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Abstract

The purpose of this paper is to investigate viscosity approximation methods for
finding a common element in the set of fixed points of a strict pseudocontraction
and in the set of solutions of a generalized variational inequality in the framework of
Banach spaces.
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1 Introduction
Let C be a nonempty, closed and convex subset of a real Hilbert space H, and let Pc be the

metric projection of H onto C. Recall that a mapping A : C — H is said to be monotone
iff

(Ax—Ay,x—y)>0 Vx,yeC.

Recall that a mapping A : C — H is said to be inverse-strongly monotone iff there exists a
positive real number « > 0 such that

(Ax — Ay,x —y) > a||Ax — Ay||> Vx,y e C.

For such a case, A is said to be «-inverse-strongly monotone.
Recall that the classical variational inequality problem, denoted by VI(C,A), is to find
u € C such that

(Au,v—u)>0 VveC. (1.1)

It is clear that variational inequality problem (1.1) is equivalent to a fixed point problem.
u is a solution of the above inequality iff it is a fixed point of the mapping Pc(/ — rA), where
1 is the identity and r is some positive real number.

Variational inequality problems have emerged as an effective and powerful tool for
studying a wide class of problems which arise in economics, finance, image reconstruc-
tion, ecology, transportation, and network. Recently, many authors studied the solutions
of inequality (1.1) based on iterative methods; see [1-17] and the references therein.
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Let S: C — C be a mapping. In this paper, we denote by F(S) the set of fixed points of
the mapping S.
Recall that S is said to be nonexpansive iff

Sx =Syl < llx =yl Vx,yeC.

Recall that S is said to be a strict pseudocontraction iff there exits a positive constant A
such that

ISx = Syl? < llx =y + 2| (I - S)x— U -S| ¥xyeC.

It is clear that the class of strict pseudocontractions includes the class of nonexpansive
mappings as a special case.

Recently, many authors have investigated the problems of finding a common element in
the set of solution of variational inequalities for an inverse-strongly monotone mapping
and in the set of fixed points of nonexpansive mappings or strict pseudocontractions; see
[18—25] and the references therein. However, most of the results are in the framework of
Hilbert spaces. In this paper, we investigate a common element problem in the frame-
work of Banach spaces. A strong convergence theorem for common solutions to fixed
point problems of strict pseudocontractions and solution problems of variational inequal-
ity (1.1) is established in uniformly convex and 2-uniformly smooth Banach spaces. The
results presented in this paper improve and extend the corresponding results announced
by liduka and Takahashi [5] and Hao [26].

2 Preliminaries

Let C be a nonempty closed and convex subset of a Banach space E. Let E* be the dual
space of E, and let (-,-) denote the pairing between E and E*. For g > 1, the generalized
duality mapping J, : E — 2F" is defined by

Jo®) = {f € E*: (. f) = %1% If ] = Il%l197"}

for all x € E. In particular, / = J; is called the normalized duality mapping. It is known that
J4(x) = |lx[|7%] (x) for all x € E. If E is a Hilbert space, then J = I, the identity mapping. The
normalized duality mapping J has the following properties:
(1) if E is smooth, then J is single-valued;
(2) if E is strictly convex, then it is one-to-one and (x — y,x* — y*) > 0 holds for all
(x,x%), (9, y*) € J with x # y;
(3) if E is reflexive, then J is surjective;
(4) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E.
Let U = {x € X : ||x|| = 1}. A Banach space E is said to be uniformly convex if, for any
€ € (0,2], there exists § > 0 such that, for any x,y € U,

+y

x
lx—y|| > € implies HT <1-6.

It is known that a uniformly convex Banach space is reflexive and strictly convex. Hilbert
spaces are 2-uniformly convex, while L? is max{p,2}-uniformly convex for every p > 1.
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A Banach space E is said to be smooth if the limit

x+ty|| — ||x
i 1+ 211 = Dl

t—0 t (21)

exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.1) is attained
uniformly for x,y € U. The norm of E is said to be Fréchet differentiable if, for any x €
U, the limit (2.1) is attained uniformly for all y € U. The modulus of smoothness of E is
defined by

1
p(r) = SUP{E(H?HJ’H +lx—yl)-1:xy e X, x| =1L |yl = r},

where p : [0,00) — [0, 00) is a function. It is known that E is uniformly smooth if and only
if lim; ¢ @ = 0. Let g be a fixed real number with 1 < g < 2. A Banach space E is said to
be g-uniformly smooth if there exists a constant ¢ > 0 such that p(r) <ct? forall t > 0.

