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Abstract

In this paper, we propose a new iteration method based on the hybrid steepest
descent method and Ishikawa-type method for seeking a solution of a variational
inequality involving a Lipschitz continuous and strongly monotone mapping on the
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1 Introduction and preliminaries
Let C be a nonempty closed and convex subset of a real Hilbert space H with the inner

product and induced norm || - ||. A mapping F of C into H is said to be monotone if
(Fx—Fy,x-y) >0 (L1)

forallx,y € C.
The variational inequality problem with respect to F and C is to find a point z € C such
that

(Fz,y—z)>0 forallyeC. (1.2)

Variational inequalities were initially investigated by Kinderlehrer and Stampacchia in
[1], and have been widely studied by many authors ever since, due to the fact that they
cover as diverse disciplines as partial differential equations, optimization, optimal control,
mathematical programming, mechanics and finance (see [1-3]).

We know that if F is a k-Lipschitz continuous and 7-strongly monotone mapping, i.e.,
F enjoys the following properties:

|Ex—Fy| <klx—yll and (Fx—Fy,x—7y)>nlx—y|>
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for all x,y € C, where k and n are fixed positive numbers, then (1.2) has a unique solution.
It is well known that (1.2) is equivalent to the fixed point equation

z=Pc[(I - uF)z], (1.3)

where Pc stands for the metric projection from H onto C and u is an arbitrarily pos-
itive number. Consequently, the well-known iterative procedure, the projected gradient
method (PGM) [3-6], can be used to solve (1.2). PGM generates an iterative sequence by
the recursion

x1€C and Xy =Pc[( - uF)x,], n>1 (1.4)

When F is a k-Lipschitz continuous and 7-strongly monotone mapping, as u € (0, i—g), the
sequence {x,} generated by (1.4) converges strongly to a unique solution of (1.2).

The projected gradient method (1.4) involves the metric projection Pc. In order to
reduce the complexity caused by P¢, Yamada [7] introduced a hybrid steepest descent
method (HSDM) for solving (1.2). By assuming that C = ﬂf\il Fix(T;) # @, where Fix(T;) =
{x € H:x = T;x} and T; is a nonexpansive mapping on H, i.e.,

1T - Tyl < llx -yl
for all x,y € H, Yamada proposed the following iterative algorithm:
X1 € Hr KXn+l = (1 - )‘nMF)T[n]xm (15)

where T7,;) = Tymodn, taking valuesin {1,2,...,N}, u € (0, f{—'}) and {A,} is a sequence of real
numbers in (0, 1), and proved that, under the following conditions:

(L1) 1imy o0 Ay = 0,

(L2) %, Ay = 00,

(L3) D02 [ = Apen| < 00, and

(L4) C=Fix(TiTy--- TnaTy) = Fix(InTi - TnoTnoa) = - = Fix(To Ts - - - T Th),
the sequence {x,} generated by (1.5) converges strongly to a unique solution of (1.2). The
algorithms and convergence results of Yamada in [7] have been improved and extended to
a finite or an infinite family of nonexpansive mappings; see, for example, Xu and Kim [8],
Zeng [9], Liu and Cai [10], and Iemoto and Takahashi [11]. However, all such improvements
and extensions are confined to a finite or an infinite family of nonexpansive mappings.

In this paper, we propose a new iterative algorithm based on a combination of the pro-
jected gradient method for variational inequalities with the Ishikawa-type method for
fixed point problems to solve (1.2) with C = ﬂﬁl Fix(T;), where {Ti}fi , is a finite family
of L;-Lipschitz continuous and quasi-pseudocontractive mappings on €2, where Q is a
nonempty closed and convex subset of H, while F : @ — H is a k-Lipschitz continuous
and n-strongly monotone mapping.

