Kim and Kim Journal of Inequalities and Applications 2014, 2014:214 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/214 a SpringerOpen Journal

RESEARCH Open Access

Barnes-type Daehee of the second kind and
poly-Cauchy of the second kind mixed-type
polynomials

Dae San Kim' and Taekyun Kim?*

“Correspondence: tkkim@kw.ac kr

’Department of Mathematics, Abstract

Kwangwoon University, Seoul, . ) . .l

139-701, Republic of Korea In this paper, we introduce the mixed-type polynomials: Barnes-type Daehee

Full list of author information is polynomials of the second kind and poly-Cauchy polynomials of the second kind.
available at the end of the article From the properties of Sheffer sequences of these polynomials arising from umbral

calculus, we derive new and interesting identities.
MSC: 05A19; 05A40; 11B68; 11B75

1 Introduction
In this paper, we consider the polynomials D®(x|ay,...,a,) called the Barnes-type Daehee
of the second kind and poly-Cauchy of the second kind mixed-type polynomials, whose

generating function is given by

n

- w : x _ - Nk t_
E( 1+8)% -1 )Llf’<(_ln(1+t))(1+t) —;Dn (xlal,...,a,)n!, 1)

where ay,...,a, #0. Here, Lifi(x) (k € Z) is the polyfactorial function [1] defined by

o m
. X
L) = D o
m=0

When x =0, quk) (a1,...,a,) = f)ﬁf’(oml, ...,a,) is called the Barnes-type Daehee of the sec-
ond kind and poly-Cauchy of the second kind mixed-type number.
Recall that the Barnes-type Daehee polynomials of the second kind, denoted by

D,(x|ay,...,a,), are given by the generating function to be

" /In(l + 81 + £)% . o o
H<W>0+t> =§Dn(x|a1,...,a,)a,

j=1 =

Ifa;=---=a, =1, then 5(;) (x) = Bn(x| 1,... ,l) are the Daehee polynomials of the second

kind of order r. Daehee polynomials were defined by the second author [2] and were in-
vestigated in [3, 4].

©2014 Kim and Kim; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

L]
@ Sprlnger Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction

in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/214
mailto:tkkim@kw.ac.kr
http://creativecommons.org/licenses/by/2.0

Kim and Kim Journal of Inequalities and Applications 2014, 2014:214 Page 2 of 19
http://www.journalofinequalitiesandapplications.com/content/2014/1/214

The poly-Cauchy polynomials of the second kind, denoted by ¢P(x) [5, 6], are given by

the generating function as follows:

Lify (- In(L+ )1+ =Y 6(,,k)(x)i.
n=0

n!

In this paper, we introduce the mixed-type polynomials: Barnes-type Daehee polyno-
mials of the second kind and poly-Cauchy polynomials of the second kind. From the prop-
erties of Sheffer sequences of these polynomials arising from umbral calculus, we derive

new and interesting identities.

2 Umbral calculus
Let C be the complex number field and let F be the set of all formal power series in the

variable ¢:

}':!f(t)zz%tk‘ake@}. 2)

k=0

Let P = C[x] and let P* be the vector space of all linear functionals on P. (L|p(x)) is the
action of the linear functional L on the polynomial p(x), and we recall that the vector space
operations on P* are defined by (L + M|p(x)) = (L|p(x)) + (M|p(x)), {cL|p(x)) = c({L|p(x)),
where ¢ is a complex constant in C. For f(t) € F, let us define the linear functional on P

by setting

f@O")=a, (n=0). (3)
In particular,

(tk|x”) =n'8,x (n,k>0), (4)

where §,,x is the Kronecker symbol.