We remark that all Hilbert spaces, L, (or /,) spaces (» > 2) and the Sobolev spaces W},
(p > 2) are 2-uniformly smooth, while L, (or /,) and W}, spaces (1 < p < 2) are p-uniformly
smooth. Typical examples of both uniformly convex and uniformly smooth Banach spaces
are L?, where p > 1. More precisely, L? is min{p, 2}-uniformly smooth for every p > 1.

Recall that a mapping S is said to be A-strictly pseudocontractive iff there exist a constant
A €(0,1) and j(x — y) € J(x — y) such that

(Sx =Sy j =) < =y = 2| = S)x = T S)y|* VxmyeC. (2.2)
It is clear that (2.2) is equivalent to the following:
(U= S)x— U= S)y,jlx—9)) = AL - - (US| VxyeC. (2.3)

Next, we assume that E is a smooth Banach space. Let C be a nonempty closed convex

subset of E. Recall that an operator A of C into E is said to be accretive iff
(Ax—Ay,](x—y)> >0 VxyeC.
An accretive operator A is said to be m-accretive if the range of I + rA is E for all r > 0.
In a real Hilbert space, an operator A is m-accretive if and only if A is maximal monotone.

Recall that an operator A of C into E is said to be a-inverse strongly accretive iff there

exits a real constant « > 0 such that
(Ax - Ay,J(x - y)) = a||Ax - Ay||* Vx,y€C.
Evidently, the definition of an inverse-strongly accretive operator is based on that of an

inverse-strongly monotone operator.

Let D be a subset of C and Q be a mapping of C into D. Then Q is said to be sunny if

Q(Qx + t(x — Qx)) = Qx,
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whenever Qx + t(x — Qx) € C for x € C and ¢ > 0. A mapping Q of C into itself is called
a retraction if Q? = Q. If a mapping Q of C into itself is a retraction, then Qz = z for all
z € R(Q), where R(Q) is the range of Q. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D.

The following result describes a characterization of sunny nonexpansive retractions on
a smooth Banach space.

Proposition 2.1 [27] Let E be a smooth Banach space, and let C be a nonempty subset of E.
Let Q: E — C be a retraction, and let ] be the normalized duality mapping on E. Then the
following are equivalent:

(1) Qc is sunny and nonexpansive;

(2) 1Qcx ~ Qcyll* < (x~y,J(Qcx — Qcy)) ¥x,y € E;

() (x—Qcx,J(y—Qcx)) =0VxeE,yeC.

Proposition 2.2 [28] Let C be a nonempty closed convex subset of a uniformly convex and
uniformly smooth Banach space E, and let T be a nonexpansive mapping of C into itself
with F(T) # 9. Then the set F(T) is a sunny nonexpansive retract of C.

Recently, Aoyama et al. [29] considered the following generalized variational inequality
problem.

Let C be a nonempty closed convex subset of E, and let A be an accretive operator of C
into E. Find a point u € C such that

(Au,](v - u)) >0 VveC. (2.4)

Next, we use BVI(C,A) to denote the set of solutions of variational inequality prob-
lem (2.4).

Aoyama et al. [29] proved that variational inequality (2.4) is equivalent to a fixed point
problem. The element « € C is a solution of variational inequality (2.4) iff u € C is a fixed
point of the mapping Q¢ (I —rA), where r > 0 is a constant and Qc is a sunny nonexpansive
retraction from E onto C.

The following lemmas also play an important role in this paper.

Lemma 2.3 [30] Assume that {«,} is a sequence of nonnegative real numbers such that
Opyl = (1 - yn)an + (Sn t én,

where {y,} is a sequence in (0,1), {e,} and {3,} are sequences such that
1 221 Vn =00
(2) Yool en <00
(3) limsup,,_, o 8,/vn <0 0r Y 21 84| < 00.

Then lim,,_, o, oz, = 0.

Lemma 2.4 [31] Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds:

I+ y1I> < llxl|® + 2(y, Jx) + 2[KylI*> Vx5 € E.
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Lemma 2.5 [29] Let C be a nonempty closed convex subset of a smooth Banach space E. Let
Qc be a sunny nonexpansive retraction from E onto C, and let A be an accretive operator
of Cinto E. Then, for all » > 0,

BVI(C,A) = F(Qc(I - 1A)).