Given a stating point x; € 2, the iteration is generated by

X1 € Q,
Yni = (1_ani)xn +aniTixn1 i:112,-~1N7 (16)
Xn+l = PQ[(I - )\n/'LF)(ﬁnOxn + Zf\il ,BniTiyni)]r n=> 11
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where {8,;:i=0,1,2,...,N} C (a,b) C (0,1), {%,,} C (0,1) satisfy the following conditions:
M) XikoBu=1;
(i) lim,— o0 hy =0, > o) Ay = 00;

(iii) Zﬁl Bui <minf{w,;:i=1,2,...,N} <max{a,;:i=1,2} <a<

«/ﬁu’ Vnzl,
where L :=max{L;:i=1,2,...,N}, while u is a fixed constant satisfying i € (0, i—;’).

By virtue of new analysis techniques, we prove that the sequence generated by (1.6) con-
verges strongly to a unique solution of (1.2) with C = ﬂf\il Fix(T;).

In order to reach our goal, we need the following conceptions and facts.

Let D be a nonempty subset of a real Hilbert space H. A mapping T : D — H is called

K -strictly pseudocontractive if and only if there exists a constant « € [0,1) such that
2
1T = TylI* < Dl = yI* + & [ (1 = T)x = (I = T)y | (1.7)

forall x,y € D. When « =1, T is said to be pseudocontractive.
T is said to be quasi-pseudocontractive if and only if Fix(7T) # @ and

1T =y11” < Nl = 1> + | (1 = T)x]” (1.8)
for all x € D but y € Fix(T).
We remark that inequalities (1.7) and (1.8) are equivalent to the inequalities
(Tx — Ty, x—y) < |lx—y|I* - 1_7'( [ -T)x-(- T)y||2 for all x,y € D (1.9)
and
(Tx—y,2-9) < lx=yI° (1.10)

for all x € D but y € Fix(T), respectively.

We note that if T is «-strictly pseudocontractive, then it is Lipschitz continuous and
pseudocontractive; if T is a pseudocontraction with a fixed point, then T is a quasi-
pseudocontraction; however, the converse may be not true.

Recall that the metric (nearest point) projection from H onto a nonempty closed convex
subset E of H is defined as follows: for each point x € H, there exists a unique point Prx € E
with the property

lx — Pex|| < [lx -yl forallyeF,

that is, for any point x € H, ¥ = Pex if and only if ¥ € E and ||x — ¥|| = inf{||x — y|| : y € E}.

Lemma 1.1 [12, 13] Let Pr : H — E be a metric projection from H on a nonempty closed

convex subset E of H. Then the following conclusions hold true:

(p1) Givenx € H and z € E. Then z = Px if and only if there holds the inequality

(x—z,y—-2) <0, VyeL. (1.11)
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(Ppx — Pry,x—y) > |Pex — Pey|?,  Vx,y € H, (112)
in particular, one has
IPex - Peyll < llx = yll,  Vx,y€H. (113)

Lemma 1.2 [14, 15]
() Il £yl = %l £ 2(x,9) + lyl12 for all x,y € H;
(i) |(1 =) +ty|2 = (1= )%l + tlylI® =t = O)||x = y||? for all x,y € H and t € R;
(i) for all x; € H and «; € [0,1] (i =1,2,...,n) such that Y+, o; = 1, the following
equality holds:

2 n
2 2
= allwl* = D ol — x>
i=1

1<i<j<n

n
E X
i=1

Lemma 1.3 [7] Let Q2 be a nonempty subset of H and F : Q — H be a k-Lipschitz con-
tinuous and n-strongly monotone mapping. For each A € (0,1] and p € (0, i—g), write

T":= (I - AuF) and v :=1—- /1 - (29 — puk?) € (0,1). Then we have
| 7%= Ty| < 1= 20)lx -yl
forallx,y € Q.

Lemma 1.4 [16] Let E be a nonempty closed convex subset of a real Hilbert space H and T :
E — E be L-Lipschitz continuous and quasi-pseudocontractive. Then Fix(T) is a nonempty
closed convex subset of E, and therefore Prixr)x is well defined for each x € H.

