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Abstract

In this article, variational inequality, fixed point, and generalized mixed equilibrium
problems are investigated based on an extragradient iterative algorithm. Weak
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1 Introduction

In this paper, we always assume that H is a real Hilbert space with the inner product (-, -)
and the norm || - ||, and C is a nonempty, closed, and convex subset of H. R is denoted by
the set of real numbers. Let F be a bifunction of C x C into R. Consider the problem: find
a p such that

F(p,y)>0, VyeC. (L1)
In this paper, the solution set of the problem is denoted by EP(F), i.e.,
EP(F)={pe C:F(p,y) = 0,¥y € C}.
The above problem is first introduced by Ky Fan [1]. In the sense of Blum and Oettli [2],
the Ky Fan problem is also called an equilibrium problem.
Recently, the ‘so-called’ generalized mixed equilibrium problem has been investigated

by many authors: The generalized mixed equilibrium problem is to find p € C such
that

Fp,y) + (Ap,y —p) +9(») —9(p) =0, VyeC, (12)

where ¢ : C — R is a real valued function and A : C — H is mapping. We use GMEP(F,
A, @) to denote the solution set of the equilibrium problem. That is,

GMEP(F,A, ) := {p e C:F(p,y) + (Ap,y - p) + 9(y) — p(2) = 0,Vy € C}.

Next, we give some special cases.
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If A = 0, then the problem (1.2) is equivalent to find p € C such that

Fp,y) +9() —p(2) =0, VyeC, (1.3)

which is called the mixed equilibrium problem.
If F = 0, then the problem (1.2) is equivalent to find p € C such that

(Ap,y—p) +9o(y) —p(2) 20, VyeC, (1.4)

which is called the mixed variational inequality of Browder type.
If ¢ = 0, then the problem (1.2) is equivalent to find p € C such that

F(Py}’) + (Apxy_p) = 0; Vy € Cr (15)

which is called the generalized equilibrium problem.

If A =0 and ¢ = 0, then the problem (1.2) is equivalent to (1.1).

For solving the above equilibrium problems, let us assume that the bifunction F : C x
C — R satisfies the following conditions:

(Al) F(x,x)=0,Vx e C;

(A2) Fis monotone, i.e., F(x,y) + F(y,x) <0,Vx,y € C;

(A3)

lim supF(tz +(1- t)x,y) <F(xy), VYx,y,z€C;
£0

(A4) foreachx € C, y+> F(x,y) is convex and weakly lower semicontinuous.

Equilibrium problems have intensively been studied. It has been shown that equilibrium
problems cover fixed point problems, variational inequality problems, inclusion problems,
saddle problems, complementarity problem, minimization problem, and Nash equilib-
rium problem; see [1-20] and the references therein.

Let S: C — C be amapping. In this paper, we use F(S) to stand for the set of fixed points.
Recall that the mapping S is said to be nonexpansive if

Sx =Syl < llx=yll, Vx,yeC.
S is said to be « -strictly pseudocontractive if there exists a constant « € [0,1) such that
[Sx—SylI> < |lx—yl> +kllx—y—Sx + Sy|>, Vx,yeC.
It is clear that the class of « -strictly pseudocontractive includes the class of nonexpansive
mappings as a special case. The class of « -strictly pseudocontractive mappings was intro-
duced by Browder and Petryshyn [21]; for existence and approximation of fixed points of
the class of mappings, see [22—29] and the references therein.

Let A : C — H be a mapping. Recall that A is said to be monotone if

(Ax—Ay,x—y) >0, Vx,yeC.
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A is said to be k-inverse strongly monotone if there exists a constant « > 0 such that
(Ax — Ay,x —y) > k||Ax — Ay||>, Vx,yeC.

It is clear that the «-inverse being strongly monotone is monotone and Lipschitz contin-
uous.

