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1 Introduction

Construction of fixed points of nonlinear mappings is a classical and active area of nonlin-
ear functional analysis due to the fact that many nonlinear problems can be reformulated
as fixed point equations of nonlinear mappings. The research of this area dates back to Pi-
card’s and Banach’s time. As a matter of fact, the well-known Banach contraction principle
states that the Picard iterates {7”x} converge to the unique fixed point of T whenever T
is a contraction of a complete metric space. However, if T is not a contraction (nonexpan-
sive, say), then the Picard iterates {7"x} fail, in general, to converge; hence, other iterative
methods are needed. In 1953, Mann [1] introduced the now called Mann’s iterative method

which generates a sequence {x,} via the averaged algorithm
Xn1 = (L= ap)x, + @, Txy, n>0, (L.1)

where {«,} is a sequence in the unit interval [0,1], T is a self-mapping of a closed convex
subset C of a Hilbert space H, and the initial guess x, is an arbitrary (but fixed) point of C.

Mann’s algorithm (1.1) has extensively been studied [2—-7], and in particular, it is known
that if T is nonexpansive (i.e., ||Tx — Ty|| < ||x — y|| for all x,y € C) and if T has a fixed
point, then the sequence {x,} generated by Mann’s algorithm (1.1) converges weakly to a

fixed point of T provided the sequence {«,} satisfies the condition
> (i - ay) = 0. (12)
n=1

This algorithm, however, does not converge in the strong topology in general (see [8,
Corollary 5.2]).
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Browder and Petryshyn [9] studied weak convergence of Mann’s algorithm (1.1) for the
class of strict pseudocontractions (in the case of constant stepsizes «,, = « for all #; see [10]
for the general case of variable stepsizes). However, Mann’s algorithm fails to converge
for Lipschitzian pseudocontractions (see the counterexample of Chidume and Mutan-
gadura [11]). It is therefore an interesting question of inventing iterative algorithms which
generate a sequence converging in the norm topology to a fixed point of a Lipschitzian
pseudocontraction (if any). The interest of pseudocontractions lies in their connection
with monotone operators; namely, T is a pseudocontraction if and only if the complement
I — T is a monotone operator.

We also notice that it is quite usual to seek a particular solution of a given nonlinear
problem, in particular, the minimum-norm solution. For instance, given a closed convex
subset C of a Hilbert space H; and a bounded linear operator A : H; — H,, where H, is
another Hilbert space. The C-constrained pseudoinverse of A, AE is then defined as the

minimum-norm solution of the constrained minimization problem

AL(b) :=arg min |Ax ~ b| (1.3)
which is equivalent to the fixed point problem

x=Pc(x— AA*(Ax - b)), (1.4)

where Pc is the metric projection from H; onto C, A* is the adjoint of A, A > 0 is a constant,
and b € H, is such that Pm(b) e A(C).

It is therefore an interesting problem to invent iterative algorithms that can generate
sequences which converge strongly to the minimum-norm solution of a given fixed point
problem. The purpose of this paper is to solve such a problem for pseudocontractions.
More precisely, we shall introduce an iterative algorithm for the construction of fixed
points of Lipschitzian pseudocontractions and prove that our algorithm (see (3.1) in Sec-
tion 3) converges in the strong topology to the minimum-norm fixed point of the mapping.

For the existing literature on iterative methods for pseudocontractions, the reader can
consult [10, 12-26]; for finding minimum-norm solutions of nonlinear fixed point and
variational inequality problems, see [27-29]; and for related iterative methods for nonex-
pansive mappings, see [2, 3, 30, 31] and the references therein.

