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Abstract
The problem of iterative roots for strictly monotone self-mappings has been well
solved. Most of known results concerning existence of iterative roots for a continuous
function were given under the assumption that the function has finitely many
non-monotonic points. When a function has infinitely many non-monotonic points,
the problem of the existence of its iterative roots will become more complicated. In
this paper, we study the existence of iterative roots for the sickle-like functions, as a
special class of non-monotonic functions, each of which has not only one isolated
non-monotonic point but also infinitely many non-isolated non-monotonic points.
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1 Introduction
Let I := [, ]. For any integer n ≥ , consider a mapping F : I → I . An iterative root of
order n of F is a mapping f : I → I such that

f n(x) = F(x), ∀x ∈ I,

where f n denotes the nth iterate of themapping f : I → I , i.e. f n(x) = f (f n–(x)) and f (x) = x
for all x ∈ I inductively. By studying the iterative roots, people can find the missing infor-
mation in the iterative process. Meanwhile, being a weak version of the problem of em-
bedding a function into a flow or into a semi-flow, the existence of iterative roots of a given
mapping is a basic problem in both the theory of functional equations and the theorem
of dynamical systems. The problem of finding iterative roots for a given function is still
alive since the work of Babbage [, ] at the beginning of the th century, more and more
attention has been turned to this problem (see e.g. [–] and references therein). Plentiful
results have been obtained for continuous and strictly monotonic mappings on intervals.
In the monographs [, ], Kuczma, Choczewski and Ger gave a complete description of
iterative roots of continuous and strictly monotonic self-mappings on a given interval.
An interior point x of I is called a monotonic point of mapping F : I → I if F is strictly

monotonic in a neighborhood of x; otherwise, x is referred to as a non-monotonic point
or simply a fort of F (see [, ]). Consequently, the function is strictly monotonic on I if
and only if it has no non-monotonic points in the interior of I . A function having finitely
many non-monotonic points is called a strictly piecewise monotonic function or simply
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called a PM function (see []). Each of the non-monotonic points of a PM function is an
isolated non-monotonic point. It seems that it was JZ Zhang and L Yang who first, in ,
started to study iterative roots of PM functions explicitly in the paper []. They introduced
the concept of characteristic interval for PM functions, and studied the existence of iter-
ative roots of PM functions which have the characteristic interval. Later, Blokh, Coven,
Misiurewicz, Nitecki and WN Zhang established some new results for iterative roots of
PM functions (see [, ]). Recently, there are some advances obtained for iterative roots.
For example see in [–].
When a function has infinitely many non-monotonic points, the study of existence of

its iterative roots will becomemore difficult. One of the typical cases that the function has
infinitely many non-monotonic points is that at least there exists one nontrivial subinter-
val (i.e., not singleton) on which the function is constant (see e.g. [–]). In , the
author in the paper [] proved the existence of iterative roots of a class of self-mappings
possessing infinitely many non-monotonic points. Later, TX Sun and HJ Xi discussed the
iterative roots of a class of self-mappings with a constant on two subintervals (see []).
However, in both paper [] and paper [], each of non-monotonic points of the func-

tion is non-isolated. The main purpose of this paper is to study the existence of contin-
uous iterative roots for a class of functions, each of which has not only infinitely many
non-isolated non-monotonic points but also one isolated non-monotonic point.
Assume that a,b ∈ (, ), a < b and F ∈ C(I, I), the set of all continuous self-mappings

on I . Then F is called a sickle-like function if one of the following conditions is fulfilled:
(C) F is constant on [,a], and F is strictly decreasing on [a,b] but strictly increasing on
[b, ]; (C) F is constant on [,a], and F is strictly increasing on [a,b] but strictly decreas-
ing on [b, ]; (C) F is constant on [b, ], and F is strictly increasing on [,a] but strictly
decreasing on [a,b]; (C) F is constant on [b, ], and F is strictly decreasing on [,a] but
strictly increasing on [a,b]. If F satisfies (C) (resp. (C)), thenH satisfies (C) (resp. (C)),
where H is defined by H(x) := h– ◦ F ◦ h(x) for all x ∈ I , and h : I → I is defined by

h(x) :=

⎧⎪⎨
⎪⎩

b–
a x + , ∀x ∈ [,a),
b + a – x, ∀x ∈ [a,b),
a

b– (x – ), ∀x ∈ [b, ].

Hence, it suffices to confine ourselves to discuss F satisfying (C) or (C). For this purpose,
let S (resp. S) denote the set of all those sickle-like functions satisfying (C) (resp. (C))
(see Figures  and ), and S := S ∪ S. If F ∈ S, then b is an isolated non-monotonic point
of F but every point belonging to [,a] is a non-isolated non-monotonic point of F .
The paper is organized as follows: at first some important properties of iterative roots

of sickle-like functions will be given in Section . Then in Sections  and  we will discuss
the existence of iterative roots of F ∈ S and F ∈ S, respectively. Throughout this paper,
n stands for a positive integer and F|E represents the restriction of F on E for a set E ⊂ I .

2 Preliminaries
Lemma . Suppose that f is an iterative root of order n ≥  of F ∈ S on I . Then

(i) f ([,a]) = {f (a)} if there exists x ∈ [,a] such that f (x) > a;
(ii) f ([,a])⊂ [,a] if there exists x ∈ [,a] such that f (x) ≤ a;
(iii) there exists a′ ∈ [,a) such that f ([a′,a]) = {a} if f (a) = a.
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Figure 1 F ∈ S1.

Figure 2 F ∈ S2.

Proof For result (i), we only prove that f ([,a]) = {f (x)}. By reduction to absurdity, sup-
pose that f ([,a]) �= {f (x)}. Then there exists x∗ ∈ [,a] such that f (x∗) �= f (x). By the
assumption, we have

(
f
(
[,a]

) ∩ [a,b]
) ∪ (

f
(
[,a]

) ∩ [b, ]
)

= f
(
[,a]

) ∩ [a, ]⊃ f
(
[x;x∗]

) ∩ [a, ]⊃ [
f (x); f (x∗)

] ∩ [a, ] �= ∅,

where [x;x∗] denotes either [x,x∗] or [x∗,x]. It follows that at least one of f ([,a]) ∩
[a,b] and f ([,a]) ∩ [b, ] is a nonempty closed interval (not a singleton). Without loss of
generality, we may assume that there are t, t ∈ [a,b] such that t < t and

f
(
[,a]

) ∩ [a,b] = [t, t].