For fi.() =Y 1o <L}<’fk> tk, we have (f; (t)|x") = (L|x"). That is, L = f; (¢). The map L > f;(¢)

is a vector space isomorphism from P* onto . Henceforth, 7 denotes both the algebra

of formal power series in ¢ and the vector space of all linear functionals on P, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
We call F the umbral algebra and the umbral calculus is the study of umbral algebra. The
order O(f(t)) of a power series f(t) (# 0) is the smallest integer k for which the coefficient
of t* does not vanish. If O(f(t)) = 1, then f(t) is called a delta series; if O(f(t)) = 0, then
f(¢) is called an invertible series. For f(t),g(¢) € F with O(f(¢)) = 1 and O(g(¢)) = 0, there
exists a unique sequence s, (x) (degs,(x) = n) such that (g(£)f (£)|s,(x)) = n!,,x for n,k > 0.
Such a sequence s,(x) is called the Sheffer sequence for (g(¢),f(¢)), which is denoted by
5u(8) ~ (1), (2)).
For f(t),g(t) € F and p(x) € P, we have

(f(Og®)p&)) = f(O)IgE)pE)) = [g@)|f )p(x)) (5)
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and

x k
£ = Z(f(t)lxk)%,
k=0 ’

i~ (6)
plx) =Y (¢ |p(x
k=0
[7, Theorem 2.2.5]. Thus, by (6), we get
k (k) dp(x) ¢
px)=p"(x) = P and €'p(x) = p(x +y). (7)

Sheffer sequences are characterized in the generating function [7, Theorem 2.3.4].

Lemma 1 The sequence s,(x) is Sheffer for (g(¢),f(¢)) if and only if

1 7 > se(y)
/0 Ny ),
glf () — K

where f(t) is the compositional inverse of f(t).

For s,(x) ~ (g(¢),f(¢)), we have the following equations [7, Theorem 2.3.7, Theo-
rem 2.3.5, Theorem 2.3.9]:

f®)su(x) = ns,1(x) (1> 0), 8)
$a(x) = Z (g(f 1) @y Ix"), )
j= ()
a9 = Y (;’)sﬂx)pn_,-(y), (10)
j=0

where p,(x) = g(£)s,(x).
Assume that p,(x) ~ (1,f(¢)) and g, (x) ~ (1,g(¢)). Then the transfer formula [7, Corol-
lary 3.8.2] is given by

() = x(f 8) ¥ pux) (1= 1),

For s,,(x) ~ (g(2),f(¢)) and r,,(x) ~ (h(¢), [(£)), assume that

Sn(x) = Z Cn,mrm(x) (I’l > 0)

m=0

Then we have [7, p.132]

1 [h(f©) =, m
Com = — | ————1(F(t
m!<g(f(t)) (@)

x”>. (1)

Page 3 of 19


http://www.journalofinequalitiesandapplications.com/content/2014/1/214

Kim and Kim Journal of Inequalities and Applications 2014, 2014:214
http://www.journalofinequalitiesandapplications.com/content/2014/1/214

3 Main results

From definition (1), 5£,k) (xlay, ...,a,) is the Sheffer sequence for the pair
r ait
et -1 1
t) = ———— )———— and =€ -1
&0 H( te" )Lifk(—t) /e
So,
r ait
~ eyt -1 1
DY xlay,...,a,) ~ Bl [ I
pina~ (15

3.1 Explicit expressions

Recall that Barnes’ multiple Bernoulli polynomials B, (x|a, ..., a,) are defined by the gen-

erating function as follows:

n

¢ > ¢
%e’ct = B,(x|a1,...,a,)—,
[T, (%" - 1) Zo " "l

(13)

where ai,...,a, #0[8,9]. Let (n); =n(n—1)--- (n—j+1) (j > 1) with (1) = 1. The (signed)

Stirling numbers of the first kind S;(#, m) are defined by

() = D Sulm,m)a™.