2 Preliminaries

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||, respectively.
Let C be a nonempty closed convex subset of H. The class of nonlinear mappings which
we will study is the class of pseudocontractions. Recall that a mapping 7: C — C is a
pseudocontraction if it satisfies the property

(Tx — Ty,x—y) < |lx—y|>, Vx,yeC. (2.1)

It is not hard to find that T is a pseudocontraction if and only if T satisfies one of the
following two equivalent properties:

@) 1 Tx = Tyl* < lx =yl + | = T)x — (I = T)y|)* for allx,y € C; or

(b) I—T is monotoneon C: (x—y,(I-T)x— (I -T)y) >0 forallx,y € C.
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Recall that a mapping 7 : C — C is nonexpansive if
ITx - Tyl < llx—yll, Vx,yeC.

It is immediately clear that nonexpansive mappings are pseudocontractions.
Recall also that the nearest point (or metric) projection from H onto C is defined as

follows: For each point x € H, Pcx is the unique point in C with the property
X —Pexll < llx—yll, yeC.
Note that Pc is characterized by the inequality
PexeC, (x—Pcx,y—Pcx) <0, yeC. (2.2)

Consequently, Pc is nonexpansive.
In the sequel we shall use the following notations:
« Fix(S) stands for the set of fixed points of S;
+ x, — x stands for the weak convergence of (x,) to x;
+ x, — x stands for the strong convergence of (x,) to x.

Below is the so-called demiclosedness principle for nonexpansive mappings.

Lemma 2.1 (cf. [32]) Let C be a nonempty closed convex subset of a real Hilbert space H,
and let S : C — C be a nonexpansive mapping with fixed points. If {x,} is a sequence in C
such that x, — x* and (I — S)x,, — y, then (I — S)x* = y.

We also need the following lemma whose proof can be found in literature (cf. [33]).

Lemma 2.2 Let C be a nonempty closed convex subset of a real Hilbert space H. As-
sume that a mapping F : C — H is monotone and weakly continuous along segments (i.e.,
F(x + ty) - F(x) weakly as t — 0, whenever x + ty € C for x,y € C). Then the variational
inequality

x*eC, (Fx*,x—x*) >0, VxeC (2.3)
is equivalent to the dual variational inequality
x*eC, (Frx-x")>0, VxeC. (2.4)
Finally, we state the following elementary result on convergence of real sequences.
Lemma 2.3 ([30]) Let {a,} be a sequence of nonnegative real numbers satisfying
anit < (1= Yu)an + YnOn, n=0,
where {y,} C (0,1) and {0,} satisfy
(i) Yoo Vn =00

(i) either limsup,,_, . 0, <0 0r Y 020 |Vu0ul < 00.
Then {a,} converges to 0.
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3 Aniterative algorithm and its convergence

Throughout this section we assume that C is a nonempty closed subset of a real Hilbert
space H and T : C — C is a pseudocontraction with a nonempty fixed point set Fix(T).
The aim of this section is to introduce an iterative method for finding the minimum-norm
fixed point of 7. Towards this, we select two sequences of real numbers, {®,} and {8,} in
the interval (0,1) such that

oyt Bn<l (3.1)

for all n. We also take an arbitrary initial guess xy € C. We then define an iterative algo-

rithm which generates a sequence {x,} via the following recursion:
Xntl = PC[(1 — 0ty = Bu)%n + Bu Txn]’ n=0. (3.2)

We shall prove that this sequence strongly converges to the minimum-norm fixed point
of T provided {«,} and {B,} satisfy certain conditions. To this end, we need the following

lemma.

Lemma 3.1 Let f : C — H be a contraction with coefficient p € (0,1). Let S: C — C be a
nonexpansive mapping with Fix(S) # (. For each t € (0,1), let x; be defined as the unique
solution of the fixed point equation

x; = SPc[tf (x) + (1 - £)x,]. (3.3)

Then, as t — 07, the net {x;} converges strongly to a point x* € Fix(S) which solves the

following variational inequality:

x* €Fix(S), (U -f)a*,x—x*)>0, xeFix(S).
In particular, if we take f = 0, then the net {x,} defined via the fixed point equation

x; = SPc[(1 - D)%), (3.4)
converges in norm, as t — 0%, to the minimum-norm fixed point of S.