Thus, there are t∗ , t∗ ∈ [,a] such that t∗ �= t∗ , f (t∗ ) = t and f (t∗) = t. On the other hand,
noting that F = f ◦ f n– is strictly monotonic on [a,b], we find that f n– is also strictly
monotonic on [a,b], which yields

F
(
t∗

)
= f n

(
t∗

)
= f n–(t) �= f n–(t) = f n

(
t∗

)
= F

(
t∗

)
,

contrary to the fact that F is constant on [,a]. This contradiction completes the proof of
result (i).
For result (ii), we will give a proof by contradiction. Suppose that there exists t ∈ [,a)

such that f (t) > a. It follows from the result (i), proved just now, that f ([,a]) = {f (a)},
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showing that f (x) = f (a) = f (t) > a, contrary to the assumption that f (x) ≤ a. This con-
tradiction shows us that f ([,a])⊂ [,a], and thus the result (ii) is proved.
For result (iii), it becomes obvious by the result (ii) that f ([,a]) ⊂ [,a], which shows

that

f n
(
[,a]

)
= F

(
[,a]

)
= {a}.

It follows that there exists an integer n′ ≥  such that f n′ ([,a]) � {a} but f n′+([,a]) =
{a}. Using the continuity of f n′ and f n′ ([,a]) ⊂ [,a], there exists a′ ∈ [,a) such that
f n′ ([,a]) = [a′,a]. Thus,

f
([
a′,a

])
= f n

′+([,a]) = {a},

and the result (iii) is proved. This completes the proof of Lemma .. �

Lemma . Suppose that f is an iterative root of order n ≥  of F ∈ S on I . Then
(i) f ([,a])⊂ [,a] if F(a) < a, and
(ii) either f ([a, ])⊂ [a,b] or f ([a, ])⊂ [b, ] if F(a)≥ a.

Proof First of all we claim that if f (a)≥ a, then

f
(
[a, ]

) ⊂ [a, ]. (.)

Indeed, if f (a) ≥ a, then it follows from the results (i) and (iii) of Lemma . that there
exists a′ ∈ [,a) such that

f
([
a′,a

])
=

{
f (a)

}
. (.)

Suppose that there is an x′ ∈ (a, ] such that f (x′) < a. Let a′′ :=max{a′, f (x′)}. Thenwe have
[
a′′,a

]
=

[
a′,a

] ∩ [
f
(
x′), f (a)] ⊂ [

a′,a
] ∩ f

([
a,x′]). (.)

Hence, according to the continuity of f , there exist s, t ∈ [a,x′] such that s < t and f ([s, t]) =
[a′′,a]. It follows from (.) and (.) that

F
(
[s, t]

)
= f n–

(
f
(
[s, t]

))
= f n–

([
a′′,a

]) ⊂ f n–
([
a′,a

])
=

{
f n–(a)

}
,

i.e. F is constant on [s, t]⊂ [a, ], contradicting to the assumption on F . Thus the claimed
(.) holds.
For result (i), suppose for an indirect proof that there exists t∗ ∈ [,a] such that f (t∗) > a.

It follows from the result (i) of Lemma . that f ([,a]) = {f (a)}, which shows that f (a) =
f (t∗) > a. Thus (.) holds, implying that F(a) = f n(a) ∈ [a, ], contradicting to the assump-
tion and the result (i) is proved.
For result (ii), firstly we claim that

f (a)≥ a. (.)
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In fact, if f (a) < a, then there exists ξ ∈ [,a) such that f (ξ ) = ξ , which implies that
F(a) = F(ξ ) = f n(ξ ) = ξ < a, a contradiction and thus the claimed (.) holds. It follows that
(.) holds, which shows that f |[a,] is a non-monotonic self-mapping since F|[a,] is non-
monotonic. Note that both F|[a,b] and F|[b,] are strictlymonotonic, implying that f |[a,b] and
f |[b,] are both strictly monotonic. Thus, b is the unique non-monotonic point of f |[a,].
Secondly we claim that

f
(
(a,b)

) ∩ {b} = ∅ and f
(
(b, )

) ∩ {b} = ∅. (.)

Suppose, on the contrary, that f ((a,b)) ∩ {b} �= ∅. Then there exists t ∈ (a,b) such that
f (t) = b. Take any neighborhood U ⊂ (a,b) of t. Since f is strictly monotonic in U , f (U) is
a neighborhood of f (t), i.e. f (U) is a neighborhood of b. Thus f is not strictly monotonic
in f (U) as b is a non-monotonic point of f . In other words, f  is not strictly monotonic
in U . This contradicts the fact that f  is strictly monotonic on [a,b] since F = f n– ◦ f  is
strictly increasing on [a,b]. This contradiction shows that the first result of (.) holds.
Similarly, we can deduce that the second result of (.) holds. It follows from (.) that
either f ([a,b])⊂ [a,b] or f ([a,b])⊂ [b, ], and either f ([b, ]) ⊂ [a,b] or f ([b, ])⊂ [b, ]. If
f ([a,b]) ⊂ [a,b], then f ([b, ]) ⊂ [a,b]. In fact, otherwise, if f ([b, ]) ⊂ [b, ], then f (b) = b.
Thus f |[a,b] and f |[b,] are both strictly increasing, which together with (.) guarantee that
f |[a,] is a strictly increasing self-mapping. It implies that F|[a,] = (f |[a,])n is also strictly
increasing, a contradiction. Thus we have

f
(
[a, ]

)
= f

(
[a,b]

) ∪ f
(
[b, ]

) ⊂ [a,b].

Similarly, if f ([a,b])⊂ [b, ], then f ([b, ])⊂ [b, ]. It implies that

f
(
[a, ]

)
= f

(
[a,b]

) ∪ f
(
[b, ]

) ⊂ [b, ].

Hence, the proof of Lemma . is completed. �

Lemma . Suppose that F ∈ S with F(a)≥ a. Then the following hold:
(i) Either F(I)⊂ [a,b] or F(I)⊂ [b, ] if F has iterative roots of order n≥  on I ;
(ii) F has iterative roots of order n≥  on I if and only if F|[a,] has iterative roots of order

n≥  on [a, ].

Proof For result (i), suppose that f is an iterative root of order n ≥  of F on I . It follows
from Lemma . that either f ([a, ]) ⊂ [a,b] or f ([a, ]) ⊂ [b, ]. If f ([a, ]) ⊂ [a,b], then
f ([a,b])⊂ [a,b], which shows, since F([,a]) = {F(a)}, that

F(I) = F
(
[a, ]

)
= f n–

(
f
(
[a, ]

)) ⊂ f n–
(
[a,b]

) ⊂ [a,b].

