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1 Introduction

Let B,(R") and B,(C") denote the unit balls of the real and complex #n-dimensional £,
spaces, £,(R") and £,(C"), respectively. We denote by 1,(K) the n-dimensional Lebesgue
measure of a compact set K. We write r,,, = 1,,(B,(R"))™" and ¢, = A2,4(B,(C"))~"*" such
that 1,,(r,,B,(R")) = 1 and Ay,(cp,pB,(C")) = 1, respectively.

The extremal volume of central hyperplane section of B,(R") is studied by various au-
thors (see, e.g., [1-8]). Especially, the left-hand side of the following inequalities is known
due to Meyer and Pajor [6] for all p > 2 and p = 1, and Schmuckenschlédger [8] for all
1 < p < 2. The right-hand side of the following inequalities is due to Ma and the third
named author [7], and it shows an upper bound estimate for the volume of central hyper-

plane sections of normalized £,-balls that does not depend on # and p.

Theorem 1.1 Letn e N, n> 2, p > 1, and H any central hyperplane in R". Then
1< A1 (rupBp(R") NH) < /7.

Moreover, the minimum occurs for Boo(R") if & has only one non-zero coordinate where &

is the normal vector of H.

Note that Theorem 1.1 is proved by determining the extremal value of the isotropic con-
stant of B,(R") together with the well-known relation between the slicing problem and

the isotropic constant of a body. Motivated by this idea, we define a new quantity, called
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the complex isotropic constant, and establish its relation to the complex slicing problem.
Thus, the complex version of Theorem 1.1 (see Theorem 1.2) can be proved by estimating
the extremal value of the complex isotropic constant of B,(C").

A noteworthy fact is that the extremal volume of complex central hyperplane section
of B,(C") has not been studied until recent years. Other results concerning convex bod-
ies in a complex vector space as ambient space can be found in [9-19]. Especially, in [17],
Oleszkiewicz and Pelfczynski proved that 1 < Ay,_2(cy00Boc(C*) N He) < 2, where H; is
the complex central hyperplane (see Section 2.1 for the definition). Furthermore, they
showed that the minimal sections are the ones orthogonal to vectors with only one non-
zero coordinate, and the maximal sections are orthogonal to vectors of the form ¢; + o ey,
where j # k, ¢; and ¢; are standard basic vectors, and o € C, |o| = 1. In [16], Koldobsky
and Zymonopoulou studied the extremal sections of B,(C"), for 0 < p < 2 and showed
that the minimum corresponds to hyperplanes orthogonal to vectors & = (&,...,&,) € C"
with |&| = --- = |&,] and the maximum corresponds to hyperplanes orthogonal to vec-
tors with only one non-zero coordinate. Moreover, a result of Meyer and Pajor [6, Corol-
lary 2.5] states the following. Suppose p > 2, then XAy,_5(c,-1,B,(C") N H) > 1; Suppose
1 < p <2, then Azy2(cu-1,Bp(C") N He) <1, where ¢,_1, = Aoua(B,(C"1))V@"2) Re-
cently, Koldobsky and Kénig [13] considered minimal volume of slabs for the complex
cube.

The case p < 2 of the following theorem follows directly from the work of Koldobsky
and Zymonopoulou [16]. The following theorem extends their results to p > 2, and it also
shows an upper bound estimate for the volume of complex central hyperplane sections of

normalized complex £,-balls that does not depend on # and p.

Theorem 1.2 Let n € N, n > 2, p > 1, and H; any complex hyperplane in R*". Then
1 < Aan2(CnpBy(C") N He) < 3e.
Moreover, the minimum occurs for Boo(C") if € has only one non-zero coordinate.

Our problem is different from the extremal volume of central hyperplane section of
B,,(RQ”) problem in two aspects. First, B,(C") # B,,(IRZ”) except p = 2; Secondly, we do
only (21 — 2)-dimensional sections, sections by subspaces coming from complex hyper-
planes, rather than all (2# — 2)-dimensional sections, and (27 — 1)-dimensional sections in

real case.

2 Notations and preliminaries
2.1 Background on complex vector space
Throughout this paper, we denote their real scalar product by (x,y) and the Euclidean
norm of x by |lx| = /{x,x) for x,y € R". For x,y € C”, their complex scalar product by
(x,9) and the modulus of x by ||x| = v/{x, x)..