Proof First observe that, for each t € (0,1), x; is well defined. Indeed, if we define a map-
ping S;: C — C by

Six = SPC[tf(x) +(1- t)x], xeC.
For x,y € C, we have

ISex = Seyll = ||SPc[tf (%) + (1 - O)x] — SPc[tf () + (1 - 1)y]||
<t|f@) -fO)] + @ -0z -yl
<[1-@-p)x]lx-yl,
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which implies that S; is a self-contraction of C. Hence S; has a unique fixed point x; € C
which is the unique solution of fixed point equation (3.3).
Next we prove that {x;} is bounded. Take u € Fix(S). From (3.3) we have
llce — ull = || SPe[ef (&) + (1 = ), ] — SPcu
< t|fld) —f@)| +¢|f () —u| + @ - O)llx, — ul
< [1= (= p)e]Ilwe — ull + £ £ ) — u

’

that is,

< W@ ul

X
ol = =

Hence, {x,} is bounded and so is {f(x;)}.
From (3.3) we have

e = Sxell = | SPc[ef () + (1 — £)e ] — SPeax, |

<t|[f(x) —x| >0 ast— 0" (3.5)

Next we show that {x;} is relatively norm-compact as t — 0%, i.e., we show that from any
sequence in {x;}, a convergent subsequence can be extracted. Let {¢,,} C (0,1) be asequence
such that t, — 0* as n — oo. Put x,, := x,,. From (3.5) we have

[l — S || — O. (3.6)
Again from (3.3) we get
e = ul® = | SPc[tf () + (1 Ox,] - SPcul*

< [l -+ t(fxe) - ) |

= [la; — u||2 + Zt{f(xt) — XX — u) + 1 Hf(xt) — Xt ”2
=l — u? + 2t(f(xt) —f(u),x: — u) + 2t<f(u) — U, X — u)
+ 280 — Xy, — ) + £ |Lf(xt) - xtHZ

2
< [1 -2(1 - ,o)t] e — u)|® + 2t(f(u) — U, X — u) +82 Hf(xt) - xtH .
It turns out that
9 1
lloc; — uel> < 1—(f(u) — U, X — u) + tM, (3.7)
-p
where M > 0 is a constant such that

sup{ £ (x:) — x| : £ € (0, 1)}

1
M >
2(1-p)
In particular, we get from (3.7)

1
%, — ]| < m(f(u) — U, Xy, — u) +t,M, ueFix(S). (3.8)
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Since {x,} is bounded, without loss of generality, we may assume that {x,} converges
weakly to a point x* € C. Noticing (3.6) we can use Lemma 2.1 to get x* € Fix(S). Therefore
we can substitute x* for u in (3.8) to get

1
o — * ||2 = - (%) — &%, %0, — &*) + £, M. (3.9)
-p
However, x, — x*. This together with (3.9) guarantees that x,, — x*. The net {x,} is there-
fore relatively compact, as t — 0%, in the norm topology.
Now we return to (3.8) and take the limit as # — oo to get
2 1

”x*—u” §m<f(u)—u,x*—u>, u € Fix(S).

In particular, x* solves the following variational inequality:
x* € Fix(S), <(1 —fu,u —x*) >0, ueFix(S).
By Lemma 2.2, we see that x* solves the variational inequality
x* €Fix(S), (U -f)x*,u-x*)>0, ueFix(S). (3.10)

Therefore, x* = (Prix(s)f)x*. Thatis, x* is the unique fixed point in Fix(S) of the contraction
Prix(s)f . Clearly this is sufficient to conclude that the entire net {x;} converges in norm to
x*ast— 07,

Finally, if we take f = 0, then variational inequality (3.10) is reduced to
0< (x*, u— x*), u € Fix(S).
Equivalently,
«* ||2 <(x*u), wueFix(S).
This clearly implies that
||| < lull, = e Fix(S).
Therefore, x* is the minimum-norm fixed point of S. This completes the proof. O

We are now in a position to prove the strong convergence of algorithm (3.2).