Theorem 1

m—[
5(,1k)(x|al,.‘.,ar)—ZZSl(n,m) - ( )Bl(x+a1+ c+ala,...

k
m=0 [=0 ll)

S5 (1) ()51 e

j=0 [=0 i=0
" (n
= Ak
= Z (1>Dn_1(u1,...,ar)C§ (%)
1=0
" (n
AK)
= Z (l)ci)lDl(x|a1,...,a,).
1=0

Proof Since

r

eyt —1 1 -~
R D®(xlay,...,a) ~ (1,ef =1
1_1[( tet )Lifk(—t) n (e N~ ( )

j=

and

@)~ (1, - 1),

,ay)

(14)

(15)

(16)

17)

(18)

(19)
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we have

j=1
=ZSl(n,m)1_[<eat]t 1)Llfk( t)x

m=0 j=1

) n r m (- l)ltl o
_gsl(n,m)!‘l[( );}l’(l+1

B n r te m ( 1 Wl)l ml
_W;)SNVI,VVZ)E[(‘?@ ) = l‘(l+1)k

m) te’t
ZSI””’”)Z l|(l+1)kll_[< )

I (m
ZZSl( )( ) B,_ix+ai+ - +aay...,a,)

m=0 [=0 (l F

)m l( )
ZZSl(n m) Bl(x+a1 + - taylay,...,a).
m=0 [=0 —l+ 1)

So, we get (14).
By (9) with (12), we get

{e(f(®)

Fey)
(A

x">
o0 ,

Z l+})|S1 l+/})tl+]x >

=0

In(1+£)(1 +£)%
Q+0)% -1

)L'fk —1In( 1+t)

Vl*j . ‘
In(+H1+0% . "
= ) + - L f _1 1 n—l—j
2 (l+])‘51(l+11)(n)1 ;<E[< 1+09-1 ifi (~In(1 + 0)) |«
5 ()" I+ 91+ 07 [ g
=) ) Sil+j,j In(l + )M +1)7 N
Z] (l+j) W+ ])<H< 1+8)% -1 ) £ " ax >
= /=1 i=0
n—j . |
‘ pt (1= L=)); (L + A+ 9\ | i
= ! Sil+,j) (k)i <—a s
1=o]<l+}>1 ”; [1[ A+ 07 -1
- n-l—j o .
- Z}'( )51 1+},)) Z A (1= l Ji < ﬁm(al,...,ar)t— xn—l—/—i>
I m!
1=0 Z
S " n—l-j )
= ]‘ > ( . )Sl(l +],])65 )Dn_l_/_i(ﬂl, .. .,ar)
=0 i=0 L+) i

n-j |
n\ (1 A ()R
= ﬂ(l) (A)Sl(n - l,})cﬁk)Dl_i(al, e dy).
=0 i=0 !
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Thus, we obtain
n n-j |
DY (xlay, ..., ar) —ZZ ( )( )Sl(” L&' Dr iy, ..., a0,
j=0 [=0 i=0

which is identity (15).
Next,

<ZA(k)(y|ﬂlx rar)t_i xn>
(A5 et o)
j=1

d <1n(1+t)(1+t>“1> igmmt_’xn>
LY

1+1% -1 Py
n\ k) (@ + A+ 0)9\]| .,
1)é ”)<H<W) - >

(oIl
<7)2§k)(y)<213i(a1,...,a,)g x"-l>

DH6la,...a)

j=1

)
<Y

Thus, we obtain (16).
Finally, we obtain that

DPWlay,...,a,)

t x”>

<Zﬁ£k)(y|al,...,a,)ﬁ
= <H<W) Lifi (—In(1 +£)) (1 + £)’
j=1

i=0

xn>

(saeneon o

= <Lifk(— In(1 + )

L\ Qen-1

n . tl
= ( Life(~In(1 + £)) ZDl(yml,...,a,)ﬁxn

=0 ’

= Zﬁlm“l’ ceer Gr) <7)(Lifk(— In(1 + t))|x”‘1)
1=0

= Zﬁl(yh’ll) vy (;lr) (;;)<Z eﬁk)é_l xn—l>
1=0 el

-3 (})p0tan.a)d
1=0

Thus, we get identity (17).