A set-valued mapping T : H — 2/ is said to be monotone if, for all x,y € H, f € Tx and
g € Ty imply (x — y,f — g) > 0. A monotone mapping 7 : H — 2 is maximal if the graph
G(T) of T is not properly contained in the graph of any other monotone mapping. It is
well known that a monotone mapping 7' is maximal if and only if, for any (x,f) € H x H,
(x—y,f—g) = 0forall (y,g) € G(T) implies f € Tx. The class of monotone operators is one
of the most important classes of operators. Within the past several decades, many authors
have been devoting their efforts to the studies of the existence and convergence of zero
points for maximal monotone operators.

Let F(x,y) = (Ax,y —x), Vx,y € C. We see that the problem (1.1) is reduced to the follow-
ing classical variational inequality. Find x € C such that

(Ax,y—x) >0, VyeC. (1.6)

Itis well known that x € Cisasolution to (1.6) if and only if x is a fixed point of the mapping
Pc(I-pA), where p > 0 isa constant, and [ is the identity mapping. If C is bounded, closed,
and convex, then the solution set of the variational inequality (1.6) is nonempty.

In order to prove our main results, we need the following lemmas.

Lemmal.1 [21] LetS: C — C be a k-strictly pseudocontractive mapping. Define S, : C —
Cby Six=tx+ (1 -t)Sx for each x € C. Then, as t € [«,1), S; is nonexpansive such that
F(S:) = F(S).

Lemma 1.2 [2] Let C be a nonempty, closed, and convex subset of H,and F : C x C — Ra
bifunction satisfying (A1)-(A4). Then, for any r > 0 and x € H, there exists z € C such that

1
F(z,y) + ;(y—z,z—x) >0, VyeC.

Further, define
1
Tx = {ze C:F(z,y) + ;(y—z,z—x) >0,Vye C}
forallr >0 and x € H. Then the following hold:
(@) T, is single-valued;
(b) T, is firmly nonexpansive, i.e., for any x,y € H,

I T = Toyll? < (Tox = Tpy, % — y);

(c) F(T,) = EP(F);
(d) EP(F) is closed and convex.
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Lemma 1.3 [30] Let A be a monotone mapping of C into H and Ncv the normal cone to C
atveC,ie.,

Ncv= {weH: (v—u,w)>0,Vu € C}
and define a mapping T on C by

Av+Ncv, ve(C,
@, veC.

Tv =

Then T is maximal monotone and 0 € Tv if and only if (Av,u —v) >0 forallu € C.

Lemma 1.4 [31] Let {a,}3°, be real numbers in [0,1] such thaty -, a, = 1. Then we have
the following:

2 oo
2
<> alxl
i=1

o0
E aiXi
i=1

for any given bounded sequence {x,}5°, in H.

Lemma 1.5 [32] Let 0 <p <t, <q <1 forall n > 1. Suppose that {x,} and {y,} are se-
quences in H such that

lim sup ||, || < d, lim sup llyall < d
n—0o0 n—0o0

and
lim ”t,,x,, + 1=ty || =d
hold for some r > 0. Then lim,_,  ||%, — yu|l = 0.

Lemma 1.6 [21] Let C be a nonempty, closed, and convex subset of H, and S: C — C
a strictly pseudocontractive mapping. If {x,} is a sequence in C such that x, — x and
lim,_, o0 ||, — Sx,|| = O, then x = Sx.

Lemma 1.7 [33] Let {a,}, {b,}, and {c,} be three nonnegative sequences satisfying the fol-
lowing condition:

Aps1 = (1 + bn)ﬂn + Cys Vn > No,

where ng is some nonnegative integer, ¥ .- b, < 00 and Y o, ¢, < 0o. Then the limit

lim,,_, o a,, exists.

