Lin Journal of Inequalities and Applications 2014, 2014:204 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/204 a SpringerOpen Journal

RESEARCH ~____________ OpenAccess]
Existence of iterative roots for the sickle-like

functions

Yinhe Lin"

“Correspondence:
mathyhlin@163.com

Yangtze Center of Mathematics and
Department of Mathematics,
Sichuan University, Chengdu,
Sichuan 610064, PR. China

@ Springer

Abstract

The problem of iterative roots for strictly monotone self-mappings has been well
solved. Most of known results concerning existence of iterative roots for a continuous
function were given under the assumption that the function has finitely many
non-monotonic points. When a function has infinitely many non-monotonic points,
the problem of the existence of its iterative roots will become more complicated. In
this paper, we study the existence of iterative roots for the sickle-like functions, as a
special class of non-monotonic functions, each of which has not only one isolated
non-monotonic point but also infinitely many non-isolated non-monotonic points.
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1 Introduction
Let I := [0,1]. For any integer # > 0, consider a mapping F : I — I. An iterative root of
order # of F is a mapping f : [ — I such that

f"(x)=F(x), Vxel,

where f” denotes the nth iterate of the mapping f : I — I, i.e. f*(x) = f(f"'(x)) and f°(x) = x
for all x € I inductively. By studying the iterative roots, people can find the missing infor-
mation in the iterative process. Meanwhile, being a weak version of the problem of em-
bedding a function into a flow or into a semi-flow, the existence of iterative roots of a given
mapping is a basic problem in both the theory of functional equations and the theorem
of dynamical systems. The problem of finding iterative roots for a given function is still
alive since the work of Babbage [1, 2] at the beginning of the 19th century, more and more
attention has been turned to this problem (see e.g. [3—8] and references therein). Plentiful
results have been obtained for continuous and strictly monotonic mappings on intervals.
In the monographs [9, 10], Kuczma, Choczewski and Ger gave a complete description of
iterative roots of continuous and strictly monotonic self-mappings on a given interval.
An interior point xg of [ is called a monotonic point of mapping F : I — I if F is strictly
monotonic in a neighborhood of xy; otherwise, x is referred to as a non-monotonic point
or simply a fort of F (see [11, 12]). Consequently, the function is strictly monotonic on I if
and only if it has no non-monotonic points in the interior of /. A function having finitely
many non-monotonic points is called a strictly piecewise monotonic function or simply
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called a PM function (see [11]). Each of the non-monotonic points of a PM function is an
isolated non-monotonic point. It seems that it was JZ Zhang and L Yang who first, in 1983,
started to study iterative roots of PM functions explicitly in the paper [11]. They introduced
the concept of characteristic interval for PM functions, and studied the existence of iter-
ative roots of PM functions which have the characteristic interval. Later, Blokh, Coven,
Misiurewicz, Nitecki and WN Zhang established some new results for iterative roots of
PM functions (see [12, 13]). Recently, there are some advances obtained for iterative roots.
For example see in [14-18].

When a function has infinitely many non-monotonic points, the study of existence of
its iterative roots will become more difficult. One of the typical cases that the function has
infinitely many non-monotonic points is that at least there exists one nontrivial subinter-
val (i.e., not singleton) on which the function is constant (see e.g. [19-21]). In 1992, the
author in the paper [22] proved the existence of iterative roots of a class of self-mappings
possessing infinitely many non-monotonic points. Later, TX Sun and HJ Xi discussed the
iterative roots of a class of self-mappings with a constant on two subintervals (see [23]).

However, in both paper [22] and paper [23], each of non-monotonic points of the func-
tion is non-isolated. The main purpose of this paper is to study the existence of contin-
uous iterative roots for a class of functions, each of which has not only infinitely many
non-isolated non-monotonic points but also one isolated non-monotonic point.

Assume that a,b € (0,1), a < b and F € C(I,1), the set of all continuous self-mappings
on I. Then F is called a sickle-like function if one of the following conditions is fulfilled:
(C1) F is constant on [0, 4], and F is strictly decreasing on [a, b] but strictly increasing on
[b,1]; (C2) F is constant on [0, a], and F is strictly increasing on [a, b] but strictly decreas-
ing on [b,1]; (C3) F is constant on [b,1], and F is strictly increasing on [0, 4] but strictly
decreasing on [a, b]; (C4) F is constant on [b,1], and F is strictly decreasing on [0, a] but
strictly increasing on [a, b]. If F satisfies (C3) (resp. (C4)), then H satisfies (C1) (resp. (C2)),
where H is defined by H(x) := 5! o F o h(x) for allx € I, and /1 : I — I is defined by

%x +1, Vxel0,a),
hx):=3b+a-x, Vx¢€la,b),
g -1), Vxelb]l].

Hence, it suffices to confine ourselves to discuss F satisfying (C1) or (C2). For this purpose,
let S; (resp. Sy) denote the set of all those sickle-like functions satisfying (C1) (resp. (C2))
(see Figures 1 and 2), and S:= §; U S,. If F € S, then b is an isolated non-monotonic point
of F but every point belonging to [0, 4] is a non-isolated non-monotonic point of F.

The paper is organized as follows: at first some important properties of iterative roots
of sickle-like functions will be given in Section 2. Then in Sections 3 and 4 we will discuss
the existence of iterative roots of F € S; and F € S, respectively. Throughout this paper,
n stands for a positive integer and F|g represents the restriction of F on E for a set E C I.

