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1 Introduction
It is well known that the theory of impulsive differential equations has become more im-
portant in recent years in some mathematical models of real processes and phenomena.
For the introduction of the basic theory of impulsive equations, see [–] and the refer-
ences therein.
The theory of dynamic equations on time scales has been developing rapidly and has

received much attention in recent years. The study unifies existing result in differential
and finite difference equations and provides powerful new tools for exploring connections
between the traditionally separated fields. We refer to the books by Bohner and Peterson
[, ].
However, there is not so much work on the impulsive boundary value problem with

p-Laplacian on time scales except that in [–]. The authors studied impulsive dynamic
equations on time scales without p-Laplacian in [–] (see also references therein),
while in [–] the authors considered p-Laplacian impulsive differential equations with-
out time scales. The authors considered impulsive boundary value problems without
p-Laplacian and time scales in [, ].
Motivated by the above results, in this study we consider the following second-order

impulsive boundary value problem (BVP) on time scales:

–
[
φp

(
u�(t)

)]∇ = f
(
t,u(t)

)
, t ∈ J := [, ]T, t �= tk ,k = , , . . . ,m, (.)

–�u|t=tk = Ik
(
u(tk)

)
, (.)

u�() = , αu() + βu�() =
∫ 


g(s)u(s)�s, (.)
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where T is a time scale, ,  ∈ T, J = [, ]T = [, ] ∩ T, tk ∈ (, )T, k = , , . . . ,m with  <
t < t < · · · < tm < , α >

∫ 
 g(s)�s, β > , φp(s) is a p-Laplacian operator, i.e., φp(s) = |s|p–s,

p > , (φp)– = φq, 
p +


q = , �u|t=tk denotes the jump of u(t) at t = tk , i.e.,

�u|t=tk = u
(
t+k

)
– u

(
t–k

)
,

where u(t+k ) = limh→+ u(tk +h) and u(t–k ) = limh→+ u(tk –h) represent the right-hand limit
and left-hand limit, respectively, of u(t) at t = tk . In addition, f , Ik , and g satisfy
(H) f ∈ C([, ]T × [, +∞), [, +∞));
(H) Ik ∈ C([, +∞), [, +∞));
(H) g ∈ Crd([, ]T, [, +∞)) is nonnegative.
We remark that by a solution u of (.)-(.), we mean u : T → R is delta differentiable,

u� : Tk →R is nabla differentiable on T
k ∩Tk and u�∇ : Tk ∩Tk →R is continuous, and it

satisfies the impulsive and boundary value conditions (.)-(.). If u�∇ ≤  on [, ]
Tk∩Tk

,
then we say that u is concave on [, ]T.
By using the fixed point index theory in the cone [], we get the existence of at least

two positive solutions for the impulsive BVP (.)-(.). Then we generalized this to obtain
many positive solutions. By using a double fixed point theorem [], we also establish the
existence of countably many positive solutions for the impulsive BVP (.)-(.). To the
best of our knowledge, no paper has considered the second-order impulsive BVP with
integral boundary conditions and one dimensional p-Laplacian on time scales. In fact,
our results are also new when T = R (the differential case) and T = Z (the discrete case).
Therefore, the results can be considered as a contribution to this field.
This paper is organized as follows. In Section , we provide some necessary background

about time scales, the theory of cones in Banach space and some preliminary lemmas.We
give and prove our main results in Section . Finally, in Section , we give an example to
demonstrate our results.

2 Preliminaries
In this section, we present some definitions and theorems, which will be needed in the
proof of the main results.

Definition . Let (B,‖ · ‖) be a real Banach space. A nonempty closed set K ⊂ B is said
to be a cone provided that

(i) ax + by ∈ K for all x, y ∈ K and a,b≥ ;
(ii) y, –y ∈ K implies y = .
Every cone K ⊂ B induces an ordering in B given by x ≤ y if and only if y – x ∈ K .