If f ([a, ])⊂ [b, ], then f ([b, ])⊂ [b, ]. It follows that

F(I) = F
(
[a, ]

)
= f n–

(
f
(
[a, ]

)) ⊂ f n–
(
[b, ]

) ⊂ [b, ].

Thus the result (i) is proved.
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For result (ii), firstly we prove the sufficiency. Suppose that f is an iterative root of order
n≥  of F|[a,] on [a, ]. Then, obviously, the function f defined by

f (x) :=

{
f(a), ∀x ∈ [,a],
f(x), ∀x ∈ (a, ],

is an iterative root of order n≥  of F on I .
Conversely, let f be an iterative roots of order n≥  of F on I . Making use of Lemma .,

one obtains that f |[a,] is a self-mapping. Thus, F|[a,] = (f |[a,])n, i.e. f |[a,] is an iterative
roots of order n ≥  of F|[a,] on [a, ], and necessity is proved. This completes the proof
of Lemma .. �

We end this section with Lemma ., which gives some basic results concerning the
existence of iterative roots for strictly monotonic self-mappings.

Lemma. (see [, Theorems  and ] and [, pp. and ]) Letm,M ∈ (, ),m <M
and F ∈ C(I, I). Then the following statements are valid:

(i) Suppose that F is strictly increasing. Then F has infinitely many strictly increasing
iterative roots f of order n≥  on I such that f ([m,M]) ⊂ [F(),F()];

(ii) Suppose that F is strictly decreasing. Then F has neither strictly increasing iterative
roots of order n≥  nor strictly decreasing iterative roots of even order n ≥  on I ,
F has infinitely many strictly decreasing iterative roots of odd order n≥  on I if and
only if either F(I)⊂ (, ) or F(I) = I .Moreover, if either F(I)⊂ (, ) or F(I) = I , then
F has infinitely many strictly decreasing iterative roots f of odd order n≥  on I such
that f ([m,M]) ⊂ [F(),F()].

3 Iterative roots of F ∈ S1
In this section, we discuss the existence of iterative roots of F ∈ S. It follows from
Lemma . that F has no iterative roots of order n ≥  if F(a) ≥ a, F(I) �⊂ [b, ] and
F(I) �⊂ [a,b]. Thus, we only consider the cases that F(I) ⊂ [b, ] and F(I) ⊂ [a,b] if F(a)≥ a.
Thus we start our discussion with Theorem ..

Theorem . Suppose that F ∈ S with F(I) ⊂ [b, ]. Then the following hold:
(i) If either F() =  or F(a) < , then F has infinitely many iterative roots of order n≥ 

on I ;
(ii) If F(b) = b and F(a) =  > F(), then F has no iterative roots of order n≥  on I ;
(iii) If F(b) > b and F(a) =  > F(), then F has no iterative roots of order n≥  on I .

Proof For result (i), letm := F(b),M :=max{F(a),F()}. Then [m,M] is the range of F on I .
If F() < , then, by the assumption, we have F(a) < , and thusM < . If F() = , then it is
obvious that M = . With the aid of Lemma ., we obtain that F|[b,] has infinitely many
strictly increasing iterative roots f∗ of order n≥  on [b, ] such that

f∗
(
[m,M]

) ⊂ [
F(b),F()

]
,

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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i.e. f∗ maps [m,M] into [F(b),F()]. Define the function f : I → I by

f (x) :=

{
F|–[b,] ◦ f∗ ◦ F(x), ∀x ∈ [,b),
f∗(x), ∀x ∈ [b, ].

(.)

Note that

F|–[b,] ◦ f∗ ◦ F(b) = F|–[b,] ◦ F|[b,] ◦ f∗(b) = f∗(b),

implying that f defined by (.) is continuous. Since

f n(x) = f n–∗ ◦ F|–[b,] ◦ f∗ ◦ F(x)
= f n–∗ ◦ (

f n∗
)– ◦ f∗ ◦ F(x) = F(x), ∀x ∈ [,b),

f n(x) = f n∗ (x) = F(x), ∀x ∈ [b, ],

we find that the function f defined by (.) is an iterative root of order n ≥  of F on I , and
the result (i) is proved.
For result (ii), suppose, by an indirect proof, that f is an iterative root of order n≥  of F

on I . Since F(a) > a and F(I) ⊂ [b, ], we have, on account of Lemma ., f ([b, ]) ⊂ [b, ],
which shows that f |[b,] is a strictly monotonic iterative root of order n ≥  of F|[b,]. The
fact that b = F(b) < F() <  guarantees that f |[b,] is strictly increasing. In fact, if f |[b,] is
strictly decreasing, then at least one of f (b) =  and f () = b cannot hold. Without loss of
generality, we may assume that b ≤ f () < f (b) < . Consequently,

F(b) = f n–
(
f (b)

) ∈ f n–
(
[b, )

) ⊂ f n–
(
(b, )

) ⊂ (b, ).

This contradiction shows that f |[b,] is strictly increasing. Hence, f (b) = b and f () < 
since F(b) = b and F() < . Noting by Lemma . again that f ([a, ]) ⊂ [b, ], we infer that
f n–(a) ∈ [b, ] which shows that

F(a) = f
(
f n–(a)

) ≤ f () < . (.)

This contradiction completes the proof of result (ii).
For result (iii), assume by indirect proof that f is an iterative root of order n≥  of F on I .

Similarly, f |[b,] is a strictly monotonic iterative root of order n ≥  of F|[b,]. Lemma .
and the fact F() <  force that

f
(
[a, ]

) ⊂ [b, ] and f () < . (.)

If f (b) < , then we deduce, by the monotonicity of f |[b,], that

f (x) < , ∀x ∈ [b, ],

which with (.) shows that (.) holds, a contradiction.

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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Figure 3 F1.

Figure 4 F2.

If f (b) = , then f |[b,] is strictly decreasing. Note that F() < , implying that f () > b. It
follows from (.) that

F(a) = f n–
(
f (a)

) ∈ f n–
(
[b, ]

)
= f n–

(
f
(
[b, ]

)) ⊂ f n–
(
(b, ]

)
= f n–

(
f
(
(b, ]

)) ⊂ f n–
(
(b, )

) ⊂ (b, ),

contradicting to the assumption. Thus, the result (iii) is proved, and this completes the
proof of Theorem .. �

Example . Consider F : I → I and F : I → I given by Figures  and , respectively.
It follows from Theorem . that F has iterative roots of order n≥  on I but F has no

iterative roots of order n≥  on I .

Theorem . Suppose that F ∈ S with F(I) ⊂ [a,b]. Then the following statements are
valid:

(i) F has no iterative roots of even order n≥  on I ;
(ii) F has infinitely many iterative roots of odd order n≥  on I if and only if either

F([a,b]) = [a,b] or F(I)⊂ (a,b).