2 Preliminaries
Lemma 2.1 Suppose that f is an iterative root of order n > 2 of F € S on I. Then
(i) f([0,a]) = {f(a)} if there exists xy € [0, a] such that f(xo) > a;
(i) f([0,a]) C [0,4a] if there exists xo € [0,a] such that f(xo) < a;
(ili) there exists a’ € [0,a) such that f([a,a]) = {a} iff(a) = a.
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Figure1 FeSy. 1

Figure2 F e S,. 1

Proof For result (i), we only prove that f([0,a]) = {f(x0)}. By reduction to absurdity, sup-
pose that f([0,a]) # {f(x0)}. Then there exists x, € [0,a] such that f(x.) #f(x0). By the
assumption, we have

(f(10,a]) N [, b]) U (£ (10, a]) N [b,1])
=f([0,a]) N'[a,1] > f([xo;%.]) N [@,1] D [f(x0);f ()] N [@,1] # 4,

where [xg;x,] denotes either [xg,x,] or [x,,x¢]. It follows that at least one of f([0,4]) N
[a,b] and f([0,a]) N [b,1] is a nonempty closed interval (not a singleton). Without loss of
generality, we may assume that there are £, ¢, € [a, D] such that t; < t; and

f([O,a]) N [ﬂ) b] = [t1¢t2]'

Thus, there are £, t; € [0,a] such that £ # £, f(¢]) = &y and f(¢}) = ¢,. On the other hand,
noting that F = f o f"! is strictly monotonic on [a,b], we find that ! is also strictly
monotonic on [a, b], which yields

F(&) =f"(&) =f"(0) 21" () = (&) = F(85),

contrary to the fact that F is constant on [0, «]. This contradiction completes the proof of
result (i).

For result (ii), we will give a proof by contradiction. Suppose that there exists ¢; € [0,a)
such that f(¢3) > a. It follows from the result (i), proved just now, that f([0,a]) = {f(a)},
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showing that f(x) = f(a) =f(£3) > a, contrary to the assumption that f(x¢) < a. This con-
tradiction shows us that f([0,a]) C [0, 4], and thus the result (ii) is proved.

For result (iii), it becomes obvious by the result (ii) that f([0,a]) C [0, «], which shows
that

/"(10,a]) = F([0,a]) = {a}.
It follows that there exists an integer #n' > 0 such thatf”’([O, al) 2 {a} butf”’*l([o,a]) =

{a). Using the continuity of f and £ ([0,a]) C [0,a], there exists @' € [0,a) such that
f7(10,a)) = [, a]. Thus,

f([a,a]) =£"*((0,a]) = {a},
and the result (iii) is proved. This completes the proof of Lemma 2.1. d
Lemma 2.2 Suppose that f is an iterative root of order n > 2 of F € S on I. Then
(i) f([0,a]) C [0,a] if F(a) < a, and

(ii) either f([a,1]) C [a,b] or f([a,1]) C [b,1] if F(a) > a.

Proof First of all we claim that if f(a) > a, then

f([a,1]) C [a,1]. (2.1)

Indeed, if f(a) > a, then it follows from the results (i) and (iii) of Lemma 2.1 that there
exists a’ € [0, a) such that

f([a"a]) = {f@)}. (22)

Suppose that there is an x” € (a,1] such that f(x') < a. Let a” := max{a/, f(x")}. Then we have
[a”, a] = [a’, a] N [f(x/),f(a)] C [a’,a] ﬂf([a,x/]). (2.3)

Hence, according to the continuity of f, there exist s, ¢ € [a,4'] such that s < t and f([s, £]) =
[a”,a). It follows from (2.2) and (2.3) that

F(is, ) = (1 (15 1)) =7 (" a]) <./ ([da)) = [P @),

i.e. Fis constant on [s,t] C [a,1], contradicting to the assumption on F. Thus the claimed
(2.1) holds.

For result (i), suppose for an indirect proof that there exists t* € [0, a] such that f(t*) > a.
It follows from the result (i) of Lemma 2.1 that f([0,a]) = {f(a)}, which shows that f(a) =
f(t*) > a. Thus (2.1) holds, implying that F(a) = f"(a) € [a,1], contradicting to the assump-
tion and the result (i) is proved.

For result (ii), firstly we claim that

fla)>a. (2.4)
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In fact, if f(a) < a, then there exists & € [0,a) such that f(§) = &, which implies that

F(a) = F(§) =f"(§) = & < a, a contradiction and thus the claimed (2.4) holds. It follows that

(2.1) holds, which shows that f|[,1 is a non-monotonic self-mapping since F|,; is non-

monotonic. Note that both F|(, ;) and F|,1) are strictly monotonic, implying that f|,; and

flip are both strictly monotonic. Thus, b is the unique non-monotonic point of f|,1).
Secondly we claim that

f(@b)N{by=0 and f((b,1)) N {b}=0. (2.5)

Suppose, on the contrary, that f((a, b)) N {b} # #. Then there exists t € (a,b) such that
f(¢t) = b. Take any neighborhood U C (a, b) of t. Since f is strictly monotonic in U, f(U) is
a neighborhood of f(¢), i.e. f(U) is a neighborhood of b. Thus f is not strictly monotonic
in f(U) as b is a non-monotonic point of f. In other words, f? is not strictly monotonic
in UI. This contradicts the fact that f? is strictly monotonic on [a, b] since F = "2 o f2 is
strictly increasing on [4, b]. This contradiction shows that the first result of (2.5) holds.
Similarly, we can deduce that the second result of (2.5) holds. It follows from (2.5) that
either f([a, b]) C [a, b] or f([a, b]) C [b,1], and either f([b,1]) C [a, b] or f([b,1]) C [, 1]. If
f([a,b]) C [a,b], then f([b,1]) C [a, b]. In fact, otherwise, if f([b,1]) C [b,1], then f(b) = b.
Thus f (4,5 and f|[5,1] are both strictly increasing, which together with (2.1) guarantee that
flia is a strictly increasing self-mapping. It implies that F|[,1) = (f|[41))" is also strictly
increasing, a contradiction. Thus we have

f([a,1]) =f([a, b]) Uf([b,1]) C [a, b).
Similarly, if f([a, b]) C [b,1], then f([b,1]) C [b,1]. It implies that
F((@11) =1 (1a,b) UF(Ib,1]) C [b,1].
Hence, the proof of Lemma 2.2 is completed. ]
Lemma 2.3 Suppose that F € S with F(a) > a. Then the following hold:
(i) Either F(I) C [a,b] or F(I) C [b,1] if F has iterative roots of order n > 2 on I;
(ii) F has iterative roots of order n > 2 on I if and only if F|(41) has iterative roots of order
n>2onla,ll.
Proof For result (i), suppose that f is an iterative root of order n > 2 of F on I. It follows

from Lemma 2.2 that either f([a,1]) C [a,b] or f([a,1]) C [b,1]. If f([a,1]) C [a,b], then
f([a, b]) C [a, b], which shows, since F([0,a]) = {F(a)}, that

F(I) = F([a,1]) =" (f([a,1])) € /" ([a,b]) C [a, b).
Iff([a,1]) C [b,1], then f([b,1]) C [b,1]. It follows that
F(I) = F([a,1]) =" (f(la,1])) /" ((&,1]) C [b,1].