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H, and
let T : C — C be L-Lipschitzian and pseudocontractive with Fix(T) # (). Suppose that the
following conditions are satisfied:

(i) limy ooy =0andy ooy o, = 00;
2

(ii) im0 ;_Z =1lim,_, o 5_: =0;

% Bp1-n-1Bn =0.

(iii) 1im,,_ o0 T
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Then the sequence {x,} generated by algorithm (3.2) converges strongly to the minimum-

norm fixed point of T .

Proof First we prove that the sequence {x,} is bounded. We will show this fact by induc-
tion. According to conditions (i) and (ii), there exists a sufficiently large positive integer m
such that

2

1-2(L+1)(L+2) (a,, +28, + %) >0, n>m. (3.11)

n

Fix p € Fix(T) and take a constant M; > 0 such that
max{||xo — pll, |1 = pls..., % — pI, 2|Ipll} < M. (3.12)

Next, we show that ||x,,,1 — p|| < M;.
Set

Y =1 =y — Bu)% + B Tx;  thus x,,41 = Pyl
Then, by using property (2.2) of the metric projection, we have

K1 = Ym» Xma1 —p) < 0. (3.13)
By the fact that I — T is monotone, we have

(I = Ty = I = T)p, w1 = p) = 0. (3.14)
From (3.2), (3.13) and (3.14), we obtain

%1 = PI* = @t = 2, %mer = p)
= (Xmil = Y X1 = P) + Y — P Xms1 = P)
< Ym =P %me1 = P)
= (Xm = P Xmi1 = P) = %Xy Xma1 — D) + B {Tom — Xy X1 — P)
= (Xm =P X1 = D) + U (Xms1 — Xy Xyt = P) — 0 (Ps X1 = P)
= U {Xms1 = Py X1 = D) + B { T — Tp1, X1 — p)
+ B (%ms1 = X Xma1 = P) = B Xms1 — Thp1, Xma1 — P)
< 1%m = pIXma — Pl + X = Xl 1611 = Pl
+ @llpl %1 = Pl = e[| %me1 = P
+ Bon (| Toom = Tt | + 1%ma1 = X)) 11 = I
< 1%m = PI%mar = 21l + e lP 1 %ma1 =PIl = Cl|%me1 — pII®

+ (L + 1) oy, + Bri) %1 — Lo 111 -pll.
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It follows that
(L + o) 11 =Pl =< % = pll + aulpll + (L + (o + ,Bm)”xm+l — X . (3.15)

By (3.2), we have

%1 =%l = | Pe[( = ctm = B + B T ] = P (%] |
< U=t = B + Bon T — |
< am(lIpl + 1% = 1l) + B (I Tt = pll + 1% — pll)
< au(Ipl + 1% = pll) + (L + 1B lxn - pl
< (L+1)(@m + B 1%m = pll + P
< (L +2)(ay + Bm)M. (3.16)

Substitute (3.16) into (3.15) to obtain

(1 + 0ot 11 =2l < 1%m = pll + amllpll + (L + 1)L+ 2) (ot + ﬂm)le

< (1 + %a,,,)Ml + (L + 1)L+ 2) (s + Bm)*Mi,

that is,

(m/2) = (L +1)(L + 2)(ctm + Brm)? }Ml

”xm+1 —P” = |:1 -
1+,

{1 @D = 2L+ DL+ 20 + 2B + (B 0)] } M
1+a,

<M.

By induction, we get
lx, —pll <My, VYn>0, (3.17)

which implies that {x,} is bounded and so is {Tx,}. Now we take a constant M, > 0 such
that

My = sup{ [l ]| V | T = xull}-
n

[Here a Vv b = max{a, b} for a,b € R.]
Set S = (21 — T)™! (i.e., S is a resolvent of the monotone operator I — T). We then have
that S is a nonexpansive self-mapping of C and Fix(S) = Fix(T) (¢f. Theorem 6 of [34]).
By Lemma 3.1, we know that whenever {y,} C (0,1) and y, — 07, the sequence {z,}
defined by

2y = SPc[(1 = yu)zn] (3.18)

Page 8 of 14
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converges strongly to the minimum-norm fixed point x* of S (and of T as Fix(S) = Fix(T)).

