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1 Introduction
In 1956, Aczél [1] established the following inequality, which is called the Aczél inequality.

Theorem A Leta;>0,b;>0(i=1,2,...,n),a; =Y r,a?>0,b =Y ", b*>0. Then

(a% - Xn:a%) (bf - Xn:bf) < (a1b1 - zn:ﬂibi)
i i i

As is well known, the Aczél inequality plays an important role in the theory of func-

2

1)

tional equations in non-Euclidean geometry, and many authors (see [2—6] and references
therein) have given considerable attention to this inequality and its refinements.
In 1959, Popoviciu [3] generalized the Aczél inequality (1) in the form asserted by The-

orem B below.

Theorem B Letp>1,4>1, }7 +
b1 -7, b">0. Then

}I=1, leta;>0,b;>0 (i=12,...,n),d - > ", a >0,

1
n 2 n q n
(af—zaf) (bif—Zb?) sabi=) aib: ®
i=2 i=2 i=2

Later, in 1982, Vasi¢ and Pecari¢ [7] presented the reversed version of inequality (2),
which is stated in the following theorem. The inequality is called the Aczél-Vasi¢-Pecari¢
inequality.
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TheoremC Letp<1(p #0),+ +— =1,andleta; >0,b; >0 (i = .,n),a‘f—zz’:za’?>0,
bl ->",b1>0. Then

1 1
n P n q n
(a; - Zaf;) (b’{ -3 b?) = mby - ) aibi. )
i=2 i=2 i=2

In another paper, Vasi¢ and Pecari¢ [8] presented an interesting generalization of in-
equality (2). The inequality is called the generalized Aczél-Vasi¢-Pecari¢ inequality.

Theorem D Let a,; >0, 4; > 0, ai; -3 2“r; >0,r=12,...,n,j=12,...,m, and let
211,\ > 1. Then

m Iy n I’ /\,/ m n m
I (%‘ -2 ) =[Ta- Har;- @)
In 2012, Tian [5] gave the reversed version of inequality (4) in the following form.

TheoremE Let )y #0,2;<0(j=2,3,...,m), 37" & §l,andletarj>0,a1\;—§ " 261,] >0,
]
r=12,...,m,j=1,2,...,m. Then

-

l_[(% Z%)AV = [T~ Y[ T (5)

j=1 j= r=2 j=1

Moreover, in [5] Tian established an integral type of generalized Aczél-Vasi¢-Pecaric¢
inequality.

Theorem F Let A, >0, 4; <0 (j=2,3,...,m), Z;Zl)‘/ =1,1letA;>0(j=12,...,m), and
let fi(x) (j = 1,2,...,m) be positive Riemann integrable functions on [a,b] such that A/k’ -
/ : j;Aj (x)dx > 0. Then

(17 [5'000s)

The main object of this paper is to give several new refinements of inequality (4) and (5).

>",_.

m b m
>4 - f [ [/ dw. 6)
j=1 4 j=1

As an application, a new refinement of inequality (6) is given.

2 New refinements of generalized Aczél inequality
In order to prove the main results in this section, we need the following lemmas.

Lemma 2.1 [5] Let a,j >0 (r=1,2,...,n,j=1,2,...,m), let A\, be a real number, »; <0
(j=2,3,...,m),and let B = maX{Z " Aj»1}. Then

m n Aj
Zl_[% >n' H(Zl w) : @)
j=1 \r=

r=1 j=1
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Lemma2.2 [9] Leta,;>0(r=12,...,n,j=12,...,m),let ,; > 0 (j = 1,2,...,m), and let
y :min{Z;:1 A;,1}. Then

;!_lla <n1VH(Za,,> ) 8)

Lemma 2.3 [10] Ifx>-1,a >1ora <0, then
1+x)*>1+ax %)

The inequality is reversed for 0 < o < 1.

Lemma 2.4 [10] Let Ay, A,,...,A,, be real numbers, let m be a natural number, and let
m > 2. Then

m m 2
D (Ai-4) = m<ZA?) — (ZA,.) . (10)
1<i<j<m i=1 i=1

Lemma2.5 Let Ay <Xy <--- <X, <0,letX;>1(j=1,2,...,m), and let m > 2. Then

m m 2 %
el eSS

Proof From the assumptions in Lemma 2.5, we find

1 0 1 1 <0 (<i<j<m)
<0, - i<j<m),
(- 1), m-Dx  (m-1)r =i<7=

and

1 1 1 1
Z [(m DA; (m DA; (m 12 (m—l))\z}

1<i<j<m

1 1 1 1 1
= 2 [(m—lm+(m—1)x,]:71+x_2+"'+ﬁ' 12)