Origin-symmetric convex bodies in C” are the unit balls of norms on C”. We denote by

|l - lIx the norm corresponding to the body K:

K={zeC":||llx <1}.
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We identify C" with R?" using the standard mapping, that is, for

&=(&1,...84) = (Bu + ib1a,... Em +iEp) € C,
(éll + i$12¢ e énl + iénZ) |_T) (Ell)él% (R énlrEnZ)- (21)

Since norms on C” satisfy the equality
Irz] = |Alllzll, VzeC",VreC,
origin-symmetric complex convex bodies correspond to those origin-symmetric convex

bodies K in R?” that are invariant with respect to any coordinate-wise two-dimensional
rotation, namely for each 0 € [0,27] and each (&11,&12,...&m,6m2) € R?"

€1l = | Ro (&1, 12), .., Ro (6, o) | (2.2)

K’

where Ry stands for the counterclockwise rotation of R? by the angle 6 with respect to the
origin. We define the map R?” — R?":

£ =& EnEm) = (Ro(6i, 612 Ro(Ei Em2))

as Ry for each 6 € [0, 27].
For £ € C", |€] =1, denote by

n
H; = ze(C”:(z,%‘)c=ZZk§=0
k=1

the complex hyperplane through the origin, perpendicular to £. Under the standard map-
ping from C” to R?" the hyperplane H; turns into a (21 — 2)-dimensional subspace of R?"

orthogonal to the vectors

£=(En & & En) and &' = (<E, &1 —Em En)-

The orthogonal two-dimensional subspace Hél has an orthonormal basis &, &.
Let B,(C") be the £,(C")-balls, when viewed as a subset of R?":

n

BP(C”) = {(xu + X125y X1 + ixn) € CT e Z(xfl +x]22)p/2 < 1}
j=1

n
2, 2, ,2)\P2
= {(xu,xlz:-u,xnpxnz)GR : E (xj1+xj2) Sl},
J=1

if 0 < p < 00, and

. . 2 2
B (C") = {(xu + %12, X + i) € C" g?g;(xn 7)< 1}

= i(xu,xu,..,,xnl,x,,z) € R* : max (x}zl +xf2) < 1}.

1<j<n
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If p > 1, B,(C") is Ry-invariant convex body in R*". Here a convex body is a compact

convex set with non-empty interior.

2.2 Complex isotropic bodies
First, noting that a subset K C C” is called a complex convex body means that K is a convex
body in R?” under the map (2.1). An important notion in asymptotic convex geometry is
the quantity called isotropic constant (see, e.g., [20—28]).

Recall that a convex body K in R” is called isotropic with the isotropic constant Lx > 0

if 1,,(K) = 1, the origin is the center of mass of K, and

ﬁmwwmdﬂwz 23)

for every y € R".
Inspired by the interplay of (real) slicing problem and isotropic constant (see, e.g,
[23, 27]), we will consider the complex slicing problem via the quantity called complex

isotropic constant.

Definition A body K C R?" is called complex isotropic with the complex isotropic con-
stant L > 0, if A9, (K) = 1, the origin is the center of mass of K, and

/K((x,y)2 +(x",9)) dx = L2 |y)? (2.4)

for all y € R?",

This definition is natural since we identify C” with R?" using the mapping z and

l@y)e]” = (@), 7)) +{(t@) ", e o)

= (t@®), 7)) +{(z ), )V (2.5)
Equivalently,
/K(x Qr+x ® xT) dx = ]L,2<12n, (2.6)

where I, denotes the identity operator on R?”, and x ® x is the rank 1 linear operator on
R?" that takes y to (x,y)x. More precisely, (2.6) means

f (xaxp +xpxp)de=0 forl<i#j<n, (2.7)
K
/ (xixjp —xpxp)dx=0 forl<ij<m (2.8)
K
and

/K(xfl +ap)dx=Lg forl<i<n. (2.9)
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Summing (2.9) with i = 1,...,n, we have

/ ll%1* dx = nlL%. (2.10)
K

Now, we show the relation between real isotropic bodies and complex isotropic bodies
when we consider the convex body defined in R?”.

Theorem 2.1 Let K C R?" be a convex body with ’,,(K) = 1, center of mass at the origin.
Then
(i) if K is (real) isotropic, then K is complex isotropic;
(ii) there exists a complex isotropic convex body K such that K is not (real) isotropic;
(iii) if K is complex isotropic and Ry-invariant for every 6 € [0,2n], then K is (real)
isotropic.

Proof (i) From (2.5) and the definition of isotropy (2.3), we have
[ (@ 5 5P) diat)
K
= [ (w3 + 1) dhanta)
K

_ / (x,3)? o) + f (9 ()
K K
= L2lyl? + L2 |y |* = 2L 2 11y11%.