Thus the result (i) is proved.
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For result (ii), firstly we prove the sufficiency. Suppose that f; is an iterative root of order
n > 2 of F|(,1) on [a,1]. Then, obviously, the function f defined by

__)f(@), Vvxe[0,4],
/@ = :fo(x), Vx € (a,1],

is an iterative root of order n > 2 of F on I.

Conversely, let f be an iterative roots of order n > 2 of F on I. Making use of Lemma 2.2,
one obtains that f|(,) is a self-mapping. Thus, F|j;1) = (fljz1))", i.e. fliz1 is an iterative
roots of order n > 2 of F|[,;) on [4,1], and necessity is proved. This completes the proof
of Lemma 2.3. d

We end this section with Lemma 2.4, which gives some basic results concerning the

existence of iterative roots for strictly monotonic self-mappings.

Lemma 2.4 (see [11, Theorems 7 and 10] and [12, pp.119 and 125]) Letm, M € (0,1),m <M
and F € C(1,1). Then the following statements are valid:
(i) Suppose that F is strictly increasing. Then F has infinitely many strictly increasing
iterative roots f of order n > 2 on I such that f([m, M]) C [F(0), FQ)];
(i) Suppose that F is strictly decreasing. Then F has neither strictly increasing iterative
roots of order n > 2 nor strictly decreasing iterative roots of even order n > 2 on I,
F has infinitely many strictly decreasing iterative roots of odd order n > 3 on I if and
only if either F(I) C (0,1) or F(I) = 1. Moreover, if either F(I) C (0,1) or F(I) = I, then
F has infinitely many strictly decreasing iterative roots f of odd order n > 3 on I such
that f([m, M]) C [F(1), F(0)].

3 Iterativerootsof F € S,

In this section, we discuss the existence of iterative roots of F € S;. It follows from
Lemma 2.3 that F has no iterative roots of order n > 2 if F(a) > a, F(I) ¢ [b,1] and
F(I) ¢ [a, b]. Thus, we only consider the cases that F(I) C [b,1] and F(I) C [a, b] if F(a) > a.

Thus we start our discussion with Theorem 3.1.

Theorem 3.1 Suppose that F € S; with F(I) C [b,1]. Then the following hold:
(i) Ifeither F(1) =1 or F(a) < 1, then F has infinitely many iterative roots of order n > 2
onl;
(i) IfF(b) = b and F(a) =1 > F(1), then F has no iterative roots of order n > 2 on I;
(iti) IfF(b) > b and F(a) =1 > F(1), then F has no iterative roots of order n >3 on I.

Proof For result (i), let m := F(b), M := max{F(a), F(1)}. Then [m, M] is the range of F on I.
If F(1) <1, then, by the assumption, we have F(a) < 1, and thus M < 1. If F(1) =1, then it is
obvious that M = 1. With the aid of Lemma 2.4, we obtain that F|j;1; has infinitely many

strictly increasing iterative roots f, of order n > 2 on [b,1] such that

fi(lm, M) C [F(B), F(D)],
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i.e. f, maps [m, M] into [F(b), F(1)]. Define the function f : I — I by

- FlpyofioF(x), Vxe€l0,b),

T@=1 ) Vx e [b1].

Note that

Flipy 0 fx 0 F(b) = Fljyy © Flipay 0 £(b) =£(b),
implying that f defined by (3.1) is continuous. Since

S®) =f7"" o Flipy o fi o F(x)
—f" Vo (f) o fuo F(x) = F(x), Vxe€[0,b),
(%) =f'(x) =F(x), VYxel[b]1],

we find that the function f defined by (3.1) is an iterative root of order n > 2 of F on I, and
the result (i) is proved.

For result (ii), suppose, by an indirect proof, that f is an iterative root of order n > 2 of F
on . Since F(a) > a and F(I) C [b,1], we have, on account of Lemma 2.2, f([b,1]) C [b,1],
which shows that f/(;,) is a strictly monotonic iterative root of order # > 2 of F|j,1). The
fact that b = F(b) < F(1) < 1 guarantees that f|[5,] is strictly increasing. In fact, if f|[5,1] is
strictly decreasing, then at least one of f(b) =1 and f(1) = b cannot hold. Without loss of
generality, we may assume that b < f(1) < f(b) < 1. Consequently,

E®) =f"(f(b)) e/ !([b,1)) Cf*2((b,1)) C (B,1).
This contradiction shows that f|[,, is strictly increasing. Hence, f(b) = b and f(1) < 1
since F(b) = b and F(1) < 1. Noting by Lemma 2.2 again that f([4,1]) C [b,1], we infer that
f"a) € [b,1] which shows that
Fa)=f(f""(a)) <fQ)<1. (3.2)
This contradiction completes the proof of result (ii).
For result (iii), assume by indirect proof that f is an iterative root of order n > 3 of Fon I.

Similarly, f51; is a strictly monotonic iterative root of order n > 3 of F|;;;. Lemma 2.2
and the fact F(1) < 1 force that

f([a1]) C[b,1] and f(1)<1. (3.3)
If f(b) < 1, then we deduce, by the monotonicity of f],], that
fx) <1, Vxel[b1],

which with (3.3) shows that (3.2) holds, a contradiction.
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Figure 3 Fi. 1

Figure 4 F,. 1

~— Fo

If f(b) = 1, then f|[) is strictly decreasing. Note that F(1) < 1, implying that (1) > b. It
follows from (3.3) that

F(a) =" (f@) e/ (1b,1]) =" 2(F(1b,1])) € f*2((b,1])
= (F((B,11) 2 (B,D) € (BD),

contradicting to the assumption. Thus, the result (iii) is proved, and this completes the
proof of Theorem 3.1. 0

Example 3.1 Consider F; : [ — [ and F, : I — I given by Figures 3 and 4, respectively.
It follows from Theorem 3.1 that F; has iterative roots of order #n > 2 on I but F, has no
iterative roots of order n > 2 on I.