1<i<j<m

Thus, by using inequality (7) we have

[T [- o -

1<i<j<m

= T B+ 0= s (-

1<i<j<m

1

X X7+ (1= XY ] )
j ]

PP A 1 Aoy =L L
< 1_[ [(Xi t) m=Dx; (le) (= (XII) n=-D2; (m—l)Ai]

1<i<j<m
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1 1
+ 1_[ (mlAl(l X )<m1 (1- X) (m—mi]

1<i<j<m
1_[ XLI L1 1_[ ,ll)xi (1 _)(])‘I)m]
1<i<j<m 1<i<j<m
m m 1
-TTx+TJa-x")7. (13)
j=1 j=1

Noting the fact that there are ’”( product terms in the expression H1<l<]<m [1- (X?" -

j’ )?], and using the arlthmetlc—geometrlc mean’s inequality, we obtain

m(m-1)

[T 0-e-xy)= o2 3 - -x7])

L (m — —
1<i<j<m 1<i<j<m
2 m(r;t—l)
. Ain 2
=l1-— X x . 14
- 2 0] a
J=m
Therefore, we have
[T [- (- xy e
1<i<j<m
=y
A Ajy 2 m=2)A1
=TT -ee-x))
1<i<j<m
2 A Ain2 %
>|1-— XX’ . 15
= [1- e 2 6] 09
1<i<j<m
On the other hand, from Lemma 2.4 we have
2 Y Ain2 ﬁ
1-— XX’
-, 2 0]
=ij=m
2 Y 2 N
— J /i
Vw3 (9 )} o
j=1 j=1
Consequently, from (13), (15), and (16), we obtain the desired inequality (11). O
Lemma2.6 Let A, >0,A; <Ay <:---<%,1<0,let0<X,, <L, X;>1(j=12,...,m—1),
and let o = max{Z] 1% LY. Ifm > 2, then

a1

j=1

2 .
Y 2 m-1 2 m-1 y 211
Sl | e (S)- () || @
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If m=2, then

et foerpe[ (o) -(5 ) ]

Proof Case 1. When m > 2. Let us consider the following product:

2=

[T A0+ (=X (X + (1 x07) |7

1<i<j<m-1

1 1

X [X]f\/' + (1_)(]{\1)](»1772)%*@}.

From the hypotheses of Lemma 2.6, it is easy to see that

1 1
m-2n " m-2)k  (m-2)h

<0 (I<i<j<m-1),

and

1 1 1 1
2. |:(m—2)ki Y- m-2n, (m-z)x,.]

1<i<j<m-1

Z |: 1 1 ] 1 1 1
= + =—+—++ —.
(Wl - 2))», (I’}’l - 2))\7 )\,1 )\,2 )"m—l

1<i<j<m-1

Then, applying inequality (7), we have

; iN27—L
[T [- G -x) e

1<i<j<m-1

=[G (X T (P (- x)]

1<i<j<m-1

11
X [X7 4+ (LX) ]P0 (X (1= X7)]

Y A\ T (37 e (3 T
<X [T L) o7 (x7) o (X)) 2 ]

1<i<j<m-1

ca-xym T [a-X7) o (- xi) oo

1<i<j<m-1

(1)) o

_1_

{HX%z

1<i<j<m-1
1
+ (I—X;M)ﬁ 1_[ [(1 X ) m— Z)A (1_)(1?”/)(m2)k/]}
1<i<j<m-1

1

“1[]_[)(+]_[1 X 7}

(18)

(19)

(20)

(21)
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(m-1)(m—

Y
There are o 2 product terms in the expression [li<igjemall = (X - X;’)?], and

then we derive from the arithmetic-geometric mean’s inequality that

[T n-ee-x)7]

1<i<j<m-1
) (m=1)(m-2)
<y 1- X,*i_x,kfz}
N {(m—l)(m—z) 15[4;%1[ (x / )]
9 (m—l)z(m—Z)
- XX 2} . 22
[ (m=-1)(m-2) 155<125:m—1( ' ) 22
Therefore, we have
[T [-e -]
1<i<j<m-1
1
) Iy m=2)11
| T b=y
1<i<j<m-1
m-1
2 A _ A/‘ 2 21
e e I M )

1<i<j<m-1

On the other hand, from Lemma 2.4 we find

m-1
2 A: A2 2
1 - X’I _X’/
s, 2 ]
1<i<j<m-1

2 = 2 = A nH
:{1_(m—_l)(m—_2)|:(m_1)</=1xj )‘(/X;‘Xf)]} ‘ (24)