Proof For result (i), suppose, for an indirect proof, that f is an iterative root of even order
n≥  of F on I . By Lemma ., we see that

f
(
[a,b]

) ⊂ f
(
[a, ]

) ⊂ [a,b],

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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which implies that (f |[a,b])n = F|[a,b], i.e. f |[a,b] is an iterative root of even order n ≥  of
F|[a,b]. However, as a strictly decreasing function, we have, according to Lemma ., that
F|[a,b] has no iterative roots of even order. This contradiction completes the proof of re-
sult (i).
For result (ii), firstly we prove the sufficiency. Let m := F(b) and M := max{F(a),F()}.

Then [m,M] is the range of F on I , and either a =m <M = b or a <m <M < b. It follows
from Lemma . that F|[a,b] has infinitely many strictly decreasing iterative root g∗ of odd
order n≥  such that g∗([m,M])⊂ [F(b),F(a)]. Now we define the function g : I → I by

g(x) :=

{
g∗(x), ∀x ∈ [a,b],
F|–[a,b] ◦ g∗ ◦ F(x), ∀x ∈ I \ [a,b]. (.)

It is easy to see that g : I → I defined by (.) is an iterative root of odd order n ≥  of F
on I and the sufficiency is proved.
In what follows we prove necessity. Suppose that f is an iterative root of odd order n of

F on I . It follows from Lemma . that

f
(
[a,b]

) ⊂ f
(
[a, ]

) ⊂ [a,b]. (.)

Thus f |[a,b] is a strictly decreasing iterative root of odd order n≥  of F|[a,b]. By Lemma .
again, we obtain either F([a,b]) = [a,b] or F([a,b])⊂ (a,b).
If F([a,b]) ⊂ (a,b), which shows that at least one of f (a) = b and f (b) = a does not hold.

Without loss of generality we may assume that a < f (b) < f (a) ≤ b. It follows from (.)
and the monotonicity of f |[a,b] that

F() = f n–
(
f ()

) ∈ f n–
(
[a,b]

)
= f n–

(
f
(
[a,b]

))
⊂ f n–

(
(a,b]

)
= f n–

(
f
(
(a,b]

)) ⊂ f n–
(
(a,b)

) ⊂ (a,b).

Thus, F(I) = [F(b),max{F(a),F()}]⊂ (a,b). The necessity is proved and the proof of The-
orem . is completed. �

Example . The functions F : I → I and F : I → I are given by Figures  and , respec-
tively.
By Theorem ., we find that F has exactly iterative roots of odd order n ≥  on I but

F has no iterative roots of order n ≥  on I .

Figure 5 F3.

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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Figure 6 F4.

Theorem. Suppose that F ∈ S with F(a) < a.Then F has infinitely many iterative roots
of order n≥ .

Proof Choose points x, . . . ,xn– from (F(a),a), arbitrarily, such that

x := F(a) < x < · · · < xn– < xn– := a. (.)

Put Ik := (xk–,xk–], I∗k := (xk–,xk] for integer k ≥ . Further, we define f : I →
[F(b),x) is a decreasing homeomorphism and f ∗

 : I∗ → (F(b),x] is an increasing homeo-
morphism, arbitrarily. If n > , then we give the increasing homeomorphisms fk : Ik → Ik–
and f ∗

k : I∗k → I∗k– for k = , . . . ,n – , arbitrarily. Now define the function g on [,a] by

g(x) :=

⎧⎪⎨
⎪⎩
x, ∀x ∈ [,x],
fk(x), ∀x ∈ Ik ,k = , . . . ,n – ,
f ∗
k (x), ∀x ∈ I∗k ,k = , . . . ,n – ,

(.)

which is continuous on [,a]. Note that

gk (x) ∈
[
F(b),x

] ⊂ [,x], ∀x ∈ Ik ∪ I∗k ,k = , . . . ,n – ,

implying that gn ([,a]) = {x}. In what follows we discuss several cases:
In the case that F()≤ F(a): Let the functions g and g be defined, respectively, by

g(x) := f –n– ◦ f –n– ◦ · · · ◦ f – ◦ F(x), ∀x ∈ (a,b] and

g(x) :=
(
f ∗
n–

)– ◦ (
f ∗
n–

)– ◦ · · · ◦ (
f ∗

)– ◦ F(x), ∀x ∈ (b, ].

Since f –n– ◦ f –n– ◦ · · · ◦ f – : [F(b),x) → In– is a decreasing homeomorphism, (f ∗
n–)– ◦

(f ∗
n–)– ◦ · · · ◦ (f ∗

 )– : (F(b),x] → I∗n– is an increasing homeomorphism and F((b, ]) ⊂
(F(b),x], we find that g : (a,b]→ In– is an increasing homeomorphism, and g : (b, ] →
I∗n– is a strictly increasing function. Moreover,

g(a) = xn– = lim
x→a+

g(x) and g(b) = xn– = lim
x→b+

g(x).

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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Thus the mapping g : I → I defined by

g(x) :=

⎧⎪⎨
⎪⎩
g(x), ∀x ∈ [,a],
g(x), ∀x ∈ (a,b],
g(x), ∀x ∈ (b, ],

is an iterative root of order n≥  of F on I .
In the case that F() > F(a) and F has no fixed points on [b, ]: Define

xn– := b, xn+k := F|–[b,](xk) (.)

inductively for all those integer k ≥  for which the recurrence procedure (.) is per-
formable. Note that F has no fixed points on [b, ], implying that there is an integer k ≥ 
such that

xk < F()≤ xk+. (.)