Theorem 3.2 Suppose that F € S; with F(I) C [a,b]. Then the following statements are
valid:
(i) F has no iterative roots of even order n > 2 on I;
(i) F has infinitely many iterative roots of odd order n > 3 on I if and only if either
F([a, b)) = [a,b] or F(I) C (a, b).

Proof For result (i), suppose, for an indirect proof, that f is an iterative root of even order
n>2 of F on . By Lemma 2.2, we see that

f([a,b]) Cf([a,1]) C [a,b),
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which implies that (f|(;))" = Fliap), i-e. fliap is an iterative root of even order n > 2 of
F|[4,5. However, as a strictly decreasing function, we have, according to Lemma 2.4, that
F|(4,) has no iterative roots of even order. This contradiction completes the proof of re-
sult (i).

For result (i), firstly we prove the sufficiency. Let m := F(b) and M := max{F(a), F(1)}.
Then [m, M] is the range of F on I, and eithera=m <M =b or a < m < M < b. It follows
from Lemma 2.4 that F|[, ;) has infinitely many strictly decreasing iterative root g, of odd
order n > 3 such that g, ([m, M]) C [F(b), F(a)]. Now we define the function g: I — I by

o) = !f‘(’f)’ yrclatl (34)
lap 080 F(x), Vxel\[a,b].

It is easy to see that g : I — I defined by (3.4) is an iterative root of odd order n > 3 of F
on [ and the sufficiency is proved.

In what follows we prove necessity. Suppose that f is an iterative root of odd order # of
F on I. It follows from Lemma 2.2 that

f([a,b]) cf([a,1]) C [a,b]. (3.5)

Thus f|(4,4] is a strictly decreasing iterative root of odd order n > 3 of F|[, ;. By Lemma 2.4
again, we obtain either F([a, b]) = [a, b] or F([a, b]) C (a, D).

If F([a, b]) C (a, b), which shows that at least one of f(a) = b and f(b) = a does not hold.
Without loss of generality we may assume that a < f(b) < f(a) < b. It follows from (3.5)
and the monotonicity of f|[,5) that

FQ) = 1 (f) ef"([a,b]) =f"2(f ([a, b]))
Cf"*((@, b)) =" (f ((a,b])) Cf"((a, b)) C (a,b).

Thus, F(I) = [F(b), max{F(a), F(1)}] C (a,b). The necessity is proved and the proof of The-
orem 3.2 is completed. d

Example 3.2 The functions F5 : I — I and F, : I — I are given by Figures 5 and 6, respec-
tively.

By Theorem 3.2, we find that F5 has exactly iterative roots of odd order n > 3 on I but
F, has no iterative roots of order n > 2 on I.

Figure 5 F;. 1
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Figure 6 Fj. 1

Theorem 3.3 Suppose that F € S, with F(a) < a. Then F has infinitely many iterative roots

of order n > 2.

Proof Choose points xi,..., %, 3 from (F(a), a), arbitrarily, such that
X0 1= F(a) <x1 <+ <Xy_3 <Xoy_p i=d. (3.6)

Put Iy := (¥ox—2,%2k-1], I} := (xox_1,%2«] for integer k > 1. Further, we define f; : } —
[F(b), %) is a decreasing homeomorphism and f;* : I — (F(b), %] is an increasing homeo-
morphism, arbitrarily. If # > 2, then we give the increasing homeomorphisms f; : fx — Ix_1
and f : I} — I}, for k = 2,...,n -1, arbitrarily. Now define the function g on [0, 4] by

X0, Vx € [O;x()]y
gx):=1filx), Vxel,k=1,...,n-1, (3.7)
fix), Yxellk=1,...,n-1,

which is continuous on [0, ]. Note that
g ) e [F(B),x0] C[0,x0], VxeLUI,k=1,...,n-1,

implying that g'([0, a]) = {xo}. In what follows we discuss several cases:
In the case that F(1) < F(a): Let the functions g; and g; be defined, respectively, by

2(x) ::f;:I o ,,,112 O off1 oF(x), Vxe(a,b] and

@@= () o (fry) oo () o Fw), Vae(b1].
Since £} o fL ooyt [F(b),x0) — I,; is a decreasing homeomorphism, (£ ;) o
) oo ()7 (F(B),x0] — I is an increasing homeomorphism and F((b,1]) C
(F(b),x0], we find that g : (@, b] — I,_1 is an increasing homeomorphism, and g3 : (,1] —

I*_, is a strictly increasing function. Moreover,

gi(a) =xy-a = xl_i)rggz (%) and ga(b) = x93 = xlirggs (%).
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Thus the mapping g : I — I defined by

ga(x), Vxel0,4a],
g(x) = gZ(x)) Vx € (61, b]:
gB(x)’ Vx € (b: 1],

is an iterative root of order n > 2 of Fon I.
In the case that F(1) > F(a) and F has no fixed points on [b,1]: Define

Xop-1:=b, Xon+k = Fl[_hl,l] (xk) (38)

inductively for all those integer k > 0 for which the recurrence procedure (3.8) is per-
formable. Note that F has no fixed points on [b,1], implying that there is an integer ko > 0
such that

Xko <F(1) = Kio+1- (39)

In fact, if x¢ < F(1) for all integers k > 0, then, by (3.6), (3.8), and the monotonicity of
F|[p,1], we infer that the sequence {x;} is infinite and strictly increasing. Therefore, by (3.8),
limg_, ;00 (€ [b,1]) is a fixed point of F on [b,1], a contradiction. It follows from (3.9) that
Konrky €xists and .k, < 1. Let Xo,14,41 := 1. Without loss of generality we may assume that
ko is odd, and we let ky := 2k;, + 1 for some integer k; > 0. For k =m,n+1,...,n+ ky + 1,
define f; on Iy and £ on I} inductively by