Combining inequalities (21), (23), and (24) yields the desired inequality (17).
Case II. When m = 2. By the same method as in Lemma 2.5, it is easy to obtain the

desired inequality (18). So we omit the proof. The proof of Lemma 2.6 is completed. [J

Lemma 2.7 Let Ay > Ay > -+ > 14,,>0,let 0< X;<1(j=1,2,...,m), and let m > 2, p =
min{Z}Zl%j,l}. Then

>

f[(l—Xf")

J

m
+I1%
j=1

p - 29 7
- 2 2 Aj 1
<nt pil_im(m—l){m(;xj >_(,=ZIXI>:|} X (25)

Proof By the same method as in Lemma 2.5, applying Lemma 2.2, it is easy to obtain the
desired inequality (25). So we omit the proof. g

Page 6 of 14
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Lemma 2.8 Let Ay, Ay,..., A <0, let X;>1(j=1,2,...,m), and let m > 2. Then

a0 T

j-1

z[l m_) Z (X} - X

1<i<j<m

m
2] v (26)

Proof After simply rearranging, we write by A; < ;, <--- < A;, the component of

A1, A2, ..., Ay in increasing order, where ji, o, ..., j,, is a permutation of 1,2, ..., m.

Then from Lemma 2.5 and Lemma 2.4 we get

m m
[Ta-x""+TT%

Jj=1 Jj=1

__Ah% /2% Ajm
= (1=21) 7 (L= X,2) e (1= X ) e

)
A

L
Y

+ X, X, - - X,

L
2

k=1

=[1 2 > (G -X

)2:| me(Allz o) (27)
m(m 1) 1<i<j<m

The proof of Lemma 2.8 is completed.

By the same method as in Lemma 2.8, we obtain the following two lemmas.

Lemma2.9 Let Ay >0, Ai,A0,..., 01 <0,let0< X, <1, X;>1(=1,2,...,m—1),and let

a= max{zj'zl AL,»’I}’ If m>2, then

[T0-x% +TT%

j-1 j=1
2 o ("m)tl y
I A )"j 2] min{i1,A9,...Am
] | P XX . (28)
[ (m—1)(m—2) lskasm_l( =X
If m =2, then
2 1 2 N Ll
i - i 2 |*
[T0-x7)7 Tz 1- 3 (x| 29
j=1 1<i<j<2

j=1 j
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Lemma 2.10 Let Ay, Ag,...,Ap >0, let 0 < X; <1 (j=12,...,m), and let m > 2, p =

min{Z;Z1 %j,l}. Then

s

I
—_

m oL
[Ta-x7)7 1%
j=1 j

(30)

2 ) iy 2 ZmQX{}»I}:ﬁ,Z,.,.,)\,m)
1-p Aj /
<n 1-—— E X=X
= [ m(m _ 1) 1<i<i<m( i ] ) }

Now, we give the refinement and generalization of inequality (5).

Y %
Theorem 2.11 Let a;; >0, 2 <0, ay; =Y/ a,;>0,7r=12,...,n,j=12,...,m, and let

m > 2. Then
1
m N n N E
J /)
H = Ly
j=1 r=2
9 " 2N\ 12 Tt M noom
ri Y L )
o2y (%Y [Tas->ITe
1<icji<mlr=2 N 4y j=1 r=2 j=1
m n m
= [Te->TTen &)
j=1 r=2 j=1
Proof From the assumptions in Theorem 2.11, it is easy to verify that
( Aj Zn A %
a; =y o4,
%>1 (=12,...,m). (32)
(@)’
a)?— ”,Za)j L
It thus follows from Lemma 2.8 with the substitution X; = (”f']_’”) % in (26) that
ay;
n j o L j n j\ L
“ Zr*Z i \ % = ay; Zr*Z Ayj \ %
[1(==") +I1 -
j=1 4y j=1 ay
; Aj __om
> {1 2 Z |:<1 Zf:z “iil) <1 Zf:z “r})]z} 2min{Ap Ay, hm)
=1 -1 T ow )T\ T Ty
m(m —1) \<igem ay! )
A; 2y M
2 n ﬂf;; ar}{ 2min{A1,A0,.0hm}
T D ’ )
1<isi<mlr=2 \%1i  dy
which implies
m n 5 9 no i N P T ]
2 Aj Ay %y
H((ZU ) Zari 1 m(m —1) Z a - a)
j=1 r=2 1<icj<mL r=2 1 1j

x Hal,'—l_[(Zaif) i. (34)
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On the other hand, it follows from Lemma 2.1 that

H(Z “r;>£i = Xn:ﬁ”rj' (35)

j=1 r=2 j=1

Combining inequalities (34) and (35) yields inequality (31).
The proof of Theorem 2.11 is completed. 0

