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Full list of author information is polynomials and higher-order g-Euler polynomials from the applications of umbral
available at the end of the article calculus (see (Araci et al. in J.Number Theory 133(10):3348-3361, 2013)). In this paper,

we develop the new method of g-umbral calculus due to Roman, and we study a
new g-extension of Euler numbers and polynomials which are derived from g-umbral
calculus. Finally, we give some interesting identities on our g-Euler polynomials
related to the g-Bernoulli numbers and polynomials of Hegazi and Mansour.

1 Introduction
Throughout this paper we will assume g to be a fixed real number between 0 and 1. We
define the g-shifted factorials by

n-1 00
@:qo=1 (@q@.=]]0-ad) (@:@w=]]01-aq). (L1)
i=0 i=0

If x is a classical object, such as a complex number, its g-version is defined as [x], = 177.
We now introduce the g-extension of exponential function as follows:

= 2" 1
YO G T e e -

where z € C with |z| < 1.
The Jackson definite g-integral of the function f is defined by

/0 f®dt=0-9)) f(g“)xq" (see[1,2,5]). (1.3)
a=0

The g-difference operator D, is defined by

dof (%) _ e ifx#0, (1.4)
dgx —d{i(x) ifx=0, '
X

Dyf(x) =

where

dfw)

1,2, 4, 6]).
Tx (see [ 6])

ﬂl{i%n% D,f(x) =
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By using an exponential function e, (x), Hegazi and Mansour defined g-Bernoulli poly-
nomials as follows:

[e¢]

ZBn,q(x)# - T?_leq(xt) (see [L,2, 4, 7)). (L5)
n=0 q° q

In the special case, x = 0, B, 4(0) = B, ; are called the nth g-Bernoulli numbers.
From (1.5), we can easily derive the following equation:

n n

n n

Bn,qoc):z(l) BZ(;) B, 1.6)
=0 q =0 q

where

(n) [n],! ~ (nlgln-1ly---[n-1+1],
q

1), n=000, Tk (see [2,7]).

In the next section, we will consider new g-extensions of Euler numbers and polyno-
mials by using the method of Hegazi and Mansour. More than five decades ago, Carlitz
[8] defined a g-extension of Euler polynomials. In a recent paper (see [3]), Kupershmidt
constructed reflection symmetries of g-Bernoulli polynomials which differ from Carlitz’s
q-Bernoulli numbers and polynomials. By using the method of Kupershmidt, Hegazi and
Mansour also introduced a new g-extension of Bernoulli numbers and polynomials (see
[1, 3, 4]). From the g-exponential function, Kurt and Cenkci derived some interesting new
formulae of g-extension of Genocchi polynomials. Recently, several authors have studied
various g-extensions of Bernoulli and Euler polynomials (see [1-6, 8—11]). Let C be the
complex number field, and let F be the set of all formal power series in variable ¢ over C
with

F- :fu):Z[,f—]kq!tk

k=0

a,€C } . 1.7)

Let P = C[¢] and let P* be the vector space of all linear functionals on P. (L|p(x)) denotes
the action of linear functional L on the polynomial p(x), and it is well known that the vector
space operations on P* are defined by

(L+Mip(x)) = (LIp@)) + (MIp)),  (cLlp&)) = c(LIp(x)),

where ¢ is a complex constant (see [7, 9, 11]).
Forf(t) = Y 1o, stk € F, we define the linear functional on P by setting

"
(f(t)|x”> =a, foralln=>0. (1.8)
From (1.7) and (1.8), we note that

(1) = [l 18k (m,k > 0), (1.9)

where §,,x is the Kronecker symbol.
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Let us assume that f;(¢) = Z,fio(ﬂx”)%. Then by (1.9) we easily see that (f;(¢)|x") =
(L|x™). That is, f(¢) = L. Additionally, the map L — f;(¢) is a vector space isomorphism
from P* onto F. Henceforth F denotes both the algebra of formal power series in ¢ and
the vector space of all linear functionals on IP, and so an element f(¢) of F will be thought
of as a formal power series and a linear functional. We call it the g-umbral algebra. The
g-umbral calculus is the study of g-umbral algebra. By (1.2) and (1.3), we easily see that
(eq(yt)|x") = " and so (e, (yt)|p(x)) = p(y) for p(x) € IP. The order o(f(¢)) of the power series
f(t) #0 is the smallest integer for which a; does not vanish. If o(f(¢)) = 0, then f(¢) is
called an invertible series. If o(f(£)) = 1, thenf(¢) is called a delta series (see [7, 9, 11, 12]).
For £(£), g(¢) € F, we have (f()g(0)p(x) = (f(DIg()p®) = @OIF ()p(x)). Letf(£) € F and
p(x) € P. Then we have