Page 6 of 19
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3.2 Sheffer identity

Theorem 2
-~ " n\ ~
DO +ylar,...,a) =Y (J,)Dj“(xml, e @r) D) (20)
j=0

Proof By (12) with

( )_ r et —1 1 ﬁ(k)( )
o _H T ) Tty D Wl ar

j=

= @)~ (Le -1),
using (10), we have (20). O

3.3 Difference relations
Theorem 3

D(k)(x +1lay,...,a,) - ﬁﬁlk)(xml, ey ly) = nﬁﬁ,k_)l(xml, ey dy). (21)
Proof By (8) with (12), we get

(¢ - 1)55,k)(x|a1, e dy) = nﬁﬁ,k_)l(xml, . dy).
By (7), we have (21). O

3.4 Recurrence
Theorem 4

D(,,+1(x|al, L ay) = xDﬁlk)(x —1ay,...,a,)

! I—i (m+1) (I
D))
TS S s
m=0 j=1 [=0 i=0
X (_d‘)m+1_le+l—lBi(x tap+-+a,—1lay,...,a,)

a3 L som

j=1 m=0 i=0
X Bix+ai1+---+a,-1la,...,a,;)
n m+l (- 1)m+1 l( )

ZZ (m+2- l)ksl( )

m=0 [=0

XBix+a1+---+a,-1lay,...,a,), (22)
where B, is the nth ordinary Bernoulli number.

Proof By applying

B g
Spa1 (%) = (x_ g(t )f/(l') S$n() (23)
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[7, Corollary 3.7.2] with (12), we get

8O3

~(k ~
Dw (x|ay,...,a,) :ngO(x—lml,...,a,) —e D’ (x|ay,...,ap).

n+l g(t)

Now,

€8 - (g0 - (ZW 1) rine- (Z) ~InLifi(- >)
j=1

j=1
_iﬂ_“i: Lif}, ()
- pn 4G Lify(—¢)

Yo [y = D(ajte™ — et +1) Lifi (-2)
B ¢, (e - 1) - Z“’ Lifi(~2)’

j=1

Observe that

Z] 11_[1#] it —1)(ajte’’ — e +1)
H/:l(ea’ -1

- %(Z;ﬂ - “1‘71“,2%41 a4

(al o ﬂr)tr +

1 r
:§<Za/>t+...
j=1

is a series with order > 1. Since

R r teu/'t )
D(nk)(xlal, e ly) = H(m) Lifi (—2)(%)n

Jj=1

tat

=ZSI n, m)H( i )Llfk( t)x",

we have

20 T )80,
o D la o) = ZSM m)Lifi(~2) (E[ ﬁ) oM

ZSl(n ) Lifi (~ )(l_[ et,f—}_l)

m=0 =1
Z} 1 1_[#,(6 - 1)(a]te“/ eYt +1) N
x
tl_[ 1(e"/

_ZuIZSl(n, m) Lify (- t)(l_[ e )m
+ZSl(n,m)(1_[ )Llf( £ (24)
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Since
S Mgl ~Dlayte = +1)
t[ T (e -

Z/ 1 [y (e = D(ajte’ — &' +1) yml
]_[zl(eﬂl -1) m+1

a,te > il

_ - - (i( @) Bll 1>xm+1
m+

j=1

m+1

r

1 ~ (m+1 m+l—l !
= il Z ! j) By,

j=1 1=0

the first term in (24) is

L S1(1n,m) s~ (M 1 el , Lot
DT )" By Lifi(—£) E[—eaj,_l x

m=0 j=1 i=0

E ( )l]l ( | )
X JB X+ay+---+apdy,...,a

n r

m 1 I—i (m+1) (1
> #&(n, )(—a))" By

S b e s o (U i+ DF

X Bix+ai +---+aylai,...,a,).
Since
. . 1 1
Lify_;(—t) — Lify(-t) = <§ - —)t e, (25)

the second term in (24) is

Zaj ZSl(n, m)Lifi(=£)B,,(x + ay + - - - + a,|ay,...,a,)

j=1  m=0
r n m ( ]_)ll
= ZajZSl(n,m)Z TG B,(x+a1+--- +a,|m,...,a,)
j=1 m=0 i=0
r n m (_ )m_l(m
= a Z 751(;4, m)B;(x +ai + -+ + a,|ay,...,a,).