In fact, if xk < F() for all integers k ≥ , then, by (.), (.), and the monotonicity of
F|[b,], we infer that the sequence {xk} is infinite and strictly increasing. Therefore, by (.),
limk→+∞ xk(∈ [b, ]) is a fixed point of F on [b, ], a contradiction. It follows from (.) that
xn+k exists and xn+k < . Let xn+k+ := .Without loss of generality wemay assume that
k is odd, and we let k := k′

 +  for some integer k′
 ≥ . For k = n,n + , . . . ,n + k′

 + ,
define fk on Ik and f ∗

k on I∗k inductively by

fk(x) := f –k– ◦ f –k– ◦ · · · ◦ f –k–(n–) ◦ F(x), ∀x ∈ Ik and (.)

f ∗
k (x) :=

(
f ∗
k–

)– ◦ (
f ∗
k–

)– ◦ · · · ◦ (
f ∗
k–(n–)

)– ◦ F(x), ∀x ∈ I∗k , (.)

respectively. Noting that F|In : In → [F(b),x) is decreasing homeomorphism, we find that
fn : In → In– is an increasing homeomorphism. Fix an k ∈ {n,n+, . . . ,n+ k′

} and suppose
that the function fi : Ii → Ii– is an increasing homeomorphism for i = k,k –, . . . ,k –n+.
Thus f –k ◦ f –k– ◦ · · · ◦ f –k–n+ : Ik–n+ → Ik is an increasing homeomorphism. Note that F :
Ik+ → Ik–n+ is an increasing homeomorphism, implying by (.) that the function fk+ :
Ik+ → Ik is an increasing homeomorphism. By induction, we deduce that the function fk :
Ik → Ik– defined by (.) is an increasing homeomorphism for k = n,n + , . . . ,n + k′

 + .
Similarly, we see that the function f ∗

k : I∗k → I∗k– defined by (.) is also an increasing
homeomorphism for k = n,n + , . . . ,n + k′

. Since

F
(
I∗n+k′

+
)
=

[
F(xn+k′

+),F()
] ⊂ [xk′

+,xk′
+] = I∗k′

+
,

f ∗
n+k′

+
is continuous and strictly increasing on I∗n+k′

+
. Define f : I → I by

f (x) :=

⎧⎪⎨
⎪⎩
g(x), ∀x ∈ [,a],
fk(x), ∀x ∈ Ik ,k = n,n + , . . . ,n + k′

 + ,
f ∗
k (x), ∀x ∈ I∗k ,k = n,n + , . . . ,n + k′

 + .
(.)

It follows from (.), (.), and (.) that f n(x) = F(x) for all x ∈ I , i.e. the mapping
f : I → I , defined by (.), is an iterative root of order n≥  of F on I .

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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In the case that F() > F(a) and F has fixed points on [b, ]: Let ξ :=min{x : F(x) = x,x ∈
[b, ]}. Then b < ξ since F(b) < a < b. There is no loss of generality in assuming that ξ < .
Because F|[ξ ,] is a strictly increasing self-mapping, and in view of Lemma ., F|[ξ ,] has
infinitely many strictly increasing iterative roots g∗

 of order n ≥  such that g∗
 (ξ ) = ξ .

Meanwhile, the infinite sequence {xk} defined by (.) and (.) is strictly increasing and
limk→∞ xk = ξ . Now we define a mapping f : I → I by

f (x) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
g(x), ∀x ∈ [,a],
fk(x), ∀x ∈ Ik ,k = n,n + , . . . ,
f ∗
k (x), ∀x ∈ I∗k ,k = n,n + , . . . ,
g∗
 (x), ∀x ∈ [ξ , ],

(.)

where fk on Ik (resp. f ∗
k on I∗k ) is defined inductively by (.) (resp. (.)). As we have just

seen in the preceding case, it is easy to check that the mapping f : I → I defined by (.)
is an iterative root of order n≥  of F on I , and the above discussion completes the proof
of Theorem .. �

Example . Consider the functions F : I → I and F : I → I given by Figures  and ,
respectively.
We know by Lemma . that F has no iterative roots of order n ≥  on I . However,

Theorem . shows that F has iterative roots of order n ≥  on I .

Figure 7 F5.

Figure 8 F6.
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4 Iterative roots of F ∈ S2
In this section we shall discuss the existence of iterative roots of F ∈ S. Making use of
Lemma ., we find that F has no iterative roots of order n≥  if F(a)≥ a, F(I) �⊂ [b, ] and
F(I) �⊂ [a,b]. Thus, we only discuss the two cases F(I)⊂ [a,b] and F(I) ⊂ [b, ] if F(a)≥ a.
If F([a, ]) ⊂ [a, ], then, according to Lemma ., it suffices to discuss the existence of
iterative roots of F|[a,]. Let G(x) := g– ◦ F ◦ g(x) for all x ∈ [a, ], where g : [a, ]→ [a, ] is
defined by

g(x) :=

{
–b
a–b (x – b) + b, ∀x ∈ [a,b),
a–b
–b (x – b) + b, ∀x ∈ [b, ].

Thus, G([a, ]) ⊂ [a, ] and G is strictly decreasing on [a,b] but is strictly increasing on
[b, ] if F([a, ]) ⊂ [a, ]. By Lemma . and Theorems . and ., we obtain immediately
Theorems . and ..

Theorem . Suppose that F ∈ S with F(I) ⊂ [b, ]. Then F has no iterative roots of even
order n ≥  on I , and F has infinitely many iterative roots of odd order n ≥  if and only if
either F(I) ⊂ (b, ) or F([b, ]) = [b, ].

Theorem . Suppose that F ∈ S with F(I) ⊂ [a,b]. Then the following statements are
valid:

(i) If either F(a) = a or F() > a, then F has infinitely many iterative roots of order n≥ 
on I ;

(ii) If F(b) = b and F(a) > F() = a, then F has no iterative roots of order n≥  on I ;
(iii) If F(b) < b and F(a) > F() = a, then F has no iterative roots of order n≥  on I .

Theorem. Suppose that F ∈ S with F(a) < a.Then F has infinitelymany iterative roots
of order n≥  if and only if F satisfies one of the following conditions:

(i) F(b) < a;
(ii) a≤ F(b)≤ b and F(a)≤ F().

Proof For sufficiency, firstly suppose that F satisfies the condition (i). Choose points
a,a, . . . ,an– from [F(a),a] such that

F(a) = a < F(b) = a < a < · · · < an– = a.

Write Ak := (ak ,ak+] for integers k ≥ . Let α : A → A and α : A → (F(),a] be both
arbitrary increasing homeomorphisms, and let α : A → [F(),a) be an arbitrary de-
creasing homeomorphism. If n > , then we take increasing homeomorphisms αk : Ak →
Ak– for k = , , . . . , n – , arbitrarily. Define ψ : [,a]→ [,a] by

ψ(x) :=

{
a, ∀x ∈ [,a],
αk(x), ∀x ∈ Ak ,k = , , . . . , n – ,

which clearly is continuous on [,a] and ψ(x) ∈ [,a] for all x ∈ [,a]. Thus we see that

ψ
 (x) = a, ∀x ∈ [,a]. (.)

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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Take any x ∈ [a,a]. Then there exists an k ∈ {, , . . . , n – } such that x ∈ Ak . Writing
k = k + k, where k ∈ {, , . . . ,n – } and k ∈ {, , }, we get

ψ
k
 (x) = αk–(k–) ◦ · · · ◦ αk– ◦ αk(x) ∈ Ak–k = Ak ⊂ [,a]. (.)