R k R k
O =@, P = () (see [12). (110)
k=0 K k=0 K
From (1.10), we have
00 4
PP =Dipx) =) v [|Z (’f» [y =k + 1] (L.11)
1=k 1
By (1.11), we get
p®0) = (tlp@)) and  (1[p® (x)) = p*(0). (1.12)
Thus from (1.12), we note that
“p(x) = p®(x) = Dip(). (1.13)

Let f(¢),g(¢) € F with o(f(¢)) = 1 and o(g(¢)) = 0. Then there exists a unique sequence
S,(x) (degS,(x) = n) of polynomials such that (g(t)f(£)*|S,(x)) = (1]4!8,k (n,k = 0). The
sequence S,(x) is called the g-Sheffer sequence for (g(¢),f(t)) which is denoted by S,,(x) ~
(g®),f(t). Let S,(x) ~ (g(2),f(2)). For h(t) € F and p(x) € P, we have

> (h(®)1S, k
h(e) = Z (t)/l] k,(x) dOf (O, plx) = ZW S, (114)
-0 4
and
c k
(f(t) J’f( ) = kX: ! t forally e C, (1.15)

wheref(t) is the compositional inverse of f(¢) (see [7, 12]).

Recently, Araci-Acikgoz-Sen derived some new interesting properties on the new family
of g-Euler numbers and polynomials from some applications of umbral algebra (see [9]).
The properties of g-Euler and g-Bernoulli polynomials seem to be of interest and worth-
while in the areas of both number theory and mathematical physics. In this paper, we de-
velop the new method of g-umbral calculus due to Roman and study a new g-extension of
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Euler numbers and polynomials which are derived from g-umbral calculus. Finally, we give
new explicit formulas on g-Euler polynomials related to Hegazi-Mansour’s g-Bernoulli
polynomials.

2 g-Euler numbers and polynomials
We consider the new g-extension of Euler polynomials which are generated by the gener-
ating function to be

2
e
eq(t)+1 1

[e¢] tn
(xt) = Z;En,q(x)[n—]q!. 21)

In the special case, x = 0, E,, ;(0) = E,,; are called the nth g-Euler numbers. From (2.1),
we note that

" n " n
E,,(x) = ( l) Epx" = ( l) E, 1% (2.2)
0 q [ q

I=

Il
o

By (2.1), we easily get

Eoy=1, E, Q)+ E, 4 =280, (2.3)
For example, Ey, =1, Ey 4 = —%, Ey, = qT_l, Es, = ququ_l + %,.... From (1.15) and
(2.1), we have
E, (%) ~ <%t> (2.4)
and
D+ 1x" =E,,(x) (n>0). (2.5)

Thus, by (1.13) and (2.5), we get

tE,q(x) = th” = [n]

n-1 _
e () +1 Tey(t) + 1 = nlgEumg() (= 0). (2.6)

Indeed, by (1.9), we get

H+1 k]!
(482 ) i

N[
'Q_-
N
~ X

) (En-kq) + Epicy)- (2.7)
q

From (2.4), we have

<<eq(t) + 1>tk
2

En,q(x)> = [n]q!(sn,k' (2.8)
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Thus, by (2.7) and (2.8), we get

n—k

n—-k
0=E, xq1) +Epiyq= Z ( ) Eig+Eikg (nkeZsowithn>k).
q

=0 !

This is equivalent to
n-k-1 n—k
—2E, kg = Z ( ) E;, wheren k € Zso with n > k.
q

=0 !

Therefore, by (2.10), we obtain the following lemma.

Lemma 2.1 For n > 1, we have

n-1
n
~2E,, = Z (1) Ey,.
q

=0

From (2.2) we have

n

x+y 1
/ En,q(l/l) dqbl = Z (}Z) Enil’qm {(x + y)l+1 _ x1+1}
* q

1=0

1 " (n+1
= —[n+1]q Z (l+ 1) En—l,q{(x+y)l+1 _xl+1}
q

1=0

1 §<n+1)E (G9! — )
S — illgl (X + ) —x
1], =\ 1) Y

1 Ll

T+ 1], ( l ) Eunctql e #)' xl}

1=0 q

1

= m {En+1,q(x +y) - En+1,q(x)}«

Thus, by (2.11), we get
eq(t) -1 1 eq(t) -1
< : En,q(x)> o 1]q< t |tEn+1,,,(x)>

[+ l]q (eq(t) - 1|En+1,q(x)>

[}’l + l]q {En+1,q(1) - En+1,q}

1
= / E,,(u)dgu.
0

Therefore, by (2.12), we obtain the following theorem.