Lemma 2.6 [32] Let C be a closed convex subset of a real strictly convex Banach space E
and S;: C — C (i = 1,2) be two nonexpansive mappings such that F = F(S;) N F(Sy) # 0.
Define Sx = §S1x + (1 — 8)Sox, where § € (0,1). Then S : C — C is a nonexpansive mapping
with F(S) =F # .

Lemma 2.7 [33] Let C be a nonempty subset of a real 2-uniformly smooth Banach space
E,and let T : C — C be a k-strict pseudocontraction. For « € (0,1), we define Tyx = (1 -
a)x+aTx foreveryx € C. Then, as o € (0, KLZ], T, is nonexpansive such that F(T,) = F(T).

Lemma 2.8 [34] Let E be a real uniformly smooth Banach space, and let C be a nonempty
closed convex subset of E. Let T : C — C be a nonexpansive mapping with a fixed point, and
letf : C — Cbea contraction. Foreacht € (0,1), let z; be the unique solution of the equation
x = tf (x) + (1—£) Tx. Then {z;} converges to a fixed point of T ast — 0 and Q(f) = s-lim,_,¢ z;

defines the unique sunny nonexpansive retraction from C onto F(T).

3 Main results

Theorem 3.1 Let E be a uniformly convex and 2-uniformly smooth Banach space with the
best smooth constant K, and let C be a nonempty, closed and convex subset of E. Let Q¢ be
a sunny nonexpansive retraction from E onto C, and let A : C — E be an a-inverse strongly
accretive mapping. Let S : C — C be a \-strict pseudocontraction with a fixed point. As-
sume that F := F(S) NBVI(C,A) # 0. Let {«,}, {B,} and {y,} be real number sequences in
(0,1). Suppose that x, = x € C and that {x,} is given by

Kna1 = Of () + Bu[ Sen + (1= W)Qc (@ — AAX,) | + ¥uQcen, n>1,

where S; = (1—t)x+tSx, t € (0, K%],f : C — Cisak-contractive mapping, {e,} is a bounded
computational error in E, ) € (0,a/K?] and . € (0,1). Assume that the following restric-
tions are satisfied:

(@) limysooay =0, 02 oy =00and y oo |Qus1 — oy < 00;

(b) 321 vu < 00.
Then {x,} converges strongly to x = Qpf (x), where Qr is a sunny nonexpansive retraction
from C onto F.

Proof Fixing x* € F, we find that x* = Qc(x* — AAx*) and Sx* = x*. It follows from Lem-
ma 2.7 that S;x* = x*. Put y,, = Qc(x,, — AAx,,). In view of Lemma 2.4, we find that

9 =5 [* = | (@ = #7) = 2(Axs - Ax) |
< ||x,, —x* ||2 - 2k<Axn —Ax*,](x,, —x*))

+2K202 | Ax, — Ax*|)?
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< ||xy, —x* ||2 -2\ ||Ax,, — Ax* ||2 +2K2%)2 ||Ax,, — Ax* ||2

= oo =] + 20, (LK - @) | A, — Ax* |
Since A € (0,a/K?], we have that
[ =7 = flen = 7]
This implies that Qc(I — +A) is a nonexpansive mapping. Hence, we have

a1 = 2|
= [ltnf Gen) + Ba[ 1% + (1= ) Qc (3 — 2Ax4)] + YuQcen — x* |
< 0t ||f Gen) = %[ + B | 148w + (1 = 1) Qc(o6n — AAx,) — x|
+ V| Qcen — x*||
< 0t ||f en) = %[ + Bupt 200 — || + Bu(L = 1) 00 — ¥
+ Vu| Qcen — x*||
< ok |0 = &* | + o[ (57) = || + B[ n — x|
+ Yl len — x|
< (1= 0n(1 =) o0n = 27| + o[£ (57) =" + | e — 7]
’ IIf (") — ™|

1-«

Smax{”xn—x* }+7/,,”e,,—x* ,

which implies that the sequence {x,,} is bounded, so is {y,}. Define

ty = uSixn + (1 — ) Qclx, — AAX,).