From (2.4), we also have L% = 2L%.
(ii) We take K as

K =A x By(R?) x -+ x By(R?),

n-1
where
A =conv{P,Q,R},
with P = (—%, %), Q= (—l,—%), R =(1,0). Then A is a right triangle and the origin is the

center of mass of A. Therefore, K is convex body and the origin is the center of mass of K.
Moreover, it follows that A,(A) = 9/4,

1 —x11+1 9
/x%l dxu dxu = / / xfl dx12 dxu = — (2.11)
A —% x11-1 32
and
1 —x11+1 27
/ xfz dxu dxlz = / ‘/. fo dxlz dxu = —. (212)
A —% x11-1 32

In this example, it is easy to verify that (2.7) and (2.8) are true.

Page 5of 13


http://www.journalofinequalitiesandapplications.com/content/2014/1/235

Lai et al. Journal of Inequalities and Applications 2014, 2014:235 Page 6 of 13
http://www.journalofinequalitiesandapplications.com/content/2014/1/235

In order to verify (2.9), we divide it into two cases. For the case that 2 <i <,

/ (xlzl + xlzz) Ay (x)
K

= 7" 205 (A) (x%1 + xlzz) dxi dxi
By(R?)

9 ! 9
=" 2n / Pdr==mg""1
4 o 8
For the case that i = 1, together with (2.11), (2.12), we obtain

[ (x5, + 7, dAon(x)
K

-1 2 2
=x" / (xu + xu) dxu dxu
A

:nn—l_ 2_}_2 :27_[;«1—1.
32 32 8

Therefore, K is complex isotropic. However, K is not (real) isotropic in view of (2.11)
and (2.12).

(iii) From the assumption that K is a complex isotropic Ry-invariant convex body in
R2", we have R, K = K. Note that R, »x = x" and | det(R; 2)| = 1, together with (2.4), we
obtain

L2yl = /K (69)? + (' 3)) dhon(@)

- / (%,3)? dhpn(®) + f () ()
K K

Ry 2K

_ / (6,9)? Do) + / (Rorote ) o ()
K
- / (5,3)? g () + / (5,9)? dion(4)
K K
= 2/ (x,y)zdkg,,(x).
K

From (2.3), it follows that L% = 2L%. O

By Theorem 2.1, the class of complex isotropic bodies is larger than ones of real isotropic
bodies.

3 The complex slicing problem
Observe that (K Nspan{Hg, £}) N (H; + t€) = K N (H; + t£), together with Brunn’s theorem
(see, e.g., [29, p.18]), we have the following lemma.

Lemma 3.1 Let K be an origin-symmetric convex body in R*", and f(t) = dyu_o(K N (Hg +
t£)) for t € R. Then f(t)/?®"=2) is concave and f (t) is decreasing for t > 0. Moreover, f(t) <
£(0).
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Lemma 3.2 Let K be a Ry-invariant body in R?", then Ay, (K N (Hg + (né + ryé"))) is
constant for all \/r? +r3 =t.

Proof Since 1?9]‘15 = He and RyK =K for 0 € [0,27], we obtain
Ro[K N (He + (& +mE"))] = KN (He + (nRoé + raReE")). (3.1)
Obviously, there exists a map Ry such that

ré +rk’ = fﬁ@é

: PR
for any r, 7y > O satisfies /1y + 15 = ¢.

Together with (3.1), we obtain

V(KN (H; + (ng +rt")))
= V(K N (H + tRy£))
= V(Ry (K N (H +t£)))
= V(K N (He +t§))

for any r1, 7 > 0 satisfies /17 + 73 = ¢. O

Lemma 3.3 Let K be a Ry-invariant complex isotropic body in R*" with )y,(K) = 1, then
Aon(K) =21 (7 tf (t) dt and Ly =27 [° £3f(¢) dt, where f(£) = Aan_a(K N (H; + ££)).

Proof From (2.4) and Lemma 3.2, we have
L% = / ((x,6)* + (x,ST)Z) dx
K
[e¢] o0
=27 f Ehona (K N (Hy + t€)) dt = 27 / £ (t) dt.
0 0

A similar argument shows A, (K) =27 [° tf(¢) dt. O
The following lemma is given by Milman and Pajor in [27, Lemma 2.1].

Lemma 3.4 Let ¢ : R" — R, be a measurable function such that |¢||cc =1 and let L be a
symmetric convex body in R". Then the function

1/(n+p)
F(p) = (/R IIxII‘Zw(x)dx//Lllxll'de)

is an increasing function of p on (—n, +00).