(2.9)

(2.10)

(2.11)

(2.12)
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Theorem 2.2 Forn > 0, we have

1
E,,,q(x)>:/0 E,q(u)dyu.

eq(t) -1
(5

Let

= {p(x) € C[x]| deg p(x) < n}. (2.13)

For p(x) € P, let us assume that
n
(®) = > bgEq(®). (2.14)

Then, by (2.4), we get

<(eq(t) + 1>tk
2

From (2.14) and (2.15), we can derive the following equation:

(oS3
=0

= biglllg!81i = [K]g'brg. (2.16)

=0

E.q (x)> = [n]q!an,b (2.15)

Thus, by (2.16), we get

1 e (1) +1 1
”W(( O )9 = s+ Do)

PP +pP0)}, (2.17)

eg(®) + 1p" (x)) =

2[k]q ‘< 2[k]g!

where p® (x) = D’;p(x).
Therefore, by (2.14) and (2.17), we obtain the following theorem.

Theorem 2.3 For p(x) € P, let p(x) = >_y_ bigEkq(x). Then we have

biy = eq(t) +1)t*|p(x))

0P ,((

2] AP +p0 0},
!

where p® (x) = D’;p(x).

From (1.5), we note that

Bn,q(x) ~ (@r t) (n=>0). (2.18)
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Let us take p(x) = B, 4(x) € P,.. Then B, ,(x) can be represented as a linear combination
of {Eg4(%), E1,¢(%); ..., Ey4(x)} as follows:

Bug®) =p() = Y brgErgx) (n>0), (219)
k=0
where
1 k
bk,q = W((eq(t) + 1)t |B,,,q(x))
!
[mlgln 1], [n—k+1]
- ;I[k]q!n g0 + 1Bk )
-3(3) -3(2)
=— (&) +1|Bykq(x)) = = By kq1) + By iygi- (2.20)
2kq<q kq>2kq{ k.q kq}

From (1.5), we can derive the following recurrence relation for the g-Bernoulli numbers:
t= ZB[,qu! (eq(t) - 1)
1=0
[o¢] n o0
n t" t"
= B, B,,——
Z(;() )[]' 2 [nly!

=0 n=0
oo tn
= (Bug(1) = Byy) T (2.21)
n=0 q*
Thus, by (2.21), we get
1 ifn=1,
Bog=1,  Bu4(1)=By4= o ifno (2.22)
ifn>1.
2
For example, By, =1, By 4 = —ﬁ, By, = [S]ZT]‘Z,

By (2.19), (2.20) and (2.22), we get

n-2

Bn,q(x) = bn,qEn,q(x) + brzfl,qEnfl,q(x) + Z bk,qu,q(x)
k=0
=E (x)+%<1—i>E (x)+§<n)B Ep . (x)
=Lngq ) [2]q n-1,q o k . n—k,qk,q
[n],1-q) -
= Epgl®) - ”g[—z]qqa_l,q(x) + ; (Z) Broabig8) (223)

Therefore, by (2.23), we obtain the following theorem.

Theorem 2.4 For n> 2, we have

n-2

[nly(g-1)
nq(x) En q( ) Tq]En—l,q(x) + ; (:) an—k,qu,q(x)'

Page 7 of 12


http://www.journalofinequalitiesandapplications.com/content/2014/1/1

Kim and Kim Journal of Inequalities and Applications 2014, 2014:1
http://www_ journalofinequalitiesandapplications.com/content/2014/1/1

For r € Zs¢, the g-Euler polynomials, Eff,;(x), of order r are defined by the generating
function to be

2 Y= (2 2 ey
<eq(t)+1> Cq\ ¥t = <eq(t)+1) S (eq(t)+1>eq *

r-times

o0 . t”
= ZE;’;(x)[n—]q!' (2.24)

In the special case, x = 0, 5531(0) = E,(qr,; are called the nth g-Euler numbers of order r.
Let

70 (@) (r € Z20). (2.25)

Then g’ (¢) is an invertible series. From (2.24) and (2.25), we have

i‘E(”() - L) i‘ L (2.26)
o (X) —— = ——e,(xt) = X . .
2 Ena g = g0 T g 0" Tl
By (2.26), we get
" 1
ED (%)= — (t) 2.27)
and
) = i = [l = Dl B, ) (2.28)
”’qx_g’(t)x _nqg’(t)x = [nl4E, 1 ;). .
Thus, by (2.26), (2.27) and (2.28), we see that
+1\
EY) (%) ~ <(eq(;+ ) ,t). (2.29)
By (1.9) and (2.24), we get
2 n\ _ g ~ (" 0
e () +1 eq(yt)‘x =E,40) = ! En1q) (2.30)
q 1=0 q
Thus, we have
2 llq ) qu m . n
t
<(eq(t> (Z Marenne >< )
————Ei,E,
11+Z+ ll]q lr]q v g
= Z ( , > Eq q°" 'Eir,q: (2.31)
i1+ ip=n Weerlr/ g

n [nlq!
where (il,.,.,ir) = Tl Gl
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By (2.30), we easily get

(=) )2
eq(t) +1 nq

Therefore, by (2.31) and (2.32), we obtain the following theorem.