It follows that

£ = tuall
= || Seen + (1= 1)QcU = 2A)x, =[S 1 + (1= W)Qc = AA)x, 1] |
< wlISixn = S|l + (1 = ) | QeI = AMA)xy — QeI — 2A)x,1 |
< plloey = 21l + (1 = )l — %l

= [l%n — %1l (3.1)
On the other hand, we have

%41 = 2l
S oy Hf(xn) _f(xn—l) H + |an - Cl‘n—l| “f(xn—l) ||
+ Bulltn = tuoall + 1By = Bu-allEn-all + vull Qeen — Qcen-ll

+ |Vn = Vu-1lllQcenll. (3.2)


http://www.journalofinequalitiesandapplications.com/content/2014/1/215

Yu and Song Journal of Inequalities and Applications 2014, 2014:215
http://www.journalofinequalitiesandapplications.com/content/2014/1/215

Substituting (3.1) into (3.2), we see that

%201 — %]
< (1= 0tn@ = 1)) 1% = Xt || + ety — ot || f () |
+1Bn = Bu-allltn-all + ¥ullQeen — Qeenll
+1¥n = Va1l Qcenll
< (L= an(L =) 1% = %t [l + lotn = ot | (|[f @u1) || + 12uall)

+ 1¥n = Vuet | (ltn-a || + 1Qcenll) + ¥allQcen — Qcennll-
In view of Lemma 2.3, we find from the restrictions (a) and (b) that
lim %41 — x4 = 0.
n—0o0
Note that

”xn - tn” = ”xn _xn+1” + ”xn+1 - tn”

< % = Xnarll + oy |Lf(xn) —ty ” + VullQcen = Eull-
Using (3.3), we find from the restrictions (a) and (b) that
lim ||x, —t,|| = 0.
n—0oQ
Define a mapping V by

Ve=uSix+1-u)QclI-rA)x VxeC.

Using Lemma 2.6, we see that the mapping V is a nonexpansive mapping with

F(V)=F(S) NF(QcU - 1A)) = F(S,) NBVI(C,A) = F(S)NBVI(C,A) = F.

From (3.4), we see that
lim ||x, — V|| = 0.
n— o0
Next, we show that

lim sup(f(x) —x,J (%, — x)) <0,

n—o0

Page 7 of 11

(3.3)

(3.4)

(3.6)

where x = Qpf(x), and QF is a sunny nonexpansive retraction from C onto F, the strong

limit of the sequence z; defined by

Zy = L‘f(zt) + (1 - t)VZt.
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It follows that
llze =24l = || (1= £)(Vze = %) + £(f (20) = %) |-
For any ¢ € (0,1), we see that

lze = xall> < (1= [ Ve = 21 + 28(f (22) = % j (20 — %)
<@ -0*(IIVze = Vawull* + | Vo — %01
+2[1Vze = Va1 Vi — xall) + 26{f (20) — 22, j(ze — %))
+ 2tz — %, j (20 — %))
< (=0 llze = xall® + Xn(8) + 28{f (20) — 20, j (2 — %))

+ 2t|z¢ — %I, 3.7)
where
Don(8) = Vit = 21> + 2012 = 2 ||| Vit = 2 1.
It follows from (3.7) that

1
llze — %1 + o7 (@)

N | =

(zt _f(zt)rj(zt - xn)) =<

This implies that
. , 4 2
lim sup(zt —f(ze), j(ze — xn)) < —|lze — x4
n— 00 2

Since E is 2-uniformly smooth, j : E — E* is uniformly continuous on any bounded sets of

E, which ensures that the limsup,,_, ., and limsup,_, , are interchangeable, hence

lim sup(f(x) —x,j(, — x)) <0.

n— 00

This shows that (3.6) holds.
Finally, we show that x,, — x as n — 0o. Note that

ll641 — ]2
= ap{f () = %, j (a1 = %)) + Bultn — %, j(Xm1 — %))
+¥n{Qcen — %, (a1 — )
< aulf () = %,/ (X1 — 9)) + Bulltn — % %041 — %]
+ ¥ull Qcen — x|l |%n11 — ||
< k|| = &l 1%n01 — gl + ulf (%) = %, j(Xni1 — )
+ Bullxn = x %1 — %l + vl Qcen — %l 121 — |l

oyK +
_kthy

== (1% = %1% + %21 — %11%) + otu{f (%) = %, j(Xns1 — %))