Theorem 2.12 Let 4,, >0, A; <0 (j = 1,2,.. ,m—l) let a,; > 0, ai} - 2af] >0,r=
1,2,...,n,j=1,2,...,m,andleta=max{Z v L 1}. If m > 2, then

1
m n A
)Ll' )xj U
H by =2 by
Jj r=2

i1

M 2y o ml

2 n <6lA¥ a 7 ) 2min{i1,A9,ohm}
1-a ri Y
S e D D D 2
{ (m-1)(m-2) |:r_ “1\; a;\;

1<i<j<m-1
x l_[% > [Ta

r=2 j=1
m n m
= [ Tay -3 [ Tar 30
j=1 r=2 j=1

If m =2, then

1-[(% Za )’z 1&{1_ 3 [Z<___/>“1‘[,_ " 1‘[,

j=1 1<i<gj<2L r=2

2 n 2
n* l_[ aij — Z l_[ Ayj. (37)
j=1

r=2 j=1

Proof From the hypotheses of Theorem 2.12, we find that

1
)"1

A/- n i\
(ayj = 2= 2“r;’ g

(@)

0< <1 (=12,...,m-1),

and

A n
(“ﬁ _Zr 2 rm)xm >1

(a7

Consequently, by the same method as in Theorem 2.11, and using Lemma 2.9 with a sub-

stitution X; — (@ 7 (j=1,2,...,m) in (28) and (29), respectively, we obtain the
“1

desired inequalities (36) and (37). O
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By the same method as in Theorem 2.11, and using Lemma 2.10, we obtain the following
sharpened and generalized version of inequality (4).

py 3
Theorem 2.13 Leta,j>0 A>0,a; =37 a,;>0,r=12,...,nj=12,...,mletm=>2,

and let p = rnm{Z] 13 L 1}. Then

. 2 n ﬂf:; ﬂ;}:}{. 2 m m n m
ol 2229 ] o= ] Lo

r=2 j=1

<}'lel_[ﬂl —Zl_[ﬂr/ (38)

Therefore, from Lemma 2.3 and Theorem 2.13 we get a new refinement and generaliza-
tion of inequality (4).

Corollary 2.14 Leta,,»>0 2> 0, afj_z” @) >0,r=12,...,n,j=12,...,mletm =2,
and let p = mm{zl 1% L1} Ifmax{Ay, Ao,y h) > 2 5, then

Aj 2
m nl—p l—[m a; n ak,- a 7
1-p j=1"Y ri 7j
<n a a n__J
- 1_[ v Zl—[ A (m —1)max{Ai,A2,..., A} Z Z( M kf)
1<i<j<m

j=1 r=2 j=1 r=2 N ay)
m

<pnr Hal - Z l_[ar,. (39)
j=1 r=2 j=1

Ifmax{iy,Aa, ..., Am} < 5, then

r=2 j=1 1<i<j<m 2 alz ﬂlj
m
1-
=n[Tay-3[Ter (40)
j=1 r=2 j=1

Remark 2.15 If we set Z;Zl /\l > 1in Corollary 2.14, then inequalities (39) and (40) reduce
7
to Wu’s inequality ([11, Theorem 1]).

In particular, putting m =2, Ay = p, Ao = q, an = a,, ay = b, (r =1,2,...,n) in Theo-
rem 2.13, we obtain a new refinement and generalization of inequality (2).
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Corollary 2.16 Leta, >0, b, >0 (r=1,2,...,n), let p,g >0, p = min{;7 + [11,1}, and let
ay -3, al>0,b1-3" bl >0. Then

1 1
n ? n q
(a’f—zaf) (b?—ZbZ)
r=2 r=2
"k bl 2 ma+mq) n
<n'’i1- Z<7 - ﬁ) aby =) ab. (4)
1 r=2

r=2 al

Similarly, putting m =2, A1 = p, Ao =q, an = a,, app = b, (r=1,2,...,n) in Theorem 2.12
and Theorem 2.11, respectively, we obtain a new refinement and generalization of inequal-

ity (3).

Corollary 2.17 Leta,>0,b,>0(r=1,2,...,n),letp<0,q#0,a = max{ +1 h 1}, and let
ay -3, al>0,b1-3" bl >0. Then

" s n i
(5 -2
r=2 r=2

"k bl 2 qu) "
>n" 01— Z<7 - ﬁ) aby =) ab,. (42)
1 r=2

r=2 @
From Lemma 2.3 and Theorem 2.11 we obtain the following refinement of inequality (5).