Theorem 2.5 For n > 0, we have

n _ [”l]qI
where (q ,,,,, z’,)q = Tl g

Let us take p(x) = ED (%) € P,,. Then, by Theorem 2.3, we get

ED @) =p@) = > brgEiq®),

k=0
where
big = 2[/1]q <( (¢ )+1) k|p( )) [11] ‘<(eq(t)+1)|tkp(x))
(), (),
= k2 (( (t) 1)|En kq( )>_k7{ n— kq(l) En kq}
From (2.24), we have

o]

S{ED M +ED )L :(eq(t%) (es()+1)

k=0 [n]q !

2 r-1 ind t
=2 =2y gD
(eq(t)+1) ZO e

By comparing the coeflicients on the both sides of (2.35), we get

EY (1) + Eﬁ,f; = 215};,;“ (n>0).

Therefore, by (2.33), (2.34) and (2.36), we obtain the following theorem.

Theorem 2.6 Forn € 7, r € Zso, we have

i n
EQ@) =) <k> EV) Eg(®).
k=0 q

Let us assume that

pw) =Y by E{)(x) € Py,
k=0

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)
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By (2.29) and (2.37), we get

<(@)'tk\p(x> Zb {( t>+1) o)

Zb,q 281 = [K]gb} .

From (2.38), we have
. 1 e (t) +1
el (2 g

1 K m Lk
‘2r[k1q!lo<l)z< 2 <i1,...,iz)q)[m1q!<”’" p)

m=>0 Ng+-+ij=m

L
(X () m

m=>0 iy +--+ij=m

m+k)(0)‘

Therefore by (2.37) and (2.39), we obtain the following theorem.

Theorem 2.7 Forn>0,let p(x) =Y }_ 0Pk, qu( x) eP,.
Then we have

big = - ((eq(®) + 1) *p(x)

27k] 4!
m L
ZZ( ) Z (i1;-~.,i1>q[m]q!p (©0),

" m>0 [=0 i1+--+ij=m

T [k

where p®(x) = D’;p(x).

Let us take p(x) = E, ;(x) € P,.. Then, by Theorem 2.7, we get

Eng(0) = p(x) = Y _ b ) (%),
k=0

where

1 n-k r . m
g =) = ()
2F[k]q! =0 1=0 l P Uyeoorl] q

1
[m] ;[”]q"'[Vl—Wl—k+1]qE,,_m_k,q
q
n-k r . )
2rm 0 =0 ( )i1+"'+ilm(i1"”’il q

y (m+kl! [nly---n-m-k+1],
[m],![K] 4! [m + k]!

n-m-k,q

323, 2 670,000 () o

m=0 [=0 i+--+ij=m

(2.38)

(2.39)

(2.40)

(2.41)
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Therefore, by (2.40) and (2.41), we obtain the following theorem.

Theorem 2.8 For n,r > 0, we have

R 23 30 o (| A [ G )

m=0 [=0 ij+--+ij=m
E E(")
X Ep—m-k,q qu(x).

For r € Zx, let us consider g-Bernoulli polynomials of order r which are defined by the
generating function to be

L ) (et) = (—— ) N e,xt)
<eq(t)—1 fa¥ _<eq(t)—1 X"'X<eq(t)—1>eqx

r-times

I
- HX:O:BM(x) T (2.42)

In the special case, x = 0, B%(O) = B% are called the nth g-Bernoulli numbers of order r.
By (2.42), we easily get

a n ) n—
BY @)= <1) Bl)x"! e P,. (2.43)
q

=0

Let us take p(x) = B%(x) € P,. Then, by Theorem 2.7, we get

plx) = Z bkq kq (2.44)

__ L r m n]y---n-m—-k+1],
N Zr[k]q! Z o (l) Z (ily««~:il>q [m]q! Bn—m—k,q

i1+-+ij=m

n-k r
— i r m m+k n B(r) (2 45)
= 2r ) - / il,...,il q m 4 m+k . n-m-k,q* .

m=0 [=0 i1+---+ij=m
Therefore, by (2.44) and (2.45), we obtain the following theorem.

Theorem 2.9 For n,r > 0, we have

B@ = o anojiZZ > ()( il)q<m1’;k)q(m}:k)q

m=0 [=0 i1+---+ij=m

(r)
><Bn - kq}E,:q(x).
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Remark Recently, Aral, Gupta and Agarwal introduced many interesting properties and

applications of g-calculus which are related to this paper (see [13]).
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