2 Main results
Theorem 2.1 Let C be a nonempty, closed, and convex subset of H, S : C — C a k-strictly
pseudocontractive mapping with a nonempty fixed point set,and A : C — H an L-Lipschitz


http://www.journalofinequalitiesandapplications.com/content/2014/1/203

Li and Zhao Journal of Inequalities and Applications 2014, 2014:203 Page 5 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/203

continuous and monotone mapping. Let F,, be a bifunction from C x C to R which satisfies
(A1)-(A4), B, : C — H a continuous and monotone mapping, ¢, : C — R a lower semicon-
tinuous and convex function for each m > 1. Assume that F := ﬂfnozl GMEP(F,,;, By, 01) N
VI(C,A) N F(S) is not empty. Let {a,}, {Bu}, and {8,,,} be real number sequences in (0,1).
Let {A,}, {rum} be positive real number sequences. Let {x,} be a sequence generated in the

following manner:

X1 € H,
Xp+l = OpXy + (1 - an)(ﬂnl + (1 - /371)5) ProjC(Zf::l 8n,mzn,m - )‘-nAyn)r n Z 1,
Yn = PrOjC(Z;oﬂ (Sn,mzn,m - )VnA ano=1 (Sn,mzn,m):

where zy,,, is such that

Fm(zn,m: Z) + (Bmzn,m: Z_Zn,m> + (pm (Z) _(pm(zn,m) + <Z_Zn,m: Zn,m _xn> 2 0’ VZ S C

Assume that {a,}, {Bn}, {8nm}> {An)s {Fm} satisfy the following restrictions:
(@ O<a<a,<b<l;
(b) k <Bu<c<l;
© > i8um=1,and0<d <8,,, <1;
(d) liminf,— oo rym >0 and e < A, <f, where e,f € (0,1/L).
Then the sequence {x,} weakly converges to some point x € F.

Proof The proof is split into five steps.
Step 1. Show that the sequence {x,} is bounded.

Define G,,(p,y) = En(®,y) + (Bub,y — P) + 0m(¥) — 0m(p), Yp,y € C. Next, we prove that
the bifunction G,, satisfies the conditions (Al)-(A4). Therefore, generalized mixed equi-
librium problem is equivalent to the following equilibrium problem: find p € C such that
Gu(p,y) = 0, Vy € C. It is clear that G,, satisfies (Al). Next, we prove G,, is monotone.
Since By, is a continuous and monotone operator, we find from the definition of G that

Gm(9:2) + Gu(2:9) = Fu(9:2) + (Bmy, 2 = ¥) + @m(2) = 0m(y) + F(2,)
+ (Bnz,y = 2) + om(¥) — om(2)
= Fu(2,9) + Fu(y,2) + (B2, y — 2) + By, 2~ y)
< (Buz—Buy,y—2)

<0.
Next, we show G,, satisfies (A3), that is,

limsup G, (tz + 1 - O)x,y) < Gu(x,y), Vx,y,z€C.
£40

Since B,, is continuous and ¢,, is lower semicontinuous, we have

limsup G, (tz + (1 - )x,y) = limsupF,(tz + (1 - £)x, )
£40 £40

+limsup(B,, (tz + (1 - £)x),y - (tz + (1 - t)x))
£40
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+ limsup (gom ) — om (tz +(1- t)x))
£0
< Fu(%9) + (Bu,y = %) + @m(¥) — @)

= Gm(x’y)-

Next, we show that, for each x € C, y — G,,(«,y) is a convex and lower semicontinuous.
Foreachx € C, forall £ € (0,1) and for all y, z € C, since F,, satisfies (A4) and ¢,, is convex,

we have

Gu(xty + (1-1)2)
=Fu(x%ty+ (1= 8)z) + By, ty + A= )z = %) + @ (ty + (1 = 1)2) — (%)
< t(Fu(%,9) + (B, y = %) + 9m(y) — 9 (%))
+ (1= 8)(En(x,2) + (B, 2 — %) + 9(2) — oi(x))

=tGu(xy) + 1 - )Gy, 2).