Si@)=filofilyorofilyoF®), Vxel and (3.10)

Fo@ = () o () oo () oF®), Vxelf, (3.11)

respectively. Noting that F|;, : I, — [F(b), %) is decreasing homeomorphism, we find that

fu: 1, — I, is an increasing homeomorphism. Fix an k € {n,n +1,...,n+ kj} and suppose
that the function f; : I; — I;_; is an increasing homeomorphism for i = k,k—1,...,k—n+2.
Thus fk‘1 o fk‘}l 0---0 fk:ln+2 : Ix_ns1 = I is an increasing homeomorphism. Note that F :
Iiy1 = I—y41 is an increasing homeomorphism, implying by (3.10) that the function fi,; :
Iiy1 — I is an increasing homeomorphism. By induction, we deduce that the function f :
Iy — Ix_; defined by (3.10) is an increasing homeomorphism for k =n,n+1,...,n+ kj + 1.
Similarly, we see that the function f* : I} — I ; defined by (3.11) is also an increasing
homeomorphism for k =n,n +1,...,n + k. Since

F( :;+k(’)+1) = [F(x2n+2k6+1)!F(1)] - [x2k6+1’x2k6+2] = 1;6+1’

f:+k6+1 is continuous and strictly increasing on I:+k6+1' Define f : 1 — I by
gl(x)y Vx € [O,ﬂ],
f&x):=3filx), Vxel,k=mn+l,...,n+ky+1, (3.12)
&), VYxellk=nn+l,...,n+ky+1

It follows from (3.7), (3.10), and (3.11) that f"(x) = F(x) for all x € I, i.e. the mapping
f:1— I, defined by (3.12), is an iterative root of order n > 2 of F on I.
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In the case that F(1) > F(a) and F has fixed points on [b,1]: Let & := min{x: F(x) = x,x €
[b,1]}. Then b < £ since F(b) < a < b. There is no loss of generality in assuming that £ < 1.
Because F|[z, is a strictly increasing self-mapping, and in view of Lemma 2.4, F|[¢ ;) has
infinitely many strictly increasing iterative roots g; of order n > 2 such that gf(§) = §.
Meanwhile, the infinite sequence {xx} defined by (3.6) and (3.8) is strictly increasing and
limy_, o %% = £. Now we define a mapping f : I — I by

alx), Vxe[0,a],
B filx), Vxel,k=nmn+l,...,
- ), Vxellk=nn+l,...,
&), Vxel§,1],

) (3.13)

where f; on I (resp. f;* on I}}) is defined inductively by (3.10) (resp. (3.11)). As we have just
seen in the preceding case, it is easy to check that the mapping f : I — I defined by (3.13)
is an iterative root of order n > 2 of F on I, and the above discussion completes the proof
of Theorem 3.3. d

Example 3.3 Consider the functions Fs : I — [ and Fg : I — I given by Figures 7 and 8,
respectively.
We know by Lemma 2.3 that F5 has no iterative roots of order n > 2 on I. However,

Theorem 3.3 shows that Fg has iterative roots of order n > 2 on I.

Figure7 Fs. 1

Figure 8 Fg. 1
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4 Iterativerootsof F € S,

In this section we shall discuss the existence of iterative roots of F € S,. Making use of
Lemma 2.3, we find that F has no iterative roots of order n > 2 if F(a) > a, F(I) ¢ [b,1] and
F(I) ¢ [a, b]. Thus, we only discuss the two cases F(I) C [a,b] and F(I) C [b,1] if F(a) > a.
If F([a,1]) C [a,1], then, according to Lemma 2.3, it suffices to discuss the existence of
iterative roots of F|(,1). Let G(x) := g ™' o F o g(x) for all x € [a,1], where g : [a,1] — [a,1] is

defined by
Lbx—b)+b, Vxelab),
g) =147
5 @=b)+b, Vxe[b1]

Thus, G([a,1]) C [a,1] and G is strictly decreasing on [a, b] but is strictly increasing on
[b,1] if F([a,1]) C [a,1]. By Lemma 2.3 and Theorems 3.1 and 3.2, we obtain immediately
Theorems 4.1 and 4.2.

Theorem 4.1 Suppose that F € S, with F(I) C [b,1]. Then F has no iterative roots of even
order n > 2 on I, and F has infinitely many iterative roots of odd order n > 3 if and only if
either F(I) C (b,1) or F([b,1]) = [b,1].

Theorem 4.2 Suppose that F € Sy, with F(I) C [a,b]. Then the following statements are
valid:
(i) Ifeither F(a) = a or F(1) > a, then F has infinitely many iterative roots of order n > 2
on I,
(i) IfF(b) = b and F(a) > F(1) = a, then F has no iterative roots of order n > 2 on I;
(i) IfF(b) < b and F(a) > F(1) = a, then F has no iterative roots of order n > 3 on I.

Theorem 4.3 Suppose that F € S, with F(a) < a. Then F has infinitely many iterative roots
of order n > 2 if and only if F satisfies one of the following conditions:

(i) F(b) <a;

(ii) a < F(b) <band F(a) < F(Q1).