(m—i+1)F
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The third term in (24) is

Lify_;(-t) — Lifi (-2
ZSl(n,m) it )t ifi )Bm(x+a1+---+ara1,...,a,)

Bunx+ai+---+aylay,...,a)

= > Si(n,m)(Lifia(—2) - Lifi (1))

m=0 m+1
Sl n, Wl) m+1 l)ltl
_Z m+1 (Z (I + 1)k1 Bynx+ar+-- +ala,...,a,)
m+1 l)ltl

_Zp l+1)k Bpax+ai+---+a, ﬂl,...,(l,)>

n Wl+1( 1)m+1l- l( )
=Y LS mBix a4 ala,..a).
(m+2 -1k

m=0 [=0

Thus we have identity (22). 0

3.5 Differentiation

Theorem 5

n-1 )nll

O xlay,...,a) = HZ o Ek)(xlzzl,...,a,). (26)

Proof We shall use

n-1
sn(x Z( )(f(t)lx” Jsi(x)
=0

(cf [7, Theorem 2.3.12]). Since

(f(t)|x"‘l> = (ln(l + t)|x"_l>

& (_l)m—ltm
(3 e

m=1

xn—l>

=(-1)""m-1-1),

with (12), we have

n-1

k ) (x|ay, ..., a) :Z(’;) ) (7 oy l)lﬁgk)(xml,...,a,)
1=0

)n—l—l

n-1
(-1 ~(k)
n! ; le (x|ﬂ1, ceey ﬂr),

which is identity (26). O
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3.6 More relations

The classical Cauchy numbers c,, are defined by

o0 t"
- ch;

n=0 :
(see e.g. [1,10]).

Theorem 6

k)(x|g1, L ay) = <x+ Za,) P 1x llay,...,a,)

n _
( l)cszf_ﬁ)(x— lay,...,a,)

n

r—1 n
+— CzD & —1lay,...,a,)
n l
=0
1 r n n A(k)
- / ajeiD,”(x —1lay, ..., a,, a).

j=1 =0

Proof For n > 1, we have

Dﬁ,k)(yml, .., dy)

<Zﬁ (y|a1, rar) >

In(
Sl R

|

< (]‘[ ln((llitt);”) )Lifk( In(1 +£)) (1+t)y>

ln Q+0)A+1)% .
<<8t1 At 07 = ))Llfk( 1n(1+t) a+zY

- 1 A+)A+09\,. .
+<l_[ n(lit)ﬂ;t )(3tLlfk( In(1+1£)))(1+ ) |x

j=1

+ ) Lify (— In(1 + t)) 8t(1 + t)y

1Q+8)% -

)
)
)
)

< z 1n1+t)(1+t)

j=1

The third term is

r In(1+ )1 + )% . ] )
() i o

j=1

k
= D(,,zl(y —1la,...,a,).

(27)

Page 11 of 19
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By (25), the second term is

(1+tY|x"?

" /In(@ + )1 + )%\ Life_y (= In(1 + £)) = Life(=In(1 + £))
H( 1+0)% -1 ) 1+8)In(1+¢)

j=1

B L /In( + )1 + )% \ Lifx_y (= In(1 + £)) - Lifx (= In(1 + £))
- H( A+1)% -1 ) t

j=1

x (L+t)yt

¢ n—-1
X
In(1 +¢)

n-1 aj
- <> (<H(W) Lifics (~In(L+ )1+ £~
=0

‘)

- < (w) Lifi (~In(1+ ) (L+ £
j=1
n-1
:% <}Z>cl(§(nk__ll)(y_1|“1!«~~’dr) D(k)l(y 1|Ll1, ’dr))’

1 xn—l>

1+8)% -1

Observe that
o In(+ )1+ )Y
8 - - 0
tn( A+0)% -1
j=1
¢ a/-t(1+t)af )

,
1 L (In(L+ 6)(1 + 8)% Z/=l(ln(1+t) T w94
REHNETEE t

d 1 —/IndQ+5)A+8)%
+<Z“’>mﬂ< 1+0%-1 >

j=1

with

d ¢ ajt(l + )"
; <ln(1 0 07 ) (Z “’)

a series with order > 1.