In virtue of (.) and (.), we obtain

ψn
 (x) = a, ∀x ∈ [,a], (.)

i.e. ψ is an iterative root of order n≥  of F|[,a]. Define the functions ψ on (a,b] and ψ

on (b, ] by

ψ(x) := α–
n– ◦ · · ·α–

 ◦ α–
 ◦ F(x), ∀x ∈ (a,b] and

ψ(x) := α–
n– ◦ · · ·α–

 ◦ α–
 ◦ F(x), ∀x ∈ (b, ],

respectively. Note that F((a,b]) = α(A) and F((b, ]) = α(A), implying that ψ : (a,b]→
An– and ψ : (b, ]→ An– are both increasing homeomorphisms. Moreover,

ψ(a) = an– = lim
x→a+

ψ(x) and ψ(b) = an– = lim
x→b+

ψ(x).

Now we define ψ on I by

ψ(x) :=

⎧⎪⎨
⎪⎩

ψ(x), ∀x ∈ [,a],
ψ(x), ∀x ∈ (a,b],
ψ(x), ∀x ∈ (b, ].

(.)

It is natural that

ψn(x) = α ◦ α ◦ · · · ◦ αn– ◦ ψ(x) = F(x), ∀x ∈ (a,b] and

ψn(x) = α ◦ α ◦ · · · ◦ αn– ◦ ψ(x) = F(x), ∀x ∈ (b, ],

which together with (.) imply that the function ψ : I → I defined by (.) is an iterative
root of order n≥  of F on I .
Secondly assume that F satisfies the condition (ii), i.e. a ≤ F(b) ≤ b and F(a) ≤ F().

Choose points x, . . . ,xn– in (F(a),a), arbitrarily, such that

F(a) = x < x < x < · · · < xn– < xn = a. (.)

Let Xk := (xk ,xk+] for integers k ≥ . We give the increasing homeomorphisms βk : Xk →
Xk– for k = , . . . ,n – , arbitrarily. Now put

xn+k := F–(xk), xn+k ∈ [a,b] (.)

(which is equivalent to xk = F(xn+k)) for all those positive integers k for which the recur-
rence procedure is performable. Next we shall discuss the two distinguished cases:

http://www.journalofinequalitiesandapplications.com/content/2014/1/204
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In the case that F has no fixed points on [a,b]: Then the condition F(a) < a implies that
F(b) < b. Moreover, there exists a positive integer k such that

xk– < F(b)≤ xk .

In fact, otherwise, note that xk < F(b) for any integer k ≥ n, implying, by the fact that
F(a) < a ≤ xk and (.), that xk+ exists, which shows that xk exists for all integers k ≥ 
and the sequence {xk} is strictly increasing. It follows from (.) that limk→+∞ xk is a fixed
point of F on [a,b], a contradiction. The fact x < F(b) yields k ≥ . There is no loss of
generality in assuming that k ≥ . Let xn+k := b. Define the functions βk onXk inductively
for k = n,n + , . . . ,n + k –  by

βk(x) := β–
k– ◦ β–

k– ◦ · · · ◦ β–
k–n+ ◦ F(x), ∀x ∈ Xk . (.)

Since F|Xn : Xn → X and β–
n– ◦ β–

n– ◦ · · · ◦ β–
 : X → Xn– are both increasing homeo-

morphisms, βn : Xn → Xn– defined by (.) is an increasing homeomorphism. Similarly,
by induction, we find that βk : Xk → Xk– defined by (.) is an increasing homeomor-
phism for k = n,n+ , . . . ,n+ k – . Note that β–

n+k– ◦β–
n+k– ◦ · · · ◦β–

k : Xk– → Xn+k–

is an increasing homeomorphism, and we have

F(Xn+k–) =
(
xk–,F(b)

] ⊂ (xk–,xk ] = Xk–,

implying that βn+k– : Xn+k– → Xn+k– is a strictly increasing function. Define φ on
[x,b] by

φ(x) :=

{
x, x = x,
βk(x), ∀x ∈ Xk ,k = , , . . . ,n + k – .

It is natural that φ is continuous and strictly increasing on [x,b]. Moreover,

[
F(),F(b)

) ⊂ [
F(a),xk

)
= [x,xk ) = φ

(
[x,xk+)

)
.

Put J := [F(),F(b)) and define Jk := φ–
 (Jk–) inductively for k = , , . . . ,n – . Then Jk ⊂

[xk ,xk+k ) for k = , , . . . ,n – . Let the function φ on (b, ] be defined by

φ(x) := φ|–Jn– ◦ φ|–Jn– ◦ · · · ◦ φ|–J ◦ F(x), for x ∈ (b, ].

Because F : (b, ]→ J is a decreasing homeomorphism and φ|–Jk : Jk– → Jk is an increas-
ing homeomorphism for k = , , . . . ,n – , we infer that φ : (b, ] → Jn– is a decreas-
ing homeomorphism. By the definition of φ, we possess that φ|–Xk (= β–

k ) : Xk– → Xk is
an increasing homeomorphism for k = , , . . . ,n + k – . On the other hand, noting that
F(b) ∈ (xk–,xk ] and F|[b,] is strictly decreasing, we have b∗ ∈ (b, ) such that

F
(
(b,b∗)

)
=

(
F(b∗),F(b)

) ⊂ J ∩ (xk–,xk ) ⊂ J ∩Xk–.
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Thus

φ(x) := φ|–Jn– ◦ φ|–Jn– ◦ · · · ◦ φ|–J ◦ F(x)
= φ|–Xn+k– ◦ φ|–Xn+k– ◦ · · · ◦ φ|–Xk ◦ F(x)

= β–
n+k– ◦ β–

n+k– ◦ · · · ◦ β–
k ◦ F(x), ∀x ∈ (b,b∗).

This shows that

lim
x→b+

φ(x) = β–
n+k– ◦ β–

n+k– ◦ · · · ◦ β–
k ◦ F(b) = φ(b). (.)

Define φ : I → I by

φ(x) :=

⎧⎪⎨
⎪⎩
x, ∀x ∈ [,x),
φ(x), ∀x ∈ [x,b],
φ(x), ∀x ∈ (b, ],

(.)

which is continuous since limx→x– φ(x) = x = φ(x) and (.). By the definition of φ and
φ, we see that φ : I → I defined by (.) is an iterative root of order n≥  of F on I .
In the case that F has fixed points on [a,b]: Let ξ =min{x : F(x) = x,x ∈ [a,b]}. Then xk is

well defined inductively by (.) for all integers k ≥ n and limk→∞ xk = ξ . Without loss of
generality, assume that ξ < b. Let βk : Xk → Xk+ be defined by (.) for all integers k ≥ n.
If x ∈ (a, ξ ), then there exists Xk such that x ∈ Xk , which implies

xk– = βk(xk) < βk(x)≤ βk(xk+) = xk .