Thus, y = G,,(x,y) is convex. Similarly, we find that y — G,,(x,y) is also lower semicon-
tinuous. Put u,, = ProjC(Zﬁizl SnmZnm — AnAy,) and v, = anzzl SpmZnm- Letting p € F, we

see that

”un —P||2 =< ”Vn _}\nAyn —P||2 - ”Vn _)\nA.yn —Lt,,||2
= |va —}7||2 —vn— un”2 + Z)Ln((A w—AD,D = Yu) + (AP, P — V)

+ <A_yn1yn - Mn))
”2 —lyn — u,,||2 + 20V = AnAYy — Yoy Uy — Vi)

< “Vn —P||2 - ”Vn —Yn
Notice that A is L-Lipschitz continuous and y,, = Proj-(v,, — 1,,Av,,). It follows that

(Vi = AnAYn = Yo by = V) < MLl Vi = Yl = Yl

It follows that

lttn = pI* < v = plI* + (AAL? = 1) [lv = yul*. (2.1)
On the other hand, we have
o 2
”Vn —17”2 S an,mzn,m -p
m=1
o0
<> umlTn —plI>
m=1
< |lx. - pl%, (2.2)
where T, ={z€ C:G,(z,y) + %(y—z,z—x) > 0,Vy € C}. Substituting (2.2) into (2.1), we
obtain

et = pI* < 1% =PI + (AL = 1) vy — yull.
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Putting S, = 8, + (1 — B,)S, we find from Lemma 1.1 that S, is nonexpansive and F(S,) =
F(S). It follows that

041 =PI < ulln = plI* + A = o) [Suttn — plI*
< anlxn —pl* + 1 - an)llu, - pl?
< anlwn —pl* + @ = o) (lxn = pI> + (AL = 1) v = yall*)
<l —pl* + A= ) (A5L7 = 1) vy = y?

< Il —plI*. (23)
It follows from Lemma 1.7 that the lim,,_, o, ||x,, —p|| exists. This shows that {x, } is bounded.
Since {x,} is bounded, we may assume that a subsequence {x,,} of {x,} converges weakly
to .
Step 2. Show that & € VI(C, A)
From (2.3), we find that B,(1 — A2L?)[|v, — y,|1* < [l%s — plI* = ll%s1 — p|*. In view of the

restrictions (b) and (d), we see that lim,,_, o ||V, — ¥4l = 0. Since ||y, — u, || < AL||vy, = yull,

we have that lim,,_, ||y, — u,| = 0. It follows that
lim ||v,, — u,| = 0. (2.4)
n—0o0

Notice that
12wm = PI* = T, % = Tr,,,.0II°

f (Tr,,,,mxn - Trn,mp)xn —]9)

1
= 5(||zn,m = pII” + 1% =PI = Nzim — xall?).

This implies that ||z, — pl|* < 1%, — pII* = || Zum — %ull*. Since v, = Y| 8,m2nm» where
> o 8um =1, we find that

[e¢]
2 2
Vi =pI* < Sumllznm - pli
m=1

[}
2 2 : 2
< “xn —19|| - 8n,mllzn,m _xn” 4

m=1

It follows that

%061 =PI < nllvn = plI* + 1 = ) [1Suttn — plI*
< dpllnn = plI* + (L — ) lun - plI?

< dpll%n = plI* + (L = ) |vs - plI?

[o¢]
< =21 = A=) D SmlZnm — 2l

m=1
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This implies that (1-0,,)8,. 1 Znm =%l < %, =plI? = %01 —p||*. In view of the restrictions
(a) and (c), we find that

lim ||z, — %, = 0. (2.5)
n—0o0
Let T be the maximal monotone mapping defined by

Ax+Ncx, x€eC,
@, x ¢ C.

Tx =

For any given (x,y) € G(T'), we have y — Ax € Ncx. So, we have (x —m,y — Ax) > 0, for all
m € C. On the other hand, we have u,, = Proj-(v,, — 1,A4y,). We obtain

U, —Vv
<x—u,,, "k n+Ayn>ZO.

n

In view of the monotonicity of A, we see that

=ty y) > (X — Uy, Ax)

Up; — Vi,

An;

> (X — Uy, Ax) —<x—un,-, +Ayni>

= (% — Uy, Ax — Auy,) + (X — Uy, Ak, — Ayy,)

<x 1y, i >
- - Ynpy
Yo,

> (x - Mn,':Auni _A_yni> - <x - I/ln’.,

Uy,

i

Vn

)

An

inview of [V, = xull < Yoo ) 8umllZmm — %l It follows from (2.5) that lim,,_, ||V, — %, || = 0.