Lemma 1.5 [17] Let E be a nonempty closed convex subset of a real Hilbert space H and
T : E — E be a demicontinuous pseudocontraction from E into itself. Then Fix(T) is a closed
convex subset of E and I — T is demiclosed at zero.

Lemma 1.6 [18] Let {a,} be a sequence of real numbers such that there exists a subsequence
{n;} of {n} such that a,, < a,,. for all i € N. Then there exists a nondecreasing sequence
{myi} C N such that my — oo and the following properties are fulfilled:

Ay < Ayl ANA - Ak < Ay
for all sufficiently large numbers k € N.

Lemma 1.7 [19] Let {s,} be a sequence of nonnegative real numbers satisfying the following
relation:

Snil < (L—t,)sy + £,0,, 1> ng,

where {t,} C (0,1) and {0,,} C R satisfy the following conditions: lim,_, oo t, = 0, > ey t; =
00, and lim,,_, o0, < 0. Then s, — 0 as n — oo.
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2 Main results

Theorem 2.1 Let Q be a nonempty, closed and convex subset of a real Hilbert space H.
Let T\, Ty, ..., Ty : Q@ — Q be L;-Lipschitz continuous and quasi-pseudocontractive with
Lipschitz constants Ly, Ly, ..., Ly, respectively. Let F : Q — H be a k-Lipschitz continuous
and n-strongly monotone mapping. Assume that F = ﬂf\il Fix(T;) # @ and I — T; are demi-
closed at zero fori=1,2,...,N. Let {x,} be defined by (1.6). Then {x,} converges strongly to
a unique solution x* of (1.2), where x* = Pr(I — uF)x*.

Proof First of all, we show that Prux is well defined for each x € H. Indeed, in view of
Lemma 1.4, we know that Fix(T}) are closed convex for i =1,2,...,N, and hence F is also
nonempty, closed and convex; consequently, Prx is well defined for any x € H. Secondly,

we show that there exists a unique x* € F such that
x* =Pr(l - uF)x*. (2.1)

Indeed, in view of Lemma 1.3, we know that I — uF : Q — H is a contraction, and hence
Pr(I-uF): Q — Qisalso a contraction on 2. Then we use the Banach contraction map-
ping principle to deduce (2.1).

Write u,, = Bnox, + Zﬁl Bui Tiyni- Then, Vp € F, by virtue of Lemma 1.2, (1.6) and (1.8),

we have that

1ymi = pII?
= [ = o) (6 = ) + i Tt — )|
= (1= i) 1% = pII* + ill T = pII* = (1 = 0t) |20 — Ti |
< (=) llxn = pII* + o[ 1% = pII* + 120 — Tioeul|*]
= 0ti(L = o) 6n = Tien

= lwn = pII* + 02 ll% — Tixu | (2.2)

fori=1,2,...,Nandall n > 1.

Furthermore, from (1.6) and Lemma 1.2, we get that

19ni = Tiyill®
= [/ = ) @ = Tipi) + i Ti = Toyd) |

2 2
” - ani(l - am’)”xn - Tlxn”

= (1= o) 1% = Tiymill® + il Tiztn = Tiymi
< (1 - am’)”xn - Tiyninz + O[m'LZ”xn __ym'”2 - O[m'(l - am’)”xn - Tixn"2
= (1= o) 1 — Tyl + L 1% — Tienll* = cti(L = ctt) 60 — T ||

= (1 - am’)”xn - Ti_yni”2 - am'(l — Oy — Lzaﬁi) ”xn - Tixn”2 (23)

fori=1,2,...,Nandalln>1.
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At this point, we can estimate ||z, — p||?. In fact, from Lemma 1.2, (2.2), (2.3) and con-

ditions (i) and (iii) in (1.6), we have

2
ot - p
2

N
Buo@n—p) + Y Bul Tyui — p)
i=1

N N
= Buolltn =17+ > Bui| Ty =2 | =Y Buo Bl — Tyl

i=1 i=1
= > BuBull Tymi — Ty |I*
1<i<j<N
N
< Buollxn = pI> + Y Builllyni =PI + 1y = Toymil*]
i=1