Noting that x → ξ is equivalent to k → ∞, we get the conclusion that

lim
k→∞

xk– ≤ lim
x→ξ–

βk(x)≤ lim
k→∞

xk .

Hence,

lim
x→ξ–

βk(x) = ξ . (.)

On the other hand, since F|[ξ ,b] is a strictly increasing self-mapping and F(ξ ) = ξ , we obtain,
in view of Lemma ., that F|[ξ ,b] has infinitely many strictly increasing iterative roots β∗
of order n≥  on [ξ ,b] such that

β∗(ξ ) = ξ . (.)

Define the function φ on (x,b] by

φ(x) :=

{
βk(x), ∀x ∈ Xk ,k = , , . . . ,
β∗(x), ∀x ∈ [ξ ,b].

(.)

By the definition of βk and β∗, (.) and (.), we see that the function φ on (x,b] de-
fined by (.) is continuous and strictly increasing. Let J := [F(),F(b)). Jk := φ–

 (Jk–)
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is well defined inductively for k = , , . . . ,n – . Thus φ|–Jk
: Jk– → Jk is an increasing

homeomorphism for k = , , . . . ,n – . Then the function φ on (b, ] given by

φ(x) := φ|–Jn– ◦ φ|–Jn– ◦ · · · ◦ φ|–J ◦ F(x), ∀x ∈ (b, ], (.)

is a decreasing homeomorphism from (b, ] to Jn–. By the definition of φ and β∗, we
deduce that, for k = , , . . . ,n – ,

φ|–Jk
(y) = φ|–(ξ ,b)(y) = β–

∗ (y), ∀y ∈ β∗
(
(ξ ,b)

) ∩Jk–. (.)

Choose b∗ ∈ (b, ) satisfying

F
((
b,b∗)) ⊂ (

ξ ,F(b)
) ∩J = βn

∗
(
(ξ ,b)

) ∩J.

Consequently, for k = , , . . . ,n – ,

β–k+
∗ ◦ F(x) = φ–k+

 ◦ F(x) ∈ φ–k+


((
ξ ,F(b)

) ∩J
)

⊂ βn–k+
∗

(
(ξ ,b)

) ∩Jk– ⊂ β∗
(
(ξ ,b)

) ∩Jk–, ∀x ∈ (
b,b∗).

It follows from (.) that

φ|–Jk

(
β–k+

∗ ◦ F(x)) = β–k
∗ ◦ F(x), ∀x ∈ (

b,b∗),k = , , . . . ,n – ,

which jointly with (.) guarantees that

φ(x) = β–n+
∗ ◦ F(x), ∀x ∈ (

b,b∗),
showing that

lim
x→b+

φ(x) = lim
x→b+

β–n+
∗ ◦ F(x) = β–n+

∗ ◦ F(b) = β∗(b) = φ(b).

In addition, limx→x+ φ(x) = x. Consequently, the mapping φ̃ : I → I defined by

φ̃(x) :=

⎧⎪⎨
⎪⎩
x, ∀x ∈ [,x],
φ(x), ∀x ∈ (x,b],
φ(x), ∀x ∈ (b, ],

(.)

is continuous. According to (.) and (.), the mapping φ̃ : I → I defined by (.) is an
iterative root of order n≥  of F on I . Consequently, the sufficiency is proved.
To prove necessity, suppose that f is an iterative root of order n≥  of F on I . It follows

from Lemma . that

f
(
[,a]

) ⊂ [,a], (.)

which implies that f has the fixed points on [,a]. Note that the fixed point of f is bound
to the fixed point of F and F(a) is the unique fixed point of F on [,a], implying that F(a)
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is the unique fixed point of f on [,a]. It follows that

f (a) < a, f
(
F(a)

)
= F(a). (.)

Since f n([,a]) = F([,a]) = {F(a)} and f ([,a]) = [,a], there exists t ∈ {, , . . . ,n – }
such that f t ([,a]) �= {F(a)} but f t+([,a]) = {F(a)}. By the continuity of f t , there are
p,q ∈ [,a] such that p < q and [p,q] = f t ([,a]). Thus the definition of t and (.) yields

F(a) ∈ [p,q] and f (x) = F(a), ∀x ∈ [p,q]. (.)

We claim that

f
(
[,a]

) ∩ f
(
(a,b]

)
= ∅. (.)

Otherwise, if there exist x′ ∈ [,a] and x′′ ∈ (a,b] such that f (x′) = f (x′′), then F(x′) =
f n(x′) = f n(x′′) = F(x′′), which contradicts to the fact that F(x′) = F(a) < F(x′′). Therefore,
as claimed (.) holds. On the other hand, f |[a,b] and f |[b,] are both strictly monotonic
since F|[a,b] and F|[b,] are both strictly monotonic. In what follows we shall distinguish the
following several cases:
In the case that f (a) < F(a): Suppose for indirect proof that F(b) ≥ a. Then there exists

b′ ∈ (a,b] such that F(b′) = a since F(a) < a. On the other hand, we have, in virtue of (.)
and (.),

[
f (a),F(a)

] ∩ f
(
(a,b]

) ⊂ f
([
F(a),a

]) ∩ f
(
(a,b]

) ⊂ f
(
[,a]

) ∩ f
(
(a,b]

)
= ∅.

It follows that f |[a,b] is strictly decreasing. Thus

f (a) > f (x), ∀x ∈ (a,b]. (.)

By (.) and (.), we get f (b′) < f (a) < a. Thus

f (a) = f
(
F
(
b′)) = f

(
f n

(
b′)) = f n

(
f
(
b′)) = F

(
f
(
b′)) = F(a),

contradicting to the assumption that f (a) < F(a). This contradiction shows that F(b) < a
holds, i.e. F satisfies the condition (i).
In the case that f (a) = F(a): Firstly we prove that f |[a,b] is strictly decreasing. In fact, if

f |[a,b] is strictly increasing, then, by (.), we infer that

f
(
[,a]

) ∩ (
f (a), f (b)

]
= f

(
[,a]

) ∩ f
(
(a,b]

)
= ∅.