Theorem 3.5 Let K be a Ry-invariant complex isotropic convex body in R*" with 1, (K) =
1, then

1 1
Lg > .
= o Aon—a (K N Hg)Y/?

(3.2)
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Proof Let f(t) = Aoy_o (K N (Hg +t£)). From Lemma 3.2, it follows that f(¢) is an even func-
tion. Note that K is Ry-invariant implies K is origin symmetric. From Lemma 3.1, we have
IIf )]l =f(0). Taking ¢(2) :=f(£)/f(0) and L := [-1,1] C R in Lemma 3.4, combining with
Lemma 3.3, we get

roy - (OO (g
S e 7 han2(K N He)

and

Jg |Elf (@) f(0) dt 112 1 172
o (B )
Jolelde 7 Aana(K N H)

From the comparison F(3) > F(1), we have

1
L2>— - 3.3
K= 2 Ao (K N He) (33)

Remark If

f(0), if —a<t<aforsomea>0,
f) =

0, otherwise,
we have equality in (3.2).

The following lemma is due to Marshall et al. [30]. A simple proof is given in [27, Lem-
ma 2.6].

Lemma 3.6 Let h: R, — R, be a decreasing function and let ® : R, — R, satisfying
®(0) = 0 and such that ® and ®(t)/t are increasing. Then

S5 W) dt)“@“)

Glp) = < 15" h(e)er dt

is a decreasing function of p on (-1, 00) (provided the integrals in G(p) are well defined).

Theorem 3.7 Let K be a Ry-invariant complex isotropic convex body in R*" with A,,(K) =
1, then

3 1
Lk <\ =— 1"
T )\2,,_2([( ﬂHE)”Z

Proof Let f(t) = Ayuo(K N (Hg + t£)), t > 0. Let h(t) = (1 - )>" 2 for 0 <t <1, h(t) =0
for £ >1and set ®(t) = 1— (f(£)/f(0))">"-2, Note that K is Rg-invariant implies K is origin
symmetric. From Lemma 3.1, ®(¢) is convex and all hypotheses of Lemma 3.6 are satisfied,
so by Lemma 3.3 we get

G(3) = (W)M ) (n(n +1)(2n+1)(2n - 1)]L12(>”4
= f01 831 -8)2-2dt 37 Agu—a (K N Hy)
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and

1) _ <f000 tfv(t)/fv(o) dt)l/Z ~ ( 7’1(2}’1 _ 1) )1/2
[t -2 dy Toona(KNHg))

From the comparison G(3) < G(1), we have

3n(2n -1)
7(n+1)(2n + 1)Ag, o (K N He)

2
Lk <

Note that
n(2n—1)
(m+1)(2n+1) (34

is increasing when the positive integer # is increasing. Thus, the maximum of (3.4) occurs
as # tends to infinity. O

4 Extremum of the complex isotropic constant of B,(C")
The following lemma is proved in the spirit of the real counterpart (see, e.g., [29, p.32]).

Lemma 4.1 Let 0 <p < o0, then

7" (D(L+ 2)"

Azn(Bp((C”)) = F(l N 2_n)
p

Proof Obviously, A2,(Bx(C")) = n”. We only need to consider the case that 0 < p < occ.
Note that we identify £,(C") with the real 2n-dimensional space equipped with the norm

ll*ll, = [(x%l + x%z)plz Tt (x;zﬂ + x%ﬂ)p/z]up'

Then

n

/ o515 dxgn(x)zn( / e g dxﬂ)
RZn ]RZ

(o))

On the other hand, we compute the same integral in polar coordinates and the polar for-

(o]
219 1P _
f / e 10l 211 o1 g
S2n—1 0

'(2n/p) on
== el de

§2n-1

mula for the volume:

/2 e lxly g (x)
R 1

- r(1 + 217”)12”(310(@"))~

Comparing these two expressions for the same integral, we get the result. O
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Theorem 4.2 Let 1 < p < 00, then c,,B,(C") is a complex isotropic convex body in R*".
Furthermore, its complex isotropic constant is
) ra+ %”)““”F(1+§)
Lz com = .
B o D (14 222)0 (1 + 2)2

Proof Assume that 1 < p < oo. It is easy to verify that (2.7) and (2.8) are true for B,(C").
Now, we only need to verify (2.9) for B,(C"). Actually, we can explicitly calculate Lp,cn)
by using Lemma 4.1, to find that

1
L2 nzi/‘ X2 +x%)) dx
B C) hyicn 7+ 72)
2 1 -2
o / PL= )7 hya (B (C)) dr
Aon(Bp(C")+i Jo
2n\1+1/n 4
_ l"(1+p) F(1+p)
2n+2 2y2°
271+ B )F(1+p)

Thus, ¢,,B,(C") (1 < p < 00) is complex isotropic.
Similarly, 7~V2B,,(C") is complex isotropic and L} (on=1/27. O

Remark From Theorem 2.1(iii), ¢,,B,(C") is in fact isotropic since it is Rg-invariant.
However, the complex isotropic constant of B,(C") is more useful as the argument in Sec-
tion 3.