Definition . The map α is said to be a nonnegative continuous concave functional on
a cone K of a real Banach space B, provided that α : K → [,∞) is continuous and

α
(
tu + ( – t)v

) ≥ tα(u) + ( – t)α(v),

for all u, v ∈ K , ≤ t ≤ .

http://www.journalofinequalitiesandapplications.com/content/2014/1/196
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Similarly, we say that the map γ is a nonnegative continuous convex functional on a
cone K of a real Banach space B provided that

γ
(
tu + ( – t)v

) ≤ tγ (u) + ( – t)γ (v),

for all u, v ∈ K , ≤ t ≤ .
For a nonnegative continuous functional γ on a cone K in a real Banach space B, and

for each d > , we set

K (γ ,d) =
{
x ∈ K

∣∣ γ (x) < d
}
.

The following fixed point theorems are fundamental and important to the proofs of our
main results.

Theorem . (Double fixed point theorem []) Let K be a cone in a real Banach space B.
Let α and γ be increasing, nonnegative, continuous functionals on K , and let θ be a non-
negative, continuous functional on K with θ () =  such that, for some c >  and M > ,

γ (x)≤ θ (x)≤ α(x) and ‖x‖ ≤ Mγ (x)

for all x ∈ K (γ , c). Suppose that there exist positive numbers a and b with a < b < c such
that

θ (λx)≤ λθ (x), for  ≤ λ ≤  and x ∈ ∂K (θ ,b)

and

T : K (γ , c) → K

is a completely continuous operator such that:
(i) γ (Tx) > c, for all x ∈ ∂K (γ , c);
(ii) θ (Tx) < b, for all x ∈ ∂K (θ ,b);
(iii) K (α,a) �= ∅, and α(Tx) > a, for all x ∈ ∂K (α,a).

Then T has at least two fixed points, x and x belonging to K (γ , c) such that

a < α(x), with θ (x) < b,

and

b < θ (x), with γ (x) < c.

Theorem . [] Let K be a cone in a real Banach space B. Let D be an open bounded
subset of B with DK = D ∩ K �= ∅ and DK �= K . Assume that T : DK → K is completely
continuous such that x �= Tx for x ∈ ∂DK . Then the following results hold:

(i) If ‖Tx‖ ≤ x, x ∈ ∂DK , then iK (T ,DK ) = .
(ii) If there exists e ∈ K \ {} such that x �= Tx + λe for all x ∈ ∂DK and all λ > , then

iK (T ,DK ) = .
(iii) Let U be open in P such that U ⊂DK . If iK (T ,DK ) =  and iK (T ,UK ) = , then T has

a fixed point in DK \UK . The same result holds if iK (T ,DK ) =  and iK (T ,UK ) = .

http://www.journalofinequalitiesandapplications.com/content/2014/1/196
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3 Main results
In this section, by defining an appropriate Banach space and cone, we impose growth con-
ditions on f and Ik which allow us to apply the theorems in Section  to establish the
existence results of the positive solutions for the BVP (.)-(.).
Let J ′ = [, ]T \ {t, t, . . . , tm}. We define

B =
{
u

∣∣ u : [, ]T →R is continuous at t �= tk , left continuous at t = tk ,

and there exist u
(
t–k

)
and u

(
t+k

)
with u

(
t–k

)
= u(tk) for k = , , . . . ,m

}
.

Then B is a real Banach space with the norm ‖u‖ = supt∈[,]T |u(t)|. By a solution of (.)-
(.), we mean a function u ∈ B∩ C(J ′) which satisfies (.)-(.). We define a cone K ⊂ B

as

K =
{
u ∈ B : u is a nonnegative and nonincreasing function, u� is

nonincreasing on J ′,αu() + βu�() =
∫ 


g(s)u(s)�s

}
.

We need the following lemmas that will be used to prove our main results.

Lemma . Suppose that (H)-(H) are satisfied. Then u ∈ B ∩ C(J ′) is a solution of the
impulsive boundary value problem (.)-(.) if and only if u(t) is a solution of the following
integral equation:

u(t) =


α –
∫ 
 g(s)�s

∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+


α –
∫ 
 g(s)�s

[
βφq

(∫ 


f
(
s,u(s)

)∇s
)

+
∫ 


g(s)

(∑
s≤tk

Ik
(
u(tk)

))
�s

]
+

∫ 

t
φq

(∫ s


f
(
r,u(r)

)∇r
)

�s

+
∑
t≤tk

Ik
(
u(tk)

)
, (.)

and u(t) ≥ .