N
=D BuoBuilltn = Tiywil> = Y BuiBu | Tivwi = Ty I
i=1

1<icj<N

N N
< Buollxn =17+ D Buillxn —pI” + D Buil = ctui) s = Tiyil®

i=1 i=1

N N
2.2 2 2
= Buictni (1 = i = L) %0 = Titull* = BuoBuilln — Toy

i=1 i=1

N

2 2.2 2
= %0 = pI% = Buictni(1 = ot — L2or;) 16 — T
i=1

N
£ Y Bl = ctui = Buo) %0 = Tyl

i=1

N
2 2 2 2
<= pI* =Y Buictni (1 — i = L0ty %0 = il
i=1

N 2
< lan —pl* - (Z ﬂm) (1- o = L) |12 — Tiu|”
i=1

< lxn = plI* = Na)*(1 - o = L*o®)[|%, — Ty ? (2.4)

foralli=1,2,...,Nandalln > 1.
Note that 1 — e — L2a:? > 0, it follows from (2.4) that

lun —pll < %, —pll  foralln>1. (2.5)
In particular, for x* = Px(I — uF)x* € F, we have

||u,, - x* || < ||x,, —-x* || forall n > 1. (2.6)

Page 6 of 12
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From Lemmas 1.1, 1.3 and (2.6), we can prove that {x,} is bounded. Indeed, we have

o1 =] = [Pl = husehi] = *| = | Pa[ (T~ 3ypBpes] P
< | = hupByu, — x|
= | (I = At F)ity — (I = hont F)6™ = At F*|
= || = upF)uy — (I = Ayt F)x*|| + e | Fx*||
< (L=t ttn — &% || + 1 | Fx* |
PIEx]|

<@ =th) |t =" + Ty

R EX" ||

<@ =10 |on =" + Ty

F*
,ullxll}:zM
T

*

§max{||x1—x

for all » > 1, and therefore {x,} is bounded; consequently, {y,;}, {#,} and {Fu,} are all
bounded.

We next show that x,, — x* (1 — 00).

By virtue of Lemmas 1.1-1.3, (1.6) and (2.4), we have that

[y = = [Pall = omBo] = | = | = Rosay - [
= (= AutF)sty — (I = Ayt )" = g |
= | = Bty = (I = houuF)* || + 2202 | Ex* |
+ 2phn(Fx*, (I = At F)tty — (I = At F)x*)
< W= ea) - 422 B |
+ 2 (X", % = 1) + 200”12 (Fx*, Fu,, — Fx*)
= (U= ta)[ 00 = 2> = N@)* (1 = « = L20?) I, — Tia %]
2 Fx, " — 1) + 20 A2 Ex®, Fu,) - 2202 | B |°
< (1= ) [ = #* | = (1 = TA) il — Tial®
+ 2phn(Fx®, % — ) + 207 | F* || A2 | F |
< (1= th) |20 = |* = (1 = A Cr 12 — i
+ 2uhn(Fx*, % — 1) + Gy (2.7)
for i =1,2,...,N and all > 1, where C; = (Na)*(1 — « — L2?) and C, = 21> || Fx*|| x

sup{|| Fu,|| : n > 1} are fixed positive constants.
Set s, = ||#, — x*||2. Then (2.7) reduces to

Sus1 = Sn + ThnSy + (1= TA0) Cillwn — Tiwnll” < 2uhn(Fx*, 2% — u,) + CrA (2.8)

fori=1,2,...,Nandalln > 1.
Now we consider two possible cases.
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Case 1. {s,} is decreasing eventually, that is, there exists some integer ny > 1 such that
Sps1 <58, foralln>ny.

In this case, we have lim,,_, o, 5,, exists.