Without loss of generality, we may assume that ||z, || < M, for all n.

It suffices to prove that ||x,,; — z,|| = 0 as n — oo (for some y,, — 0%). To this end, we

rewrite (3.18) as
2I-T)z, = PC[(l - yn)Zn]’ n>0.
By using the property of metric projection (2.2), we have

(1= yw)zn — (220 = Tzn)s %1 — (220 — T2s)) <0

= (_)/nzmxnﬂ —Zy— (Zn - TZn)) + <Tzn —ZyyXnsl — Zp — (Zn - TZVI)) S 0
= (~VuZn + 12y = 24y X141 — Zn) + 120 — TZ,,,||2 < AVnzn T2 — zu)

= (~VuZn + 120 = Zus X1 = Zn) < Vullzull T21 — 24|

1z, — z,
= <_Zn + ——— %1 — 20 ) Z N 2alll T2 — 24l

n

Note that

lzw — Tzull = ”PC[(l - Vn)zn] —Zn ”
< | (1= y)zn — 24|,

= Vullzull.

Hence, we get

1z, — z, 2
<_Zn T X1 — 2y ) = yn”Zn” .
Vn

From (3.18) we have

1zns1 = zall = ”SPC[(l - Vn+1)zn+l] - SPC[(l - yn)zn] H
= ” (= Yur)Zni1 — (L= Yu)zn ”
= ” (I = Y1) @Zns1 = 20) + (Vi = Vns1)Zn ”

<(1- J/n+1)||zn+1 = Zull + Vus1 = Vulllzall-

It follows that
[Vis1 = Vil
”Zn+1 - Zn” < d ‘ ”Zn”
n+l
Set
oy
Vn'i= ——.

Bn

(3.19)

(3.20)

Page 9 of 14
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By condition (ii), y, — 0" and y, € (0,1) for »n large enough. Hence, by (3.19) and (3.20)

we have
1z, -z o o
<_Zn + M)xnﬂ _Zn> f = ||Zn||2 S _nMg (321)
oy B Bn
and
0Byl — Oy
lzw — zuall < M%. (3.22)
anﬁn—l

By (3.2) we have

16041 — % |l = ”PC[(1 — oty = Bu)xn + By Txn] - Pcxy, ”
< aull®all + Bull Toy — x|l
=< (an + Bu)M>. (3.23)

Next, we estimate ||x,.1 — Zy41l- Since 41 = Pe[yul, (Kus1 — Y Xns1 — 2u) < 0. Using (3.21)
and by the fact that T is L-Lipschitzian and pseudocontractive, we infer that

%041 = Zull® = (K1 = 2> K1 — Zn)
= (Xnl = Y Xnsl = Zn) + (Yn = Zws Xns1 = Zn)
< n = ZnXns1 = Zn)
= ([ = o = B + BuTn | = Zns Xns1 — Zn)
=(1l-a,- ﬂn)(xn = Zny X1 — Zn) + Bu{Txn — TX041, Xne1 — Zn)

+ ﬁn(Txnﬂ - Tznr Xn+l — Zn) + (—Oann + ﬂn(TZn - Zn)r Xn+l — Zn)x
which leads to

2
”xn+l - Zn” = (1 -0y — ﬁn)”xn - Zn” ”xn+1 - Zn” + ﬁnL”xn - xn+1|| ”xn+1 - Zn”
2 Bn
+ Bullxnir — zull” + aul —z, + a_(Tzn = Zy)s Xns1 — Zn
n

1-a,- B 2 2 :82 2
= ) (”xn = Zu | + %011 — Zul ) + 7n %41 = 2zl
> 2 2 a 2
+ — % = %1 |° + Bullxnsr = zall™ + -7 llzall”
2 B

It follows that, using (3.21), (3.22) and (3.23), we get

l-a,-B L?
[E Zn||2 = —r =7 [l — Zn||2 +————%nn —xn”2
1+a,- By 1+a,— By
202 ) B2 )
+ = lzull” + z 141 — 2
(1+an_,8n)ﬂn 1+an_ﬁn

2 +B,)?
< (12— Vg — g+ B
1+a, - B, 1+a,-8,

Page 10 of 14
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+ 20 M2+ B;
(1+an_13n)ﬂn > 1+an_ﬂn

20 2
= (1 —n>(||xn = Zp1ll + |1zn _Zn—IH)

4M?