Proof Integrating (.) from  to t, one has

–φp
(
u�(t)

)
+ φp

(
u�()

)
=

∫ t


f
(
s,u(s)

)∇s.

By the boundary condition (.), we have

u�(t) = –φq

(∫ t


f
(
s,u(s)

)∇s
)
.
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Integrating the dynamic equation above from t to , we get

u(t) = u() +
∫ 

t
φq

(∫ s


f
(
r,u(r)

)∇r
)

�s +
∑
t≤tk

Ik
(
u(tk)

)
. (.)

Applying the second boundary condition, one has

u() =


α –
∫ 
 g(s)�s

∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+


α –
∫ 
 g(s)�s

[
βφq

(∫ 


f
(
s,u(s)

)∇s
)
+

∫ 


g(s)

∑
t≤tk

Ik
(
u(tk)

)
�s

]
. (.)

Therefore, by (.) and (.), we have

u(t) =


α –
∫ 
 g(s)�s

∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+


α –
∫ 
 g(s)�s

[
βφq

(∫ 


f
(
s,u(s)

)∇s
)

+
∫ 


g(s)

(∑
s≤tk

Ik
(
u(tk)

))
�s

]

+
∫ 

t
φq

(∫ s


f
(
r,u(r)

)∇r
)

�s +
∑
t≤tk

Ik
(
u(tk)

)
.

Then the proof of the sufficient part is complete.
Conversely, let u be as in (.). Taking the delta derivative of u(t) gives

u�(t) = –φq

(∫ t


f
(
s,u(s)

)∇s
)
, i.e., φp

(
u�(t)

)
= –

∫ t


f
(
s,u(s)

)∇s. (.)

So u�() = . Also, it is easy to see that u(t) satisfies (.) and (.). Furthermore, from
(H)-(H), and (.), it is clear that u(t) ≥ . So, the proof of lemma is completed. �

Lemma . If u ∈ K , then mint∈[,]T u(t) ≥ γ ‖u‖, where γ =
∫ 
 g(s)(–s)�s
α–

∫ 
 g(s)s�s

.

Proof For u ∈ K , nonnegative and nonincreasing, we have

‖u‖ = u(), min
t∈[,]T

u(t) = u().

On the other hand, u�(t) is nonincreasing on J ′. So, for every t ∈ [, ]T, we have

u(t) – u()
 – t

≥ u() – u()


,

i.e., u(t) ≥ ( – t)u() + tu().
Therefore,

∫ 


g(s)u(s)�s≥

∫ 


g(s)( – s)u()�s +

∫ 


g(s)su()�s.

http://www.journalofinequalitiesandapplications.com/content/2014/1/196
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This, together with αu() + βu�() =
∫ 
 g(s)u(s)�s, implies that

u() ≥
∫ 
 g(s)( – s)�s
α –

∫ 
 g(s)s�s

u().

So, the proof of the lemma is completed. �

Define T : K → B by

(Tu)(t) =


α –
∫ 
 g(s)�s

∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+


α –
∫ 
 g(s)�s

[
βφq

(∫ 


f
(
s,u(s)

)∇s
)

+
∫ 


g(s)

(∑
s≤tk

Ik
(
u(tk)

))
�s

]

+
∫ 

t
φq

(∫ s


f
(
r,u(r)

)∇r
)

�s +
∑
t≤tk

Ik
(
u(tk)

)
. (.)

From (.) and Lemma ., it is easy to obtain the following result.

Lemma . Assume that (H)-(H) hold. Then T : K → K is completely continuous.