Taking the limit in (2.8), noting that A, — 0 as n — oo, we get that
%, —Tix, — 0 asnm— 00 (2.9)
fori=1,2,...,N. It follows from (1.6) that
Xy =Yy — 0 asm— 00 (2.10)
fori=1,2,...,N. Since T; is L;-Lipschitz continuous, we have that
I Tixn — Tiyill < Lill%n = Ynill (2.11)

fori=1,2,...,N. Consequently, from (2.9)~(2.11) we get that

N
Z ﬁm'(xn - Tiym')

i=1

”un _xn” =

N
<> Buillxn = Toyuil

N

i=1
N

<D Buillwn = Txull + Y Bl Tt = Tiy
i=1

i=1

N N
<b> % — Tiall + LB Y 1 = yuill > O

i=1 i=1

as n — 00, which derives that

lim (Fx*,x* - u,,) = lim (Fx*,x* —xn). (2.12)

n—00 n—00

Assume that

lim (Fx*,x* - x,,) = lim (Fx*,x* - x,,k). (2.13)
n—oo k— o0

Without loss of generality, we can assume that x,x — % weakly as k — oo; then & = Tj&x
fori=1,2,...,N, by virtue of (2.9) and our assumption, and hence % € F. It follows from
(2.13) and (1.2) that

lim (Fx*,x* - u,,) = (Fx*,x* —56) <0. (2.14)

n— 00
Sett,=1tA,and o, = 27" (Fx*,x* —u,) + %)»,,. Then (2.8) reduces to
S+l = (1 - tn)sn + t,,O',,,

where lim,,_, o0, < 0. Now Lemma 1.7 can be used to deduce s, — 0 as n — 0.

Page 8 of 12


http://www.journalofinequalitiesandapplications.com/content/2014/1/218

Zhou and Wang Journal of Inequalities and Applications 2014, 2014:218 Page 9 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/218

Case 2. {s,} is not decreasing eventually, that is, there exists a subsequence {ni} of {n}
such that s,; < s,;41 for all i € N. By virtue of Lemma 1.6, we know that there exists a
nondecreasing sequence {m} C N such that m; — 00, s, < Sy, +1 and sg < 8,41 for all

sufficiently large k € N. In this case, we have s, .1 — 5, > O for large enough k € N. It
follows from (2.8) that

Lim (S, 41 — S, ) = 0, (2.15)
k—00
klim Ky = Tixmy) =0 fori=1,2,...,N, (2.16)
— 00
and
klir&smk < ZMkILrgo(Fx*,x* - umk). (2.17)

By using a reasoning similar to case 1, we can obtain that limyg o0 (Fx*, &% — Upy) <0,
and hence %k%osmk <0 by (217), ie., s, — 0 as k — 0o, which derives s,, ., — 0
as k — oo; consequently, sy — 0 as k — 00, since s; < s,,,,1 for sufficiently large k € N.
This completes the proof. g

Remark 2.1 When Q = H, P in (1.6) can be dropped.

Corollary 2.1 Let Q be a nonempty, closed and convex subset of a real Hilbert space H.
Let T1,Ts,..., Ty : Q — Q be N L;-Lipschitz continuous and strongly pseudocontractive
with Lipschitz constants Ly, Ly, ..., Ly, respectively. Let F, F and {x,} be the same as in
Theorem 2.1. Then {x,} converges strongly to a unique solution x* of (1.2), where x* = Px(I —
WE)x*.

Proof By virtue of Lemma 1.5, we know that Fix(T;) are closed convex for i =1,2,...,N
and hence F = ﬂf\il Fix(T;) is nonempty, closed and convex. Lemma 1.5 also ensures that
I — T; are demiclosed at zero for i = 1,2,...,N and hence the conclusion of Corollary 2.1

follows exactly from Theorem 2.1. O

Corollary 2.2 Let Q2 be a nonempty, closed and convex subset of a real Hilbert space H.
Let Ty, Ty,..., Tn : Q — Q be N strict pseudocontractions, respectively. Let F, F and {x,}
be the same as in Theorem 2.1. Then {x,} converges strongly to a unique solution x* of (1.2),
where x* = Pr(I — uF)x*.