Now, the first term is

S (o _u,t(ut)”/)
J=INIn(@+0) (14T -1 xn1>

.

<H(%) Lifi(—In(1 + ) (1 + )~

j1

+Z<

j=1

In(Q +#)(1 +¢) . 1|
H(W) Lifi(—In(L +8)) @ + £ |x

r
, (zaj)ﬁz@1@-1|al,...,a,)

Jj=1

Page 12 of 19
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In(1+2)(1+1¢) . _
%<H<W> L1f;<(—]n(1+t))(1+t)3’1

t M
In(1 + t)x >

1 Z <ln(1 01+ t)“/ I (ln(l + 00 ' i)“’ ) Life(~In(1 + £))
j=1

1+8)% - A+

t M
In(1 + t)x

- (Ta)p00- -
j=1
— K '
-3 20 (7 )edliio- e e
i=1

x (1 +tP!

n

n o~
(Z)CZDS:)Z()/ —1lay,...,a,)
0

I=

Altogether, we obtain

.
~ ~k
D(nk)(x|al,.‘.,a,) = (x + Zaj)D;)l(x —1lay,...,a,)

j=1
18 (n
k-1) D&
+ . IE_O (l>c1(Dn_l (x-1lay,...,a,) - D,’/(x —1lay,...,a,))

n
r n
+ . lgzo (l)ch x=1lay,...,a,)

1 r n n ~
- ; Z Z <l)a/Cng—)l(x - 1|(l1, ey, aj);
j=1 1=0
from which identity (27) follows. 0

3.7 Arelation including the Stirling numbers of the first kind

Theorem 7 Forn—1>m > 1, we have

Z()Sln lm)D Nay,...,ar)
1=0

r

n-m-1
1
= Z (n >Sln l- lm)D (—1|a1,...,a,)
1=0

j-1

n-m |
(s st

=0 i=0
m

l r
[ —~
(n> <) Sl (l’l - l’ m)ajcl—iDl(‘k)(_llal, ceesQpy ﬂ])
l

i=0 j=1

n—

P02
nl

n-m -1 R
¥ (" 1 >Sl(n —1-1,m-1)D*V(~Llay, ..., a,)
1=0
n-m 7 — 1 A(k)
+(m—-1) ; Sin—-1-1,m-1)D;"(-1|ay,...,a,). (28)
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Proof We shall compute

<H(W> Lifi (- In(1 + £)) (In@ + 8))" |x

j1

in two different ways. On the one hand, it is

<H(W) Lifi (- In(1 + £))

j=1

_ <1‘[<71n((11 : ?)(f i ?ﬂ/) Lify (—In(1 + £))

j=1

(In(1 + t))mx">

- m! l+m n
Zm51(1+m,m)t X >

=0

n-m

Zm‘( >51 n— lm)D (al,...,a,).
=0

On the other hand, it is

(A + A+ )Y B
(12 oy or)

j=1

xn—l>

L In(+£)(1+£)% _ m| e
:<<8tn(%>) Llfk(—]n(1+t))(ln(1+t)) x 1>

j=1
C(In(+ )1+ )% . )
+ <H<%> (3 Lifx (= In(L + £))) (In(@ + £))” |«

j=1

n-1

(I + )1+ )Y . o
+<H<%> Llfk(_ln(l+t))(8t(lﬂ(1+t)) )x 1Y) (29)

j=1

The third term of (29) is equal to

T (@A + )Y _
m<n<%) Lify (-In(1 +£))@ + )™

j=1

(In(1 +12))" x "y 1>

r ln(l + t)(l + t)“/' . ]
) m<ﬂ<m) Lify (—In(1 + £)) (1 + £)

n-m

(m -1)!