Corollary 2.18 Let a,; >0, ; <0, ai} -y zar] >0,r=12,...,m,j=12,...,m, and let
m > 2. Then

[1(e-5) =T1o-SMTe

j=1 j= r=2 j=1
n A a)‘/’ 2
anai - Gm Z Z Ari % (43)
—1)min{A;,Ag,..., A Mo i ’
(2 = 1)min{ay, Aa, ..., A} Lzii=mr=2 N 4y

Similarly, from Lemma 2.3 and Theorem 2.12 we obtain the following refinement and

generalization of inequality (5).

Corollary 2.19 Let A, >0, 1; <0 (j=1,2,...,m - 1), let a,; > 0, ai} -y 2“r; >0,r=
1,2,...,n,j=1,2,...,m,andleta=max{z 1,\'1} m>2. Then

1
m N n . E m n m
J J 1-o .
[T -2a)) =n[lay-2_]Ta
j=1

j=1 r=2 r=2 j=1
A =2
1- n A 7
anay - - ayh Z Z a, % (44)
—2)min{Ag, Aoy, A A Aj ’
(m = 2)min{As, A, .., m}1§i<j§m—1 r=2 Ny

If we set Z -1 7> <1, then from Corollary 2.18 and Corollary 2.19 we obtain the following
refinement of 1nequa11ty (5).

Page 11 of 14
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Corollary2.20 LetA; #0,4;<0(j=2,3,...,m), 3 ", 5 <1 leta,; >0, “1/ > Za,] >0,
r=12,...,m,j=12,...,m,and let m > 2. Then

1
m n A m n m
w\ Y
/ > o .
[1(4-34) = [Tav- X1 T
j=1

j=1 r=2 r=2 j=1
n Aj a)‘/ 2
anai - dim Z Z(ﬂri rj ) (45)
- _ : A A :
(m 1) mln{)“li)\'Qi"';)“m} 1<icj<m-1L r=2 (/lll- al]

3 Application
In this section, we show an application of the inequality newly obtained in Section 2.

Theorem 3.1 Let A;>0 (j=1,2,...,m), let 1, >0,1; <0 (j=2,3,...,m), Z]’:lkj =1, m>
2, and let f(x) (j = 1,2,...,m) be positive integrable functions defined on [a, b] with A;\/ -
ffﬁx" (x)dx > 0. Then

m b )Ll bh m
]‘[(Ajf_ / j;lf(x)dx) HA / [ ]G0 dx
j=1 “ j=1
_ AAy - Ay Z [/ <f (%) _f x)) ] 46)
(m —2)min{Ay, Ag,..., Ay} \<ima AlM Ajkj .

Proof For any positive integers #, we choose an equidistant partition of [a, b] as

b-a b-a b-a
<---<a+t k<---<a+

(n—1) < b,

a<a-+

a. . b-
Xi=a-+ i, i=0,1,...,n, Axy = , k=1,2,...,n.
n

Noting that A;\/ - fabfjkj (x)dx>0 (j=1,2,...,m), we have

‘)L”;Zf< kb- “)> n“>0 G=1,2,...,m).

Consequently, there exists a positive integer N, such that

U8 Y L)L

foralln,/>Nandj=12,...,m
By using Theorem 2.12, for any # > N, the following inequality holds:

"1 sy k(b—a)\b
[ -37 (a1, )/]

1
Ai

7



http://www.journalofinequalitiesandapplications.com/content/2014/1/239

Tian and Sun Journal of Inequalities and Applications 2014, 2014:239
http://www.journalofinequalitiesandapplications.com/content/2014/1/239

AlAy - Ay "1 iy kb-a)\b-a
" (m—2)min{iy, s, Ao} 2 Z[A?iﬁ <“+ 7 ) »

1<i<j<m \ k=1

2
—%ﬁA’<a+/((b_a))b_ﬂ] ' (47)
Ajl n n

Since

~.
I
—_
<

e by k(b—a)\b-a %1
[1]47 -7 <a+7> .
- k(b a) b-a
T2 T *72) | (%5°)
AAy - Ay M1 kb-a)\b-a
_(m_2)min{)\1:)h21~w)‘m} 1<;1<m ;[A)Llf <a+ n ) n

2
- %ﬁki (ﬂ + Lb — a)) b;a] . (48)
Aj/ n n

Noting that fi(x) (j = 1,2,...,m) are positive Riemann integrable functions on [a, b], we

know that H ~fi(x) and f i (x) are also integrable on [a, b]. Letting n — oo on both sides
of inequality (48), we get the desired inequality (46). The proof of Theorem 3.1 is com-
pleted. g

Remark 3.2 Obviously, inequality (46) is sharper than inequality (6).
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