Nowwe consider the existence of at least two positive solutions for the impulsive bound-
ary value problem (.)-(.) by the fixed point theorem in []. Let us define the increas-
ing, nonnegative, continuous functionals γ , β , and α on K by

γ (u) = min
t∈[,ξ ]T

u(t) = u(ξ ),

β(u) = max
t∈[ξ ,η]T

u(t) = u(ξ ),

α(u) = max
t∈[,η]T

u(t) = u().

It is obvious that for each u ∈ K ,

γ (u) ≤ β(u) ≤ α(u).

In addition, by Lemma ., for each u ∈ K ,

‖u‖ ≤ 
γ

min
t∈[,]T

u(t) ≤ 
γ

min
t∈[,ξ ]T

u(t) =

γ

γ (u).

Thus,

‖u‖ ≤ 
γ

γ (u), ∀u ∈ K .

http://www.journalofinequalitiesandapplications.com/content/2014/1/196
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For the convenience, we denote

A = ( – ξ )φq(ξ ),

B =
(m + )α + β

α –
∫ 
 g(s)�s

– ξ .

Theorem . Suppose the assumptions of (H)-(H) are satisfied. Let there exist positive
numbers a < b < c such that

 < a <
A
B
b <

Aγ

B
c,

and assume that f satisfies the following conditions:
(H) f (t,u) > φp( cA ), for all (t,u) ∈ [, ξ ]T × [c, 

γ
c],

(H) f (t,u) < φp( bB ), sup{Ij(u)} < b
B , j = , , . . . ,m, for all (t,u) ∈ [, ]T × [, 

γ
b],

(H) f (t,u) > φp( aA ), for all (t,u) ∈ [, ]T × [,a].
Then the boundary value problem (.)-(.) has at least two positive solutions u and u
satisfying

a < α(u) with β(u) < b,

and

b < β(u) with γ (u) < c.

Proof We define the completely continuous operator T by (.). Thus, it is easy to check
that T : K (γ , c) → K .
We now show that all the conditions of Theorem . are satisfied. In order to show

that condition (i) of Theorem ., we choose u ∈ ∂K (γ , c). Then γ (u) = mint∈[,ξ ]T u(t) =
u(ξ ) = c, this implies that c ≤ u(t) for t ∈ [, ξ ]T. We recall that ‖u‖ ≤ 

γ
γ (u) = 

γ
c. So, we

have

c≤ u(t) ≤ 
γ
c, t ∈ [, ξ ]T.

Then assumption (H) implies

f (t,u) > φp

(
c
a

)
, for all (t,u) ∈ [, ξ ]T ×

[
c,


γ
c
]
.

Therefore,

γ (Tu) = min
t∈[,ξ ]T

(Tu)(t) = (Tu)(ξ )

=


α –
∫ 
 g(s)�s

[∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+ βφq

(∫ 


f
(
s,u(s)

)∇s
)]

+
∫ 

ξ

φq

(∫ s


f
(
r,u(r)

)∇r
)

�s

+


α –
∫ 
 g(s)�s

∫ 


g(s)

(∑
s≤tk

Ik
(
u(tk)

))
�s +

∑
t≤tk

Ik
(
u(tk)

)

http://www.journalofinequalitiesandapplications.com/content/2014/1/196
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≥
∫ 

ξ

φq

(∫ s


f
(
r,u(r)

)∇r
)

�s ≥
∫ 

ξ

φq

(∫ ξ


f
(
r,u(r)

)∇r
)

�s

= ( – ξ )φq

(∫ ξ


f
(
r,u(r)

)∇r
)

> ( – ξ )φq(ξ )
c
A

= c.

Hence, condition (i) is satisfied.
Secondly, we show that (ii) of Theorem . is satisfied. For this, we take u ∈ ∂K (β ,b).

Then β(u) =maxt∈[ξ ,η]T u(t) = u(ξ ) = b, this means ≤ u(t) ≤ b, for all t ∈ [ξ , ]T. Noticing
that ‖u‖ ≤ 

γ
γ (u) = 

γ
β(u) = 

γ
b, we get

 ≤ u(t) ≤ 
γ
b, for t ∈ [, ]T.