(l+m=1)!

—Si(l+m-1,m- 1)tl+m_1x”_1>
1=0

— (n-1 ~
—my <" l )Sl(n —1-1,m-1)DP(-1lay,...,a,).

=0

The second term of (29) is equal to

~(In(L+8)(1+ )% (Lifiy(=In(1 + £)) — Lifi; (~ In(1 + 2)) o
<£1[( 1+p)% -1 ) ( 1+t)In(1+¢) )(ln(l + t)) x >
) <g(%> Lifg_ (~=In(1+ £)) (1 + )7 (In(1 + )" """ 1>
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(In(L+8)" =« Ly 1>

- <H<W) Lify(-In(1 +8))1 + )™

j=1

n—m

-1 ~
:(m—l)!Z(nl )Sl(n—1-1,m-1)D§k1)(—1|a1,...,a,)

=0

n-m
Z( )Sln I-1,m- l)D(k( lla,...,a,).
1=0

The first term of (29) is equal to

1/ /In@+5)A+)%\ . . )
5<H<W)Llfk(-lnﬂﬂ))um 1

4 ¢ ait(l+t)%
X;(ln(l‘”) Q+0)% )'(l (1+t)) >

+ Z%<H(%) Lify(—In(L + )1 + )
j=1

n—m-—.

1
=m! Za] Z (l m)Sl(l+m,m)5£lk)lm1(—1|a1,...,a,)
j=1

“H(in(1 + t))mx”1>

mnm
— ( )Sll+mm)
nz

¢ n-l-m
X
In(1 +¢)

r 1(1 (1 +1¢) , _
X <r<l %) Lify(-In(1 + )@ + )™

- 1n1+t)1+t)“1 " /In(L+ )1+ )Y
IZ“’< (L+2)% - H( 1+0% -1 )

-1 ¢ xn—l—m
In(1 +¢)
r n—m-—

1
-1 ~
:m!Zaj Z (nl )Sl(n—l—l,m)DEk)(—lml,‘..,a,)

x Lifg(=In(1 + £))(1 + £)

j=1 1=0
m! - n
(k
7 2 (Z)Sl —I,m (rZ() D (-lay,...,a,)
r l i
- (_)ﬂ/‘C[DEk)i(—Hﬂl,...,ar,ﬂj))»
1 im0 M

Therefore, we get, forn—-1>m > 1,

n-m
m! Z <7)Sl(n -1, m)ﬁgk)(al, ceesdy)
1=0

r n-m-1
Z( )sl(n—1—1,m)5§k)(—1|a1,...,a,)
1 =0

j=
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n-m |
r n I (k)
+ m‘; Z (l) (i)Sl(n —lLm)e;D)(-1lay,...,a,)
1=0 i=0
' 1 n-m | r " i 0
-m . . Z )\ Si(n -, m)ajc;D;_(-1l|a,...,a,, a))
=0 i=0 j=1
n-m

)Sl(n —-1-1,m- 1)13§k_1)(—1|al, s dy)

-1 —~
—m- 3 (" z )51(;4 —1-1,m-1)DV(1lay,...,a)
1=0
‘ n—m - 1 A(k)
+m.Z / Sin—-1-1,m-1)D;" (-1|ay,...,a,).
1=0
Dividing both sides by (m —1)!, we get (28). O
3.8 Arelation with the falling factorials
Theorem 8
DY (xlay,...,a,) = (n>5§f_)m(a1, ooy () (30)
m

m=0

Proof For (12) and (19), assume that ﬁ;k) (*lar,...,a,) = > n_o Cum(x)m. By (11), we have

t”’x”>

(Il +HA+0)Y
H(W) Lifi(—In(1 + 1))

N\~
- (m)D;k)mml,...,ar).