This forces f (x) to obey

f (x)≤ f (a), ∀x ∈ [,a], (.)

which with (.) implies that

f n–(x) = f
(
f n–(x)

) ≤ f (a), ∀x ∈ [,a]. (.)
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Note that (f (a), f (b)]∩ (f (a),a] �= ∅, implying that there exists t′ ∈ (a,b] such that f (t′) ≤ a,
which with (.) results in

F
(
t′
)
= f n–

(
f
(
t′
)) ≤ f (a) = F(a),

contradicting to the fact that F(t′) > F(a). Thus, f |[a,b] is strictly decreasing. It follows from
(.) that

f (b) < f (a) < a, (.)

which with (.) means that

F(b) = f n(b)≤ a. (.)

Based on (.), we have

f
(
[,a]

) ∩ [
f (b), f (a)

)
= f

(
[,a]

) ∩ f
(
(a,b]

)
= ∅,

which with (.) shows that

f
(
[,a]

) ⊂ [
f (a),a

]
. (.)

Moreover, we have

f ()≤ a. (.)

In fact, if f () > a, then, by (.), f |[b,] is strictly increasing. Note that F(a) = f (a) ∈
(f (b), f ()), implying by (.) that [p,q]∩ (f (b), f ()) �= ∅. Thus there exist s, t ∈ (b, ) such
that s < t and f ([s, t]) = [p,q]∩ (f (b), f ()). It follows thus from (.) that

F
(
[s, t]

)
= f n

(
[s, t]

)
= f n– ◦ f ([s, t]) ⊂ f n–

(
[p,q]

)
=

{
f n–

(
F(a)

)}
,

i.e. F is constant on [s, t]. This contradiction shows that the claimed (.) holds. Making
use of (.) and (.), one obtains

F() = f n() = f n–
(
f ()

) ∈ f n–
(
[,a]

) ⊂ f n–
([
f (a),a

]) ⊂ [
f (a),a

]
=

[
F(a),a

]
,

which with (.) guarantees that F satisfies one of conditions (i) and (ii).
In the case that f (a) > F(a): It is natural by (.) and (.) that

[
F(a), f (a)

] ∩ f
(
(a,b]

) ⊂ f
(
[,a]

) ∩ f
(
(a,b]

)
= ∅.

Thus f |[a,b] is strictly increasing. Due to (.), we have f ([,a])∩ (f (a), f (b)] = ∅. It follows
that (.) holds.
If f (b) ≤ a, then (.) and (.) imply that F(b) = f (f n–(b)) ≤ f (a) < a, i.e., F satisfies

the condition (i).
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If f (b) > a, by the continuity and monotonicity of f |[a,b] and (.), there is an a– ∈ (a,b)
such that f (a–) = a. Let ak := f (ak–) bewell defined inductively for k = , , . . . ,n. It follows
thus from (.) that a < a. Since F|[a,a–] (= f n– ◦ f |[a,a] ◦ f |[a,a–]) is strictly increasing,
we see that f |[a,a] is strictly monotonic, which together with (.) implies that f |[a,a]
is strictly increasing. Fix a k ∈ {, , . . . ,n – }, arbitrarily. Assume that f |[ai ,ai–] is strictly
increasing for each i ∈ {, , , . . . ,k}. Noting that f ((a–,b)) ∩ (a,a–] �= ∅, there is an a∗ ∈
(a–,b) such that f (a∗) ∈ (a,a–]. Whence, by the induction hypothesis, we infer that

f |[ak ,ak–] ◦ f |[ak–,ak–] ◦ · · · ◦ f |[a,a–] ◦ f |[a–,a∗]

is strictly increasing, i.e. f k+|[a–,a∗] is strictly increasing. Because F|[a,a∗] (= f n–k– ◦
f k+|[a,a∗]) is strictly increasing, we see that f k+|[a,a∗] is strictly monotonic. It follows that
f k+|[a,a–] is strictly increasing. Thus, by the induction hypothesis,

f |[ak+,ak ] ◦ f |[ak ,ak–] ◦ · · · ◦ f |[a,a] ◦ f |[a,a–]

is strictly increasing, which shows that f |[ak+,ak ] is strictly increasing. Consequently, by
induction, f |[ak ,ak–] is strictly increasing for k = , , . . . ,n – . Thus

F(a) = an < an– < · · · < a < a < a.

Moreover, f |[an–,b] is strictly increasing, showing that

f (x) > F(a), ∀x ∈ (an–,b]. (.)

Meanwhile, it can be seen that

f
(
[an,an–]

)
= f ◦ f ([an–,an–]) = · · · = f n

(
[a,a]

)
= F

(
[a,a]

)
=

{
F(a)

}
. (.)

If f |[b,] is strictly increasing, then it follows from (.) and (.) that f |[F(a),] is an
increasing self-mapping, which forces that F|[F(a),] is an increasing self-mapping. This
contradiction shows that f |[b,] must be strictly decreasing. Thus the point b is a non-
monotonic point of f . If f (b) > b, then there exists b ∈ (a,b) such that f (b) = b. Conse-
quently, b is a non-monotonic point of f . However, f  is strictlymonotonic on [a,b] since
f n– ◦ f |[a,b] (= F|[a,b]) is strictly increasing. This contradiction yields

f (b)≤ b. (.)

Further, we claim that

f ()≥ F(a). (.)

In fact, if f () < F(a), then, by (.), F(a) ∈ (f (), f (b)) and (.) shows that [p,q] ∩
(f (), f (b)) �= ∅. As the proof of (.), we can obtain a contradiction. It follows from (.),
(.), (.), and (.) that f |[F(a),] is a self-mapping, and we have

f (x)≤ b, ∀x ∈ [
F(a), 

]
,
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Figure 9 F7.

Figure 10 F8.

Figure 11 F9.

which implies that F(b) = f (f n–(b)) ≤ b and F() = f n() ≥ F(a). Consequently, F satis-
fies the condition (ii) if F does not satisfy the condition (i), and necessity is proved. This
completes the proof. �

Example . Let F : I → I and F : I → I be given by Figures  and , respectively.
We see, according to Theorem ., that both F and F have iterative roots of order n≥ 

on I .

Example . It follows from Theorem . that the functions F : I → I and F : I → I
given by Figures  and , respectively, have no iterative roots of order n≥  on I .
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Figure 12 F10.

In this paper, we give all conditions of existence and nonexistence of iterative roots for
the sickle-like functions. Meanwhile, we construct infinite many iterative roots if they ex-
ist. However, we are not sure if all continuous iterative roots are defined by the construc-
tionmethod given in this paper, in other words, it is unclear whether there are other forms
of iterative roots if they exist. On the other hand, as the number of the subintervals on
which the function is constant and isolated non-monotonic points increases, we do not
know whether the existence of its iterative roots can be solved in a similar manner to the
one described in this paper. Although we are not able to give answers for these problems,
yet, they are our further directions of investigation.
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