Notice that ||u,, — x| < |ty — Vil + [V — x| It follows that
lim ||u, —x,|| = 0. (2.6)
n— 00

This in turn implies that u,, — £. It follows that (x — £,y) > 0. Notice that 7" is maximal
monotone and hence 0 € T¢€. This shows from Lemma 1.3 that £ € VI(C, A).

Step 3. Show that & € GMEP(F,,;, B,;, ¢11)-

It follows from (2.5) that {z,,,,} converges weakly to & for each m > 1. Since z,,, =
T,

'nm

%,, we have

Gm(zn,m¢z) + (Z - Zn,m: Zn,m _xn> 2 07 VZ S C

n,m
From the assumption (A2), we see that

Zngm — Xn;

<Z = Zn;m> > > Gul(z, Zn,v,m)» VzeC.

Tnim

In view of the assumption (A4), we find from (2.5) that G,,,(z,&) < 0, Vz € C. For t,, with
O<ty<landzeC,letz, =t,z+ (1 —t,)E foreachl <m <N.Sinceze Cand £ € C,

Page 8 of 12
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we have z;,, € C. It follows that G,,(z;,,&) < 0. Notice that
0 = Gulzs,,: 26,,) < G215 2) + (1 = 1) Gu(21,,,,8) < tnGimn(2s,,,2),

which yields G,,(z,,,z) > 0,Vz € C. Letting ¢,, | 0, one sees that G,,(§,z) > 0,Vz € C. This
implies that & € GMEP(F,,, B;;, ¢,,) for each m > 1. This proves that & € ﬂf:zl GMEP(E,,,

By @)
Step 4. Show that & € F(S).

Since lim,,_, « ||, — p|| exists, we put lim,_, o [|%,, — p|| = d > 0. It follows that
lim x4 —19|| = lim “an(xn _p) + (1= 0) (St —19) || =d.
H—0Q Hn—0Q
Notice that limsup,,_, ., [|Sx#, — pll <d. From Lemma 1.5, we see that
lim ||x, — S,uy,| =0. (2.7)
n—00
Since

1S = xull < 1Suxn — Suttnll + | Suten — x4l

< n = v |l + 1Sntt — 2 I,
we find from (2.6) and (2.7) that
lim ||x, — S,x,| = 0. (2.8)

In view of ||Sx,, — %, || < [ISx, — Syl + 1Suxn — x|, we find from (2.8) that lim,,_, o ||x, —
Sx,|| = 0. This implies from Lemma 1.6 that & € F(S). This completes the proof that & € F.
Step 5. Show that the whole sequence {x,} weakly converges to &.
Let {x;} be another subsequence of {x,} converging weakly to &', where &’ # £. In the
same way, we can show that §’ € F. Since the space H enjoys Opial’s condition, we, there-
fore, obtain

d = liminf ||x,, — &|| < 1iminf||x,,i - S/”
1— 00 11— 00

= liminf|x; — &'|| < liminf [la; - £ = d.
j— 00 j—o0
This is a contradiction. Hence & = &’. This completes the proof. O

3 Applications
In this section, we consider solutions of the mixed equilibrium problem (1.3), which in-
cludes the Ky Fan inequality as a special case.

The so-called mixed equilibrium problem is to find p € C such that

F(p,y) +9(») —¢(2) =0, VyeC.

The mixed equilibrium problem includes the Ky Fan inequality, fixed point problems, sad-
dle problems, and complementary problems as special cases.
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Theorem 3.1 Let C be a nonempty, closed, and convex subset of H, S : C — C a k-strictly
pseudocontractive mapping with a nonempty fixed point set, and A : C — H a L-Lipschitz
continuous and monotone mapping. Let F,, be a bifunction from C x C to R which satisfies
(Al1)-(A4), and ¢, : C — R a lower semicontinuous and convex function for each m > 1.
Assume that F := (). MEP(F,,, 9,,) N VI(C,A) N F(S) is not empty. Let {a,}, {Bn} and
{8,,m} be real number sequences in (0,1). Let {\,,}, {rnm} be positive real number sequences.