Proof For sufficiency, firstly suppose that F satisfies the condition (i). Choose points
ag,d1,...,a3,—2 from [F(a),a] such that

Fla)=ag<F(b)=a1<ar<-+-<dzu_ =a.
Write Ay := (ax, ar] for integers k > 0. Let o3 : A} — Ap and a3 : A3 — (F(1),a;] be both
arbitrary increasing homeomorphisms, and let ay : A, — [F(1),a;) be an arbitrary de-

creasing homeomorphism. If # > 2, then we take increasing homeomorphisms oy : Ay —
Aj_s for k=4,5,...,3n - 3, arbitrarily. Define ¥, : [0,a] — [0,4] by

o, Vx € [0,a],

x) =
Vi@ ar(x), VxeAk=1,2,...,3n-3,

which clearly is continuous on [0, 4] and ¥ (x) € [0,a;] for all x € [0, a4]. Thus we see that

Vi) =ao, Vxe€[0,aa. (4.1)
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Take any x € [a4,a]. Then there exists an k € {4,5,...,3n — 3} such that x € A;. Writing
k =3k, + ky, where ky € {1,2,...,n -2} and k; € {1,2, 3}, we get

(%) = @ agy1) © -+ 0 3 0 k(%) € Ag_sp, = Ay, C [0, ay]. (4.2)
In virtue of (4.1) and (4.2), we obtain

Wln(x) =ay, VxE€ [07 (l], (43)

i.e. Y is an iterative root of order n > 2 of F|[g 4. Define the functions v, on (a, b] and 3
on (b,1] by

Yo (x) := ag;_s o-- -a;l o al‘l oF(x), Vxe&(a,b] and

Ys3(x) =z 40zt oyt o F(x), Vxe (b1],

respectively. Note that F((a, b]) = a1(A1) and F((b,1]) = a2(Az), implying that ¥, : (a, b] —
Asy_s and 3 : (b, 1] — As,_4 are both increasing homeomorphisms. Moreover,

Y1(a) = azy_s = xl_1>12+ Ya(x) and  VYa(b) = azu—a = xlifi{r Y3(x).
Now we define ¥ on I by
wl(x)7 Vx € [Ord];
V(%)= ¥ax), Vxe(ab], (4.4)
wa(x)’ Vx € (b¢ 1]
It is natural that

Y'x)=ogoaq0---0az,50Yr(x)=F(x), Vxe(ab] and
Y'(x) =azoas0---0az, 4 0Y3(x) = F(x), Vxe(b1],
which together with (4.3) imply that the function ¢ : I — I defined by (4.4) is an iterative
rootof order > 2 of Fon I.
Secondly assume that F satisfies the condition (ii), i.e. a < F(b) < b and F(a) < F(1).
Choose points xy, .. .,%,_; in (F(a), a), arbitrarily, such that

F(a)=xg <X1 <Xy < -+ <Xp_1 <Xy = a. (4.5)

Let Xy := (o, xx41] for integers k > 0. We give the increasing homeomorphisms Sy : Xj —
Xy for k=1,...,n—1, arbitrarily. Now put

Kn+k = F_l(xk): Xn+k € [ar b] (46)

(which is equivalent to x; = F(x,.x)) for all those positive integers k for which the recur-
rence procedure is performable. Next we shall discuss the two distinguished cases:
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In the case that F has no fixed points on [a, b]: Then the condition F(a) < a implies that

F(b) < b. Moreover, there exists a positive integer kq such that
Ko-1 < F(b) = Kko -+

In fact, otherwise, note that x; < F(b) for any integer k > u, implying, by the fact that
F(a) < a < xx and (4.6), that xy,; exists, which shows that x; exists for all integers k > 1
and the sequence {x} is strictly increasing. It follows from (4.6) that lims_, , xx is a fixed
point of F on [a, b], a contradiction. The fact x; < F(b) yields ko > 2. There is no loss of
generality in assuming that ko > 3. Let %, := b. Define the functions 8 on X inductively

fork=mn+1,...,n+ky—1by

Br(®) = Bl o Bty o0 Bt 0 Fx), Vx e X (4.7)

Since Fly, : X, — Xo and B, 0 %, 0 -+ 0 B : Xo — X, are both increasing homeo-
morphisms, 8, : X,, & X,,_; defined by (4.7) is an increasing homeomorphism. Similarly,
by induction, we find that Bi : Xy — Xj_1 defined by (4.7) is an increasing homeomor-
phism for k= m,n +1,...,1n+ kg — 2. Note that ﬁ;iko_Q o ﬁ;iko_s 0---0 ,3,:01 : Xig-1 = Xnrkg—2

is an increasing homeomorphism, and we have
F(Xn+k0—1) = (xko—lx F(b)] C (xko—lrxko] :Xko—lﬂ

implying that B.ky-1 : Xyikg—1 = Xusko—2 is a strictly increasing function. Define ¢; on
[x1,b] by

X0, X = X1,

¢1(x) := :,Bk(x)’ Vxe€Xik=12,...,n+ko -1

It is natural that ¢, is continuous and strictly increasing on [x;, b]. Moreover,

[F(l)rF(b)) - [F(a)rxko) = [xO’xko) = ¢1([?€1,Xk0+1)).

Put Jp := [F(1), F(b)) and define Ji := ¢;'(Jy_1) inductively for k =1,2,...,n — 1. Then J; C
[Xks Xrky) for k =0,1,...,1n— 1. Let the function ¢, on (b,1] be defined by

$o(x):= 1]} onl), 000l o Flx), forxe (b1].

Because F : (b,1] — ]y is a decreasing homeomorphism and ¢ I;kl : Jxo1 — Ji is an increas-
ing homeomorphism for k = 1,2,...,n — 1, we infer that ¢, : (b,1] — J,,_; is a decreas-
ing homeomorphism. By the definition of ¢;, we possess that ¢1|;(i(: Bit) s Xien — Xy is
an increasing homeomorphism for k =1,2,...,#n + ko — 1. On the other hand, noting that

F(b) € (xky-1,%k,] and F|p,1) is strictly decreasing, we have b, € (b,1) such that

F((b,b,)) = (F(bs), F(b)) C Jo N (xky-1,%k) CJo N X1
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Thus
$a(x) := ¢1|/_,71_1 ° ¢1|]_nl_2 oo} o F(x)
= B1l%,,4, 2 © Bl 0 0 Bilx, © F)

= ,B;iko_z o IB;ﬁko—B 0---0 ,B,;OI oF(x), Vxe(bb,).
This shows that
1im o) = ;5 0 Brliya 00 B o F(D) = 41 (b). (4.8)
Define ¢ : I — I by

X0, Vx € [0,%1),
$(x) = { 1(x), Vx € [x1,D], (4.9)
$a(x), Vxe (b1],

which is continuous since lim,_, ,, - ¢(x) = %9 = ¢1(x1) and (4.8). By the definition of ¢; and
¢2, we see that ¢ : I — I defined by (4.9) is an iterative root of order n > 2 of F on I.