Then assumption (H) implies

f (t,u) < φp

(
b
B

)
, sup

{
Ij(u)

}
<
b
B
.

Therefore

β(Tu) = max
t∈[ξ ,η]T

(Tu)(t) = (Tu)(ξ )

=


α –
∫ 
 g(s)�s

[∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+ βφq

(∫ 


f
(
s,u(s)

)∇s
)]

+
∫ 

ξ

φq

(∫ s


f
(
r,u(r)

)∇r
)

�s

+


α –
∫ 
 g(s)�s

∫ 


g(s)

(∑
s≤tk

Ik
(
u(tk)

))
�s +

∑
t≤tk

Ik
(
u(tk)

)

≤ 
α –

∫ 
 g(s)�s

[∫ 


g(s)

(∫ 


φq

(∫ 


f
(
r,u(r)

)∇r
)

�τ

)
�s

+ βφq

(∫ 


f
(
s,u(s)

)∇s
)]

+
∫ 

ξ

φq

(∫ 


f
(
r,u(r)

)∇r
)

�s

+


α –
∫ 
 g(s)�s

∫ 


g(s)

( m∑
k=

Ik
(
u(tk)

))
�s +

m∑
k=

Ik
(
u(tk)

)

=
[

α + β

α –
∫ 
 g(s)�s

– ξ

]
φq

(∫ 


f
(
r,u(r)

)∇r
)
+

α

α –
∫ 
 g(s)�s

m∑
k=

Ik
(
u(tk)

)

<
[

α + β

α –
∫ 
 g(s)�s

– ξ

]
b
B
+

α

α –
∫ 
 g(s)�s

m
b
B

=
b
B

[
(m + )α + β

α –
∫ 
 g(s)�s

– ξ

]

= b.

So, we get β(Tu) < b. Hence, condition (ii) is satisfied.
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Finally, we show that condition (iii) of Theorem . is satisfied. We note that u(t) = 
a,

t ∈ [, ]T is a member of K (α,a), and so K (α,a) �= ∅.
Now, let u ∈ ∂K (α,a). Then α(u) =maxt∈[,η]T u(t) = u() = a. This implies  ≤ u(t) ≤ a,

t ∈ [, ]T. Then we get

 ≤ u(t) ≤ a, t ∈ [, ]T.

By assumption (H),

f (t,u) > φp

(
a
A

)
.

Then

α(Tu) = max
t∈[,η]T

(Tu)(t) = (Tu)()

≥
∫ 


φq

(∫ s


f
(
r,u(r)

)∇r
)

�s ≥
∫ 

ξ

φq

(∫ s


f
(
r,u(r)

)∇r
)

�s

≥ ( – ξ )φq

(∫ ξ


f
(
r,u(r)

)∇r
)

> ( – ξ )
a
A

φq

(∫ ξ


∇r

)

= ( – ξ )
a
A

φq(ξ ) = a.

So, we get α(Tu) > a. Thus, (iii) of Theorem . is satisfied. Hence, the impulsive boundary
value problem (.)-(.) has at least two positive solutions u and u satisfying

a < α(u) with β(u) < b,

and

b < β(u) with γ (u) < c.

The proof is complete. �

Next we consider the existence of at least two positive solutions for the BVP (.)-(.)
by the fixed point theorem in [].
We define

Kρ =
{
u ∈ K : ‖u‖ < ρ

}
,

�ρ =
{
u ∈ K : min

t∈[,]T
u(t) < γρ

}
=

{
u ∈ K : γ ‖u‖ ≤ min

t∈[,]T
u(t) < γρ

}
.

The following results are proved in [] (Lemma ., p.).
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Lemma . �ρ has the following properties:
(a) �ρ is open relative to K .
(b) Kγρ ⊂ �ρ ⊂ Kρ .
(c) u ∈ �ρ if and only if mint∈[,]T u(t) = γρ .
(d) If u ∈ �ρ , then γρ ≤ u(t)≤ ρ for t ∈ [, ]T.