Proof Since every strictly pseudocontractive mapping is Lipschitz continuous and pseu-
docontractive, we have the desired conclusion. O

Corollary 2.3 Let Q2 be a nonempty, closed and convex subset of a real Hilbert space H.
Let T1, Ty, ..., Tn : Q — Q be N nonexpansive mappings, respectively. Let F, F and {x,} be
the same as in Theorem 2.1. Then {x,} converges strongly to a unique solution x* of (1.2),
where x* = Pr(I — uF)x*.

Proof Since any nonexpansive mapping is 1-Lipschitz continuous and pseudocontractive,
we have the desired conclusion by Corollary 2.2. d
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Table 1 The results of the algorithm in [20]

n 0 500 1,000 5,000 10,000 12,000 14,000 17,000

X1 2 18602  1.8441 1.8074  1.7919 1.7878 1.7843 1.7800
X 3 27902 27662 27112 26878 26817 26765 2.6700

Table 2 The results of algorithm (1.6)

n 0 500 1,000 5,000 10,000 12,000 14,000 17,000

xp 2 14957 14490 13332 1.2878 1.2761 1.2663 1.2541
X 3 22435 21673 19998 19317 1.9142 1.8995 1.8812

Remark 2.2 When F = I, we have the following strong convergence theorem.

Corollary 2.4 Let Q2 be a nonempty, closed and convex subset of a real Hilbert space H.
Let Ty, Ty,..., Tn : @ — Q be N L;-Lipschitz continuous and quasi-pseudocontractive with
Lipschitz constants Ly, L, ..., Ly, respectively. Let F and I — T; be the same as in The-
orem 2.1. Let {x,} be defined by (1.6) with F = I. Then {x,} converges strongly to the
minimum-norm fixed point of the family {T;}Y,.

3 Numerical example

Example 3.1 [20] Consider the following optimization problem: find an element
x*eC: (p(x ) = I;lelél(p(x), (3.1)
where ¢(x) = 1||x[1%, x = (%1, %) € R?, a Euclid space, and C = C; N C,, defined by

C = {(xl,xz) €R2 X1 — 2% +1 < 0},

C2 = {(x1,x2) c Rz 4 —xy — 3> 0}

(3.1) has a unique solution x* = (1,1) and F = Vg = I is 1-Lipschitz continuous and %—
strongly monotone. Starting with the point &' = (x1,%,) = (2,3), . = % € (0,1) and A, =
ﬁ, set a,,; = ﬁ + m, By = Py = %am-, Buno =1—ay; for i = 1,2, Table 1 shows the results
of algorithm in [20], we obtained the results of algorithm (1.6) in Table 2. Obviously, the

results in Table 2 are better.

Example 3.2 [21] Let H = R with absolute value norm. Let Q2 = [-2,1] and T, T3 : Q — 2
be defined by

x+x2, xe[-2,0],

x, x € (0,1],

Tlx =

and

x, x€[-2,1],

T2x1=
x-2x-3)?% x€(3,1
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Table 3 Values of {x,} with initial values xo =-1 and xo = 0.8

n 0 500 1,000 5,000 10,000 12,000 14,000 17,000

xp -1 -00739 -0.0447 -0.0127 -0.0071 -0.0060 -0.0053 -0.0045
xp 08 01130 00803 00361 00255 00233 00216 0019

Then F = Fix(T1) NFix(T3) = [0,1]N[-2, 3] = [0, 3], T1 : @ — Qs 5-Lipschitz continuous
and pseudocontractive and T, : 2 — 2 is 10-Lipschitz continuous and pseudocontractive.
We find the point x* € F with the minimum-norm. To do so, set F = 1.

Now, taking A, = ﬁ, Oy = ﬁ + mlm, By = PBuy = %txm», Buo=1-—ay fori=1,2,and u =
% € (0, i—g) = (0,1), we see that the conditions of Corollary 2.1 are fulfilled and algorithm
(1.6) provides the data in Table 3. Our result is better.
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