In the case that F has fixed points on [a, b]: Let § = min{x: F(x) = x,x € [a, b]}. Then x is
well defined inductively by (4.6) for all integers k > n and limy_, o xx = £. Without loss of
generality, assume that & < b. Let B¢ : Xx — Xj41 be defined by (4.7) for all integers k > n.
If x € (a,&), then there exists X such that x € Xj, which implies

w1 = Brelok) < Br(x) < Prelockar) = x.
Noting that x — & is equivalent to k — 0o, we get the conclusion that
lim x;_; < lim Br(x) < lim xg.
k— 00 x—&£-0 k—00
Hence,
lim Bi(x)=&. (4.10)
x—>E-0

On the other hand, since F|[¢ ) is a strictly increasing self-mapping and F(£) = &, we obtain,
in view of Lemma 2.4, that F|[; 5 has infinitely many strictly increasing iterative roots g,
of order n > 2 on [, b] such that

B(&) =&. (4.11)
Define the function ¢3 on (x;, b] by

B, VxeXik=12,...,

- (4.12)
B«(x), Vxe€l[§,b].

¢3(x)

By the definition of S and B, (4.10) and (4.11), we see that the function ¢3 on (x1, ] de-
fined by (4.12) is continuous and strictly increasing. Let [Jp := [F(1), F(D)). Jk := ¢§1($(_1)

Page 16 of 23
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is well defined inductively for k =1,2,...,n — 1. Thus ¢>3|:71k : Jk-1 = Ji is an increasing
homeomorphism for k =1,2,...,n — 1. Then the function ¢4 on (b,1] given by

Ga(x):= 3|5 ods|7 0 o3| oF(x), Vxe(b1], (4.13)

is a decreasing homeomorphism from (b,1] to J,-1. By the definition of ¢5 and B, we
deduce that, for k=1,2,...,n -1,

$317,0) = 3l ) = B.0), Yy € Bu((5,0) N Tir. (4.14)
Choose b* € (b, 1) satisfying

F((b,b")) C (& F(b) N Jo = BL((&,5) N To.
Consequently, for k=1,2,...,n -1,

B o F(x) = ¢35 0 F(x) € ¢gk+1((§,F(b)) NJo)
C BNE D) N T CBi((6,6) N Tt Va & (b, b).

It follows from (4.14) that
317 (B o F(x)) = B¥ o F(w), Vxe(bb),k=12,...,n-1,
which jointly with (4.13) guarantees that
¢u(x) = B;" 0 F(x), Vxe (bb*),
showing that
lim ¢4(x) = lim B o F(x) = B, o F(b) = Bu(b) = ¢3(b).
x—>b+ x—>b+
In addition, lim,_, ,, , ¢3(x) = x9. Consequently, the mapping ¢ : I — I defined by
X0, Vx € [O;xl]:
P(x):= | p3(x), Vx € (x0,0], (4.15)
¢4(x)) Vx € (b¢ 1]1
is continuous. According to (4.12) and (4.13), the mapping ¢ : I — I defined by (4.15) is an
iterative root of order n > 2 of F on I. Consequently, the sufficiency is proved.

To prove necessity, suppose that f is an iterative root of order n > 2 of F on I. It follows
from Lemma 2.2 that

f([0,4]) C [0,al, (4.16)

which implies that f has the fixed points on [0, 4]. Note that the fixed point of f is bound
to the fixed point of F and F(a) is the unique fixed point of F on [0, 4], implying that F(a)
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is the unique fixed point of f on [0, a]. It follows that

fl@)<a,  f(F(a)=F(). (4.17)

Since f([0,a]) = F([0,a]) = {F(a)} and f°([0,4]) = [0, a], there exists ¢, € {0,1,...,1 — 1}
such that f%([0,a]) # {F(a)} but f°*1([0,a]) = {F(a)}. By the continuity of f%, there are
p,q € [0,a] such that p < g and [p, q] = f*([0, a]). Thus the definition of , and (4.17) yields

F(a) € [p,q] and f(x)=F(a), Vxe€|[pql. (4.18)
We claim that
f(10,al) Nf((a,b]) = 0. (4.19)

Otherwise, if there exist ' € [0,a] and x” € (a,b] such that f(x') = f(x”), then F(x) =
() =f"(x") = F(x"), which contradicts to the fact that F(x') = F(a) < F(x”). Therefore,
as claimed (4.19) holds. On the other hand, f/, and f]j5,1) are both strictly monotonic
since F|, 5 and F|[p,) are both strictly monotonic. In what follows we shall distinguish the
following several cases:

In the case that f(a) < F(a): Suppose for indirect proof that F(b) > a. Then there exists
b’ € (a,b] such that F(b') = a since F(a) < a. On the other hand, we have, in virtue of (4.17)
and (4.19),

[f(a), F@)] N f((a,b]) Cf([F(a),a]) Nf((a b]) C£(10,al) Nf((a,b]) = 2.
It follows that £, is strictly decreasing. Thus

f@)>f(x), Vxe(abl. (4.20)
By (4.17) and (4.20), we get f(b') < f(a) < . Thus

fl@) =f(F(B)) =£(f"(¥) =f"(f(¥)) = F(f(?)) = F(a),
contradicting to the assumption that (@) < F(a). This contradiction shows that F(b) <
holds, i.e. F satisfies the condition (i).