_1+a,,—,8,,
{ (ot + Bu)? 20, B }
+ + + M
1+o,—Br (Q+a,—Bu)Bs l1+a,—PBy

2a,

<(1- ——— )%, —2zual?
_< 1+an_,3n>” n nl”

”Zn - Zn—l” (2”xn - Zn—l” + ”Zn - Zn—l”)

1+a, - B
{ (on + ﬁn)z 2“3 IBZ }
+ + + M
1+an_13n (1+an_ﬁn)/3n 1+an_/3n

2« 1 oy Br1 — 0ty
< (1 _ 7}1)”9% —Zn_1||2 + nﬂn 1 n IIBnM
1+a,-B, 1+a, - By ufBu1

+ { (on + /3,,)2 20‘3 ,33

+ +
l+a,—By (Q+a,—B)Bn 1l+a,

}M, (3.24)
- ﬁn
where the finite constant M > 0 is given by
M := max{LzM%AM%,Mg sup(2||x,, —zpall + lzn — z,,_lll) }
n

Let

20,

Sp=—-—"=~2 as n — 0o
n 1+an_ﬂn Ay ( )

and note that by (3.1) it follows that {3,} C (0,1). Moreover, set

2 2
0, = {—a"ﬁn_l ~ %1y + %(Otn +2B, + &> + % + &}M

20[3,3;4—1 oy w20,

Then relation (3.24) is rewritten as
%041 = 21> < (1= 8,) 1% = 2o 1 + 8,0, (3.25)

By conditions (i), (ii) and (iii), it is easily found that
o0
lim §,=0, ) 8,=00, lim 6, = 0.
n=1

We can therefore apply Lemma 2.3 to (3.25) and conclude that ||x,,; —2,[|*> — 0 as n — o0.

This completes the proof. O

Remark 3.3 Choose the sequences («,) and (8,) such that

1 1
= =, > O,
(n+1)2 P (n+1)b "=

Ay
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where 0 < b <a < 2b < 1. It is clear that conditions (i) and (ii) of Theorem 3.2 are satisfied.
To verify condition (iii), we compute

anﬂn—l - an—l/gn _ i _ an—lﬂn
063,3;4,1 oy B
(n+1)*?
= (I’l + 1)“ 1- W
1 a-b
=(n+ 1)”|:<1 + —> —1:|
n
a-b
~ n+1)*— 0.
(
n

Therefore, {«,} and {B,} satisfy all three conditions (i)-(iii) in Theorem 3.2.

4 Application
To show an application of our results, we deal with the following problem.

Problem 4.1 Let O < x( <1 and define the sequence {x,} by the recursion

2
X

KXpsl = (1 —n 2 n_l/s)x,, +n 13 1—” (4.1)
+ X,

At which value does {x,} approach as n goes to infinity?
We claim that lim,,_, - %, = 0 and it can be easily derived by applying Theorem 3.2.

Proof In order to apply our result, let H =R, C = [0,1] and define T: C — C by

Observe that T is Lipschitzian, pseudocontractive and that Fix(T) = {0}. Moreover, if we
set o, = n~V2 and B, = n~3, then

(i) limy_ o0 0ty = 0 and sz:o a, = 00;

(11) lim,,_, o Z_n =1lim,_, o 5_;« =0;
WPp-1-n1Bn _

D‘%ﬂn—l
Then Theorem 3.2 ensures that

(if) limy— oo

lim #, = 0. O

n—00
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