Let {x,} be a sequence generated in the following manner:

X1 € H,
Xn+l = OpXy + (1 - an)(,BnI + (1 - ,3,,)5) PrOjC(ZS:ﬂ (Sn,mzn,m - )"nAyn)r n Z 1:
Yn = PrOjC(Z$:1 an,mzn,m - )‘nA Zzﬂ 8n,mzn,m);

where z,,,, is such that

Fm(zn,m’Z) + (pm(z) - (pm(zn,m) + (Z - Zn,mr Zn,m - xn) Z 0: VZ S C

Assume that {a,}, {Bn}, {8nm}> {Au}s {Fm} satisfy the following restrictions:
(@ O<a<a,<b<l;
(b) Kk <B.<c<];
(€ Yo 8um=1and0<d <8,,, <1;
(d) liminf,_ oo 7y, >0 and e < A, <f, where e,f € (0,1/L).
Then the sequence {x,} weakly converges to some point x € F.

Proof If B, = 0, we draw the desired conclusion immediately from Theorem 2.1. O
Further, if S is nonexpansive, we find from Theorem 3.1 the following result.

Corollary 3.2 Let C be a nonempty, closed, and convex subset of H, S : C — C a nonexpan-
sive mapping with a nonempty fixed point set, and A : C — H an L-Lipschitz continuous
and monotone mapping. Let F,, be a bifunction from C x C to R which satisfies (A1)-(A4),
and ¢, : C — R a lower semicontinuous and convex function for each m > 1. Assume that
F := ooy MEP(E,,, 91n) N VI(C, A) N F(S) is not empty. Let {ay}, { By}, and {8,,m} be real
number sequences in (0,1). Let {A,}, {rum} be positive real number sequences. Let {x,} be a
sequence generated in the following manner:

X1 € H,
Xp+l = OpXy + (1 - an)S Projc(zz,ozl 5n,mzn,m - )\nAyn): n= 1)

Yn = PrOjC(Ziﬂ 6;’1,;’712}1,;71 - )\‘}’IA nyj):l (Sn,mzn,m):

where z,,,, is such that

Fr(znm: 2) + ©m(2) = ©m(Znm) + (Z = Zuyms Znm —%n) =0, VzeC.

n,m

Assume that {o,}, {Bu}, {8um}> {An}, {Tum} satisfy the following restrictions:
(@) O<a<a,<b<l;
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(b) > Sum=1and0<d <8,,,<1;
(c) liminfy,— oo Fum > 0 and e < A, <f, where e,f € (0,1/L).
Then the sequence {x,} weakly converges to some point x € F.

If A = 0, we find from Theorem 2.1 the following result.

Theorem 3.3 Let C be a nonempty, closed, and convex subset of H, S : C — C a k-strictly
pseudocontractive mapping with a nonempty fixed point set. Let F,, be a bifunction from
C x C to R which satisfies (A1)-(A4), B,, : C — H a continuous and monotone mapping,
Om : C — R a lower semicontinuous and convex function for each m > 1. Assume that
F := oy GMEP(F,y,, By, 91n) N E(S) is not empty. Let {a,}, {Bn}, and {8,,,} be real num-
ber sequences in (0,1). Let {r,,,,,} be a positive real number sequence. Let {x,} be a sequence
generated in the following manner:

o0
xeH, Xya=aux,+1-a,) (,Bnl +(1- ,Bn)S) Z SnmZnmy n=1,

m=1

where zy,,, is such that

1
Fm(zn,m: Z) + (Bmzn,m: Z_Zn,m> + (/)m (Z) _(pm(zn,m) +— <Z_Zn,m’ Zn,m _xn> 2 0’ VZ S C
nm

Assume that {o,}, {Bn}, {8um), and {r,,} satisfy the following restrictions:
(@ O<a<a,<b<l;
(b) k <Bu<c<l;
(© > Sum=1,and0<d <8,,,<1;
(d) liminfy,_ oo 7y > 0.
Then the sequence {x,} weakly converges to some point x € F.
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