Page 8 of 11


http://www.journalofinequalitiesandapplications.com/content/2014/1/215

Yu and Song Journal of Inequalities and Applications 2014, 2014:215 Page 9 of 11
http://www.journalofinequalitiesandapplications.com/content/2014/1/215

Vi
+ 7"(||e,, —x[* + 1 —xl|%)
ak + B 1-a,1-«)
< %”xn - ||2 + WTHQCVH-I _x”2

+ o (f (%) = 2, (%1 — %)) + % llen — x|,
It follows that

a1 —xl|? < (1= ata@ = i) 12, — ]

+ 20, (f (%) = %, j (%1 — %)) + Vallen — x]|%.
Using Lemma 2.3, we find from the restrictions (a) and (b) that
lim ||x, —x| =0.
n— o0
This completes the proof. O

Remark 3.2 The framework of the space in Theorem 3.1 can be applicable to L7, p > 2.

4 Applications
In this section, we always assume that E is a uniformly convex and 2-uniformly smooth
Banach space. Let C be a nonempty, closed and convex subset of E.

First, we consider common fixed points of two strict pseudocontractions.

Theorem 4.1 Let E be a uniformly convex and 2-uniformly smooth Banach space with the
best smooth constant K, and let C be a nonempty closed convex subset of E. Let Q¢ be a
sunny nonexpansive retraction from E onto C, and let T : C — C be an a-strict pseudocon-
traction. Let S : C — C be a A-strict pseudocontraction. Assume that F := F(S) N F(T) # @.
Let {a,}, { By} and {y,} be real number sequences in (0,1). Suppose that x, = x € C and that
{x,,} is given by

X1 = f () + (1= ) [1Sp + (1= ) (1 = )y + 2 T) |, 121,

where S; = (1-t)x+tSx, t € (0, K%],f : C — Cisak-contractive mapping, {e,} is a bounded
computational error in E, ) € (0,a/K?] and p € (0,1). Assume that the following restric-
tions are satisfied:

(@) limyooay=0,Y o2 0, =00 and Y oo) oty — oty < 00;

(b) 32051 vm < 0.
Then {x,} converges strongly to x = Qpf (x), where Qr is a sunny nonexpansive retraction
from C onto F.

Proof Since (I — T) is an «-inverse strongly accretive mapping, we find from Theorem 3.1
the desired conclusion. O

Closely related to the class of pseudocontractive mappings is the class of accretive map-
pings. Recall that an operator B with domain D(B) and range R(B) in E is accretive if for
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each x; € D(B) and y; € Bx; (i = 1,2),
(3’2 —y1,J (%2 —x1)> > 0.

An accretive operator B is m-accretive if R(I + rB) = E for each r > 0. Next, we assume that
B is m-accretive and has a zero (i.e., the inclusion 0 € B(z) is solvable). The set of zeros of
B is denoted by 2. Hence,

Q={zeD(B):0€B(z)}=B"(0).

For each r > 0, we denote by J, the resolvent of B, i.e., J, = (I + rB)~. Note that if B is
m-accretive, then J, : E — E is nonexpansive and F(J,) = Q for all > 0.
From the above, we have the following theorem.

Theorem 4.2 Let E be a uniformly convex and 2-uniformly smooth Banach space with
the best smooth constant K, and let C be a nonempty, closed and convex subset of E. Let
Qc be a sunny nonexpansive retraction from E onto C, and let A : C — E be an a-inverse
strongly accretive mapping. Let B : C — C be an m-accretive operator. Assume that F :=
ATH0)NBY0) #@. Let {a,.}, (B} and {y,} be real number sequences in (0,1). Suppose that
x1 = x € C and that{x,} is given by

Xn+l = ar(f(xn) + :371 [//«]rxn + (]- - M)(xn - )‘Axn)] + VnQCem n= 1;

where], = (I+rB)™},f : C — Cisa k-contractive mapping, {e,} is a bounded computational
errorin E, A € (0,a/K?) and ju € (0,1). Assume that the following restrictions are satisfied:
(@) limyseo =0, 02 oy =00and y oo |@ps1 — oy < 00;
(b) 3521 ¥ < 0.
Then {x,} converges strongly to x = Qgf (x), where Qr is a sunny nonexpansive retraction
from C onto F.
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