In the case that f(a) = F(a): Firstly we prove that f/|, ) is strictly decreasing. In fact, if
fliap) is strictly increasing, then, by (4.19), we infer that

f([0,a]) N (f(@).f®)] =f([0,a]) Nf((ab]) = 4.
This forces f(x) to obey

fx) <f(a), Vxel0,a], (4.21)
which with (4.16) implies that

7M@) =f(F2 () <f(@), Vxe[0,al. (4.22)
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Note that (f(a),f(b)] N (f(a), a] # ¥, implying that there exists t’ € (a, b] such that f(¢') < a,
which with (4.22) results in

E(t) =f"(f(¢)) =f(a) = F(a),

contradicting to the fact that F(t') > F(a). Thus, f|(,) is strictly decreasing. It follows from
(4.17) that

fb)<f(a)<a, (4.23)
which with (4.16) means that

F(b)=f"(b) < a. (4.24)
Based on (4.19), we have

f(10,al) N [f(B).f (@) =£(10,a]) N ((a, b]) = 4,
which with (4.16) shows that

f([0,a]) C [f(a),a]. (4.25)
Moreover, we have

f)<a (4.26)
In fact, if f(1) > a, then, by (4.23), f|jsy is strictly increasing. Note that F(a) = f(a) €

(f(b),f(1)), implying by (4.18) that [p,q] N (f(b),f(1)) # . Thus there exist s,¢ € (b,1) such
that s < ¢ and f([s, £]) = [p,q] N (f(b),f(1)). It follows thus from (4.18) that

Fls.2) =f"(Is,21) =" o f (Is.61) < /" ([p2)) = {7 (F@) },

i.e. F is constant on [s, £]. This contradiction shows that the claimed (4.26) holds. Making
use of (4.25) and (4.26), one obtains

F(1)=f"(Q1) :f”‘l(f(l)) ef"_l([O,a]) Cf”_z([f(a),a]) C [f(a),a] = [F(a),a],

which with (4.24) guarantees that F satisfies one of conditions (i) and (ii).
In the case that f(a) > F(a): It is natural by (4.17) and (4.19) that

[F(a).f(@)] N f((ab]) Cf(10,a]) Nf((ab]) =9

Thus f|(4,4] is strictly increasing. Due to (4.19), we have f([0,a]) N (f(a),f (b)] = @. It follows
that (4.21) holds.

If f(b) < a, then (4.16) and (4.21) imply that F(b) = f(f*1(b)) < f(a) < a, i.e., F satisfies
the condition (i).
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Iff(b) > a, by the continuity and monotonicity of f|[, 5 and (4.17), thereisan a_; € (a,b)
such thatf(a_;) = a. Let ay := f(ax_1) be well defined inductively for k = 0,1,.. ., n. It follows
thus from (4.17) that a; < a. Since F|(z4_,) (=" 0 fliaya) ©f l{a,ay)) is strictly increasing,
we see that f|[, 4 is strictly monotonic, which together with (4.21) implies that f](4 4
is strictly increasing. Fix a k € {0,1,...,n — 2}, arbitrarily. Assume that f|[,, 4, , is strictly
increasing for each i € {0,1,2,..., k}. Noting that f((a_1,b)) N (a,a_1] # ¥, there isan a, €
(a_1,b) such that f(a.) € (a,a_1]. Whence, by the induction hypothesis, we infer that

Saga 11 o flw yar21© o f lias) o f lla_y,a:)

is strictly increasing, i.e. f k+2|[a_1,a*] is strictly increasing. Because F|j;,,] (= f”‘k‘2 o
fk*zl[m*]) is strictly increasing, we see that fk+2|[a,a*] is strictly monotonic. It follows that
fk+2|[u,a_ﬂ is strictly increasing. Thus, by the induction hypothesis,

Sliag 1,0 of'[“kvﬂk—l] 00 fliaya) ©f liaay)

is strictly increasing, which shows that f/(,,,, 4 is strictly increasing. Consequently, by
induction, f|(4; 4,_,] is strictly increasing for k = 0,1,...,n — 1. Thus

Fla)=a,<a, 1<+ <dy<aj <a.
Moreover, |4, ;.5 is strictly increasing, showing that

fx)>F(a), Vxe€(an,b] (4.27)
Meanwhile, it can be seen that

S ([@nsanl) =f of ([an-1,an-]) = - - - = f"([a1,a]) = F([a1,a]) = {F(a)}. (4.28)
If flp is strictly increasing, then it follows from (4.27) and (4.28) that f|[r(),) is an
increasing self-mapping, which forces that F|[r),1 is an increasing self-mapping. This
contradiction shows that f|[;,;; must be strictly decreasing. Thus the point b is a non-
monotonic point of f. If f(b) > b, then there exists b; € (a,b) such that f(b;) = b. Conse-
quently, b; is a non-monotonic point of f2. However, f? is strictly monotonic on [a, b] since
S"2 0 f?|(ap) (= Fliap) is strictly increasing. This contradiction yields

f(b) =b. (4.29)
Further, we claim that

1) > Fla). (4.30)
In fact, if f(1) < F(a), then, by (4.27), F(a) € (f(1),f(b)) and (4.18) shows that [p,g] N
(f(1),f (b)) # 9. As the proof of (4.26), we can obtain a contradiction. It follows from (4.27),

(4.28), (4.29), and (4.30) that f|(r()) is a self-mapping, and we have

fx)<b, Vxe[F(a)1],
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Figure 9 F;. 1

Figure 10 Fg. 1

Figure 11 Fy. 1

which implies that F(b) = f(f""1(b)) < b and F(1) = f"(1) > F(a). Consequently, F satis-
fies the condition (ii) if F does not satisfy the condition (i), and necessity is proved. This

completes the proof. d

Example 4.1 Let F;: I — [ and Fg : I — I be given by Figures 9 and 10, respectively.
We see, according to Theorem 4.3, that both F; and Fg have iterative roots of order n > 2

onl.

Example 4.2 It follows from Theorem 4.3 that the functions Fy : I — I and Fjp: [ — [

given by Figures 11 and 12, respectively, have no iterative roots of order n > 2 on I.
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Figure 12 Fqo. 1

In this paper, we give all conditions of existence and nonexistence of iterative roots for
the sickle-like functions. Meanwhile, we construct infinite many iterative roots if they ex-
ist. However, we are not sure if all continuous iterative roots are defined by the construc-
tion method given in this paper, in other words, it is unclear whether there are other forms
of iterative roots if they exist. On the other hand, as the number of the subintervals on
which the function is constant and isolated non-monotonic points increases, we do not
know whether the existence of its iterative roots can be solved in a similar manner to the
one described in this paper. Although we are not able to give answers for these problems,
yet, they are our further directions of investigation.
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