Now for convenience we introduce the following notations. Let

f ρ
γρ =min

{
min

t∈[,]T
f (t,u)
φp(ρ)

: u ∈ [γρ,ρ]
}
,

f ρ
 =max

{
max

t∈[,]T
f (t,u)
φp(ρ)

: u ∈ [,ρ]
}
,

Iρ (k) =max
{
Ik(u) : u ∈ [,ρ]

}
,


l
=

(m + )α + β

α –
∫ 
 g(s)�s

,

L
=

β

α –
∫ 
 g(s)�s

.

Theorem . Suppose (H) and (H) hold.
(H) There exist ρ,ρ,ρ ∈ (,∞) with ρ < γρ and ρ < ρ such that

f ρ
 < φp(l), Iρ (k) < lρ, f ρ

γρ > φp(L), f ρ
 < φp(l), Iρ (k) < lρ.

Then problem (.)-(.) has at least two positive solutions u, u with
u ∈ �ρ \Kρ , u ∈ Kρ \ �ρ .

(H) There exist ρ,ρ,ρ ∈ (,∞) with ρ < ρ < γρ < ρ such that

f ρ
γρ > φp(L), f ρ

 < φp(l), Iρ (k) < lρ, f ρ
γρ > φp(L).

Then problem (.)-(.) has at least two positive solutions u, u with
u ∈ Kρ \ �ρ , u ∈ �ρ \Kρ .

Proof We only consider condition (H). If (H) holds, then the proof is similar to that
of the case when (H) holds. By Lemma ., we know that the operator T : K → K is
completely continuous.
First, we show that iK (T ,Kρ ) = . In fact, by (.), f ρ

 < φp(l), and Iρ (k) < lρ, we have,
for u ∈ ∂Kρ ,

(Tu)(t) =


α –
∫ 
 g(s)�s

∫ 


g(s)

(∫ 

s
φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+


α –
∫ 
 g(s)�s

[
βφq

(∫ 


f
(
s,u(s)

)∇s
)

+
∫ 


g(s)

(∑
s≤tk

Ik
(
u(tk)

))
�s

]
+

∫ 

t
φq

(∫ s


f
(
r,u(r)

)∇r
)

�s

+
∑
t≤tk

Ik
(
u(tk)

)
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≤ 
α –

∫ 
 g(s)�s

∫ 


g(s)

(∫ 


φq

(∫ τ


f
(
r,u(r)

)∇r
)

�τ

)
�s

+


α –
∫ 
 g(s)�s

[
βφq

(∫ 


f
(
s,u(s)

)∇s
)

+
∫ 


g(s)

( m∑
k=

Ik
(
u(tk)

))
�s

]
+

∫ 


φq

(∫ s


f
(
r,u(r)

)∇r
)

�s

+
m∑
k=

Ik
(
u(tk)

)

=
α

α –
∫ 
 g(s)�s

[∫ 


φq

(∫ s


f
(
r,u(r)

)∇r
)

�s +
m∑
k=

Ik
(
u(tk)

)]

+
β

α –
∫ 
 g(s)�s

φq

(∫ 


f
(
s,u(s)

)∇s
)

<
β + α

α –
∫ 
 g(s)�s

φq

(∫ 


f
(
s,u(s)

)∇s
)
+

α
∑m

k= Ik(u(tk))
α –

∫ 
 g(s)�s

<
β + α

α –
∫ 
 g(s)�s

lρ +
α

α –
∫ 
 g(s)�s

lρm

= lρ

[
β + (m + )α
α –

∫ 
 g(s)�s

]
= ρ,

i.e., ‖Tu‖ < ‖u‖ for u ∈ ∂Kρ . By (i) of Theorem ., we obtain iK (T ,Kρ ) = .
Secondly, we show that iK (T ,�ρ ) = . Let e(t) ≡ . Then e ∈ ∂K. We claim that

u �= Tu + Be, u ∈ ∂�ρ ,B > .

Suppose that there exist u ∈ ∂�ρ and B >  such that

u = Tu + Be. (.)

