o) if and only if A € IILo (Ayp, co) U Lo (Ayp, co)-

Proof Let A € 0,(Agp,co). By Theorem 2.4, A}, — Al is not one to one. By Lemma 2.1,
Agp — M has not a dense range. Additionally, A ¢ 0,,(A,,¢o) implies that the operator
A,p — Al has inverse. Therefore, A € IILo (A4, co) U L0 (A4p, Co)- O

3 lllustrative examples
In this section we provide some illustrative examples in support of our new results.

Example 3.1 Consider the sequences (ax) and () defined by the following recurrence

relations:

a0=v2  aa=v2+a
bO = ﬁx bk+1 =V Zbkr

for all k € N. Then (ax) and (bx) are monotonically increasing sequences and limy_, o, ax =
a=2and limy_, o, by = b = 2. Also, a; > by for all k € N. Thus, for all A € C with |A -2| =2,
one can prove that | A;:k | > 1forall k € N. This implies that H = J. Also, we can prove that

E = K ={. Using Theorems 2.1, 2.2, 2.5, and 2.6, we have

0 (Agpco) = {reC:lh-2| <2},

Gp(Aa,b; CO) = Qr
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0 (Aapsco) = {)\ eC:r-2|< 2},

0c(Aapico) = {1 eC:|r-2| =2}

% and by = % for all k € N. Then limg_, o a;r = a = 1 and

limy_, o bk = b = 1. Similarly, as in Example 3.1, we can prove that E= K = H = and so

Example 3.2 Let a; =

0(Agprco)={reC:r-1 <1},
Gp(Au,b’CO) = Qj’
0,(Aaprco) ={reC:a-1]<1},

0c(Aaprco) ={reC:|a-1=1}.

Example 3.3 Consider the sequences (ax) and (by) defined by the following recurrence
relations:

ag =4, a; =2, ar=1 fork>2,

k+1\2
bo=1, b =1, b,;(%) for k > 2.

Therefore, limg_, oo ay =a=1and limy_, oo by =b=1.Then E={4}, K=0and H={A € C:
L —1| =1}, and so

0(Aupco)={reC:A-1] <1} U {4},

O—p(Aa,bi CO) = {4}7

Ur(Au,b»CO) = {}\ eC: |)‘ - 1| = 1}1

Gc(Aa,bx CO) =0

Remark 3.1 From the above examples, we note that the spectrum of the operator A,
on the space ¢y may include also a finite number of points outside a region enclosed by a
circle. Also, we may have 0,(A5,co) # 9.

Example 3.4 Let the sequences (ay) and (by) be taken such that a; = by = #2();3)2,
k € N. Then we can prove that E = K = H = ¢ and so we have

1
O—(Aﬂ,b’CO)z {)»G(CZ ‘)»— 5‘ =<

0p(Aaps o) =V,
Agps €o) {AE(C‘ <l ,
2
UC(Aab,co)—{)LE(C ‘ ‘:% .
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4 Remarks and some special cases
In this section we are going to give some special cases of the operator A,; which has been
studied recently. More precisely, we show that special conditions on the sequences (ax)
and (by) characterize certain special cases of the operator A, .
The difference operator A:1f ax =1 and by = -1 for all k € N, then the operator A,
reduces to the backward difference operator A (cf. [7]).
The generalized difference operator B(r,s): If ax = r and by =5 #0 for all k € N, then
the operator A, reduces to the operator B(r, s) (cf. [8]).
The generalized difference operator A,: If ap = —by = vy for all k € N, then the operator
A, reduces to the operator A, (cf [19]).
The generalized difference operator A,,: If (ax) is a sequence of positive real numbers
such that a; # 0 for all k € N with limy_, o ar = U # 0 and (by) is either constant or
strictly decreasing sequence of positive real numbers with limg_, o bx = V' # 0 and
supy ax < U + V, then the operator A, reduces to the operator A, (cf [12]).

Remark 4.1 If (ax) and (by) are convergent sequences of nonzero real numbers such that

lim gy =a >0, (4)
k— o0
klim by=b; |b|l=a, (5)
and
supay < a, b,z( < a,% forallk e N, (6)
k

then we can prove that H = J and so we have:

0(Aupco)={reC:|r-al <a}l U{ax:keN,|ax-al >a},
0p(Aaprco) = {ax :k €N, |ay —al > a},

op(A%,cy) ={reCilr—al<a}Ulax:keN,|ax—al >a},
0,(Aaprco) = {1 €C: |1 -al<a},

0c(Agps o) = {)& eC:|A—al|= a}.

It is immediate that our new results cover a wider class of linear operators which are
represented by infinite lower triangular double-band matrices on the sequence space ¢y.
For this reason, our study is more general and more comprehensive than the previous
work. We note that our new results in this paper improve and generalize the results which
have been stated in [3, 12].
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