Thus, we get identity (30).

3.9 Arelation with higher-order Frobenius-Euler polynomials
For A € C with A #1, the Frobenius-Euler polynomials of order r, H,(f) (x|1) are defined by

the generating function

-2 = t"
et =Y HY(x|n)=
<et—A) ; w @ )Vt!

(see e.g. [11]).

Theorem 9
N n n—m n—m—j s I’l—j
D(nk)(x|a1,...,a,) = Z(Z Z <I>( ; )(n),'
m=0 \j=0 [=0

x (1=1)78(n—j—L,m)DP(ay,..., a,))H};) (x]2). (31)
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Proof For (12) and

© N e —2\*
e ~((222).4) o

assume that ﬁqu)(xml, @) =Yoo Cn,mHﬁf,)(xM). By (11), similarly to the proof of (28),

we have
x" >

1 L@+ )1 +0)Y . . m s
Com = = )\)S<H( (L+6)% -1 >L1fk(— In(1 +2)) (In(1 + )" (1= 1 + )

1 L@+ A +D)Y . .
- m!(l—k)s<!—1[( T+ 071 >L1fk(—ln(1+t))

min{s,n} s
Z <‘) (1 _ )\')S—itixn>
l

i=0

x (In(1 +2))"

1 n-m

S s—i i
Y (l> (1 2-(n)

i=0

(L)LY y
X <H(%> Lify (= In(1 + £)) (In(1 + 2))

j=1

xn—i>
n—-m

1 ) n-m-i oy R
mz(i)‘l‘”ﬁ(”” ’”’(”z 1)5“”-f-l,mwﬁk%al,...,a»

i=0

) _Z_ (j) (ﬂ l_ i) (n);(1-1)"'S (n—i—1, Wl)f)gk)(al, ).
=0 =

14

Thus, we get identity (31). O

3.10 A relation with higher-order Bernoulli polynomials
Bernoulli polynomials BY(x) of order r are defined by

¢ rxt - %E’lr)(x) n
(et—l)e ZZ n! g

n=0

(see e.g. [7, Section 2.2]). In addition, the Cauchy numbers of the first kind Qﬁﬁ,') of order r

are defined by
t\ ey
— ) = t"
(111(1 + t)) ; n!

(see e.g. [12, (2.1)], [13, (6)]).
Theorem 10

Dﬁqk)(xml, e dy)

=3 (Z 3 (’Z) (” , i) V811~ i~ 1,m)D\(ay, . .,a,)) B (x). (33)
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Proof For (12) and

BE) (x) ~ <(ett_l)s,t>, (34)

assume that ﬂqk)(xml, e ly)= > C,,,m%fi,)(x). By (11), similarly to the proof of (28), we

m=0
have
1[I+ +0)% ) . . N N
Com=— ———— | Lify (- In(1 + £) ) (In(1 + £ _ Lt Y n
S m,<£[( A+ 09 -1 ) ifi (~In(1 + £)) (In(1 + £)) <ln(1+t))x
1 [{q(In@+)0+0)%Y . M
= ——— | Lify(=In(L + 2)) (In(1 + £ S i
m!<,=1< (1+£)% -1 ) ifi(~In(L+ ) (In(1 + 1)) ;Q i
1 w (s) n ! 11’1(1+t)(1+t)ai . m B
- i ———— | Lify (= In(1 + £)) (In(1 + ¢ =i
Wl!;e:l (l) L[( 1+8)% -1 1/(( n(l+ ))(n( + )) X
1 n-m o (N n-m—i n—i A _
:%265)() ,Z ml( ! )Sl(”“‘l’m)Dﬁ%»...,ar)
=2 > (”) (nl_’)etﬁs)sl(n—i—z,m)13§k>(a1,...,a,).
i 10 !
Thus, we get identity (33). 0
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