Next, we determine the extreme value of L, ) for p > 1. The approach that we adopted
is similar to the real case due to Ma and the third named author [7].

Lemma 4.3 Let p > 0. Then, for each given positive integer n,

2n\1+1/n 4
ra+ p) 1"(1+p)

2n+2 2\2
ra+ » )F(1+p)

E(p) =

is a decreasing function for 0 < p < 2 and an increasing function for p > 2.

Proof Making the change of variables g = 2/p, we have

=)~ vt ort - "
It follows that
TR 2y 20)- 9 @) - r4 DU {1+ 1+ )g) - WL+ ),
where ¥ (x) = I''(x)/T"(x). Now,
Y1+ (n+1)q) -y (1 +ng) = /0 ) 3( s i)mq T as Z)ll+(n+1)q) dz
T +1 q /1 ;-_11 d'f"lj’ 2
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where we use the following integral representation for the function :

©1/ 1
1ﬁ(x)=/0 Z(e —m>dz,

and a change of variable £ = (1 + z)9.
Let n =1in (4.2), then

1 > ¢t-1 .1
R e
29y ji_q B
Thus,
dinG(g) 1 [ ¢t-1 1 1
L T . d 1~ 2 )
dq qhr g1 \" L
Then it follows that
dInG(g)

0

& 1 1
L)
-1 1 th+ t2

and,if 0 <g <1,

dinG(g) 1 [* t-1 1 1
Q0 = Tl Worve dhler
dq qhi 31 \t" ¢

1 0 1
®A-q)t1 +qt° —t1 1 1
= 1 nel 12 dt
! Pt - 1) et

<0,

dq

where we use the arithmetic-geometric mean inequality, i.e., (1 — A)x + Ay > x'7*y*,

Similarly, if ¢ > 1, we have

dlnG(q)_l/oo (-1 (11
dq _q 1 t‘li—l i+l 2

Oo(1—%1)t‘ll +[l1té71—1 1 1
= 1 )
1 q(t1 -1)? =t
> 0.
The result follows from (4.1). O

The following lemma can be simply deduced as in [23, p.4].
Lemma 4.4 For every complex isotropic convex body K in R*",
L > Lg,cn)-

Recall that

P+ 21+ 2)
2122 2)2
2xT(1 + » )1"(1+p)

Lép((cn) = (4.3)
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for p > 1. Thus, from Lemma 4.4, we have

1
(m)n \2 1
Lg, ) = Lpycm = (n(n D > Tre (4.4)

From Lemma 4.3 and (4.3), it follows that
LBP(C”) < maX{LBl(Cn),LBOO(Cn)} (45)
for p > 1. The following lemma is given by Gao [3].

Lemma 4.5 Let 0 <x <1andy > 0. For fixed x, the function

flx,y) = (1+ ;)lnr(1+xy)—lnf‘(l+(y+2)x) (4.6)

is a decreasing function of y for y > 0 when 0 < x <1/2 and for y > 2 when 1/2 < x <1.

If we setx =1/p and y = 2n in (4.6) for p > 1, n > 1, by (4.3), it follows that
Lg,cn <Lg,©-

Combining with (4.5), we have

1
L, = L) = Lpocn = —=- (4.7)

V2

Together with (4.4) and (4.7), we have the following theorem.

Theorem 4.6 Let1 <p < oo, then

1 1
— <Lp ) < —.
Jre V2

Now we complete the proof of our main result.

Proof of Theorem 1.2 Combining with Theorem 3.5, Theorem 3.7, and Theorem 4.6, we
obtain

1 1 " 3 1
1< — < han-2(€upB,(C") N H, <./ — < +/3e.
V27 Lp,cn) w2 (enpBp(C7) N He) 7 Lp,cn)

The equality of the left inequality in this theorem holds for B,,(C") from the remark after
Theorem 3.5 and (4.7). O
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