Then Lemma ., Lemma ., and (.) imply that for t ∈ [, ]

u = Tu + Be≥ γ ‖Tu‖ + B

≥ γ
β

α –
∫ 
 g(s)�s

φq

(∫ 


f
(
s,u(s)

)∇s
)
+ B

> γ
β

α –
∫ 
 g(s)�s

φq

(∫ 


φp(Lρ)∇s

)
+ B

= γ
β

α –
∫ 
 g(s)�s

Lρ + B = γρ + B,

i.e. γρ > γρ + B, which is a contradiction. Hence by (ii) of Theorem ., it follows that
iK (T ,�ρ ) = .
Finally, similar to the proof of iK (T ,Kρ ) = , we can prove that iK (T ,Kρ ) = . Since ρ <

γρ and Lemma .(b), we have Kρ ⊂ Kγρ ⊂ �ρ . Similarly to ρ < ρ and Lemma .(b),
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we have �ρ ⊂ Kρ ⊂ Kρ . Therefore (iii) of Theorem . implies that BVP (.)-(.) has
at least two positive solutions u, u with u ∈ �ρ \Kρ , u ∈ Kρ \ �ρ . �

Theorem . can be generalized to obtain many solutions.

Theorem . Suppose (H)-(H) hold. Then we have the following assertions.
(H) There exists {ρi}m+

i= ⊂ (,∞) with ρ < γρ < ρ < ρ < γρ < · · · < γρm <
ρm < ρm+ such that

f ρm–
 < φp(l), Iρm–

 < lρm– (m = , , . . . ,m,m + ),

f ρm
γρm > φp(L) (m = , , . . . ,m).

Then problem (.)-(.) has at least m solutions in K .
(H) There exists {ρi}m

i= ⊂ (,∞) with ρ < γρ < ρ < ρ < γρ < · · · < γρm < ρm

such that

f ρm–
 < φp(l), Iρm–

 < lρm–, f ρm
γρm > φp(L) (m = , , . . . ,m).

Then problem (.)-(.) has at least m –  solutions in K .

Theorem . Suppose (H)-(H) hold. Then we have the following assertions.
(H) There exists {ρi}m+

i= ⊂ (,∞) with ρ < ρ < γρ < ρ < · · · < ρm < γρm+ <
ρm+ such that

f ρm–
γρm– > φp(L) (m = , , . . . ,m,m + ), f ρm

 < φp(l),

Iρm < lρm (m = , , . . . ,m).

Then problem (.)-(.) has at least m solutions in K .
(H) There exists {ρi}m

i= ⊂ (,∞) with ρ < ρ < γρ < ρ < · · · < γρm– < ρm– <
ρm such that

f ρm–
γρm– > φp(L), f ρm

 < φp(l), Iρm < lρm (m = , , . . . ,m).

Then problem (.)-(.) has at least m –  solutions in K .

4 Example
Example . In BVP (.)-(.), suppose thatm = , p = , t = 

 , g(s) = s, α = 
 , β = 

 , and
T = { n+ : n ∈N} ∪ [, ], i.e.,

–
[
φ

(
u�(t)

)]∇ = f
(
t,u(t)

)
, t ∈ [, ]T

∖{



}
, (.)

–
(
u
(



+)
– u

(



–))
= I

(
u
(



))
, (.)

u�() = ,


u() +



u�() =

∫ 


su(s)�s, (.)
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where

f (t,u) =

⎧⎪⎪⎨
⎪⎪⎩


 (–u + ), u ∈ [, ];

,(u – ), u ∈ (, ];

,, u ∈ (,∞);

I(u) =
u

.

Taking ρ = , ρ = , ρ = , we have l = 
 , L = 

 , γ = 
 . We obtain

 = ρ < γρ =  and  = ρ < ρ = .

Now, we show that (H) is satisfied:

f  =



< φ

(



)
=



, I =


< lρ =




,

f  =
,
,

> φ

(



)
=



,

f  =
,
,

< φ

(



)
=



and I =  < lρ =



.

Then all conditions of Theorem . hold. Hence, we find that the BVP (.)-(.) has at
least two positive solutions.
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