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1 Introduction
Let R, be the set of positive real numbers. Then a two-variable continuous function M :

]R%r — R, is said to be a mean on R, if the double inequality
min(a, b) < M(a, b) < max(a,b)
holds for all ,b € R,.
The classical arithmetic-geometric mean AGM(a, b) of two positive real numbers a and
b is defined as the common limit of sequences {a,} and {,}, which are given by

AGM(a,b) = nILToa” = nlirrgobn,

where ag = a, by = b, and for n € N,

a, +b,
Apsl = 5 bpi = va b,. 1.1)

The well-known Gauss identity shows that

AGM(L,VI= 1) = —

2K(r)
for r € (0,1), where K(r) = fonlz(l —r2sin” £)7V2 dt [1] is the complete elliptic integral of the
first kind.
Let a,b > 0 with a # b. Then the well-known Stolarsky mean [2] S, 4(a, b) can be ex-
pressed as
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1a=07)V if pg(p —q) 70,
bP—al 1/ : _
(p(lnqh—alga)) ? lfp 7!0,61 =0,
Spqla,b) = (m)w ifp=0,9#0, 1.2)
exp(Plb-aine — 1) ifp=q 0,
~ab ifp=q=0.

Many bivariate means are the special case of the Stolarsky mean, for example, Sy (4, b) =
(a+Db)/2 = A(a, D) is the arithmetic mean, Sy o(a, b) = Vab = G(a, b) is the geometric mean,
Ss21/2(a,b) = (a + Vab + b)/3 = He(a, b) is the Heronian mean, S10(a,b) = (b—a)/(Inb -
Ina) = L(a,b) is the logarithmic mean, S;1(a,b) = 1/e(b®/a®)"?=?) = I(a,b) is the iden-
tric (exponential) mean, Sy, ,(a, b) = AP (g bP) = A,(a, b) the p-order arithmetic (power,
Holder) mean, Sspa,2(a,b) = Hel'P(g?, b?) = Hey(a, b) is the p-order Heronian mean,
Spola,b) = LYP(a?,bP) = Ly(a, b) is the p-order logarithmic mean, S,,(a,b) = I'?(a?, b’) =
I,(a, b) is the p-order identric (exponential) mean and S,.1,(a,b) = [p(a?t — b))/ [(p +
1)(a” — b”)] = J,(a, b) is the one-parameter mean.
Another important family of means is the Gini means [3] defined by

(2221 /(p—9) ifp#4q,

Gp,q(ﬂ; b) = al+bl lfp _q

af Ina+b? lnb) (13)

exp(“— 4515

it also contains many special means, for instance, Gio(a,b) = A(a, b) is the arithmetic
mean, Gyi(a,b) = a”@Dp/@b) — [(a?,b*)/1(a,b) = Z(a,b) is the power-exponential
mean, Gp,o(a,b) = AVP (gl bP) = A,(a,b) is the p-order arithmetic (power, Holder) mean,
Gppla,b) = ZVP (a?, b?) = Zy(a, b) is the p-order power-exponential mean and G.,1,(a, b) =
(@' + bP*Y)/(a? + bP) = L,(a, b) is the Lehmer mean.

Recently, the inequalities for the bivariate means have been the subject of intensive re-
search. In particular, the bounds for the arithmetic-geometric mean AGM have attracted
the attention of many mathematicians. It is well known that the double inequality

L(a,b) < AGM(a,b) < L*? (am, bg/z) (1.4)

holds for all a, b > 0 with a # b. The first inequality of (1.4) was first proposed by Carlson
and Vuorinen [4], it was proved in the literature [5-8] by different methods. Vamana-
murthy and Vuorinen [9] (also see [5, 6]) proved that AGM(a, b) < (7 /2)L(a,b) for all
a,b > 0 with a # b. The second inequality of (1.4) is due to Borwein and Borwein [10], and
Yang [8] presented a simple proof by use of the ‘Comparison Lemma’ [10, Lemma 2.1].

In [9] Vamanmurthy and Vuorinen presented the upper bounds for the arithmetic-
geometric mean AGM in terms of the arithmetic mean A, geometric mean G and log-
arithmic mean L as follows:

AGM(a,b) < Ly(a,b) = (Ala,b)L(a, b)),
AGM(a,b) < I(a,b) < A(a,b),

AGM(a, b) < A12(a, b)

forall a,b > 0 with a # b.
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In 1995, Sandor [5] proved that the double inequality

1 1

12/(5w) , 1-12/(57) <AGM((Z’ b) < 2/m + 1-2/x’
Ala,b)

L(a,b) Ala,b) L(a,b)

(1.5)

holds for all a, b > 0 with a # b, and it was improved by Alzer and Qiu [11, Theorem 19] as

1 1
—5 15, <AGM(a,D) < (1.6)

1-ap ’
@b t

2
Aab) L@h T Aab)

with the best possible parameters 8, = 3/4 and oy =2/7.
Other inequalities involving AGM can be found in the literature [12-20].
The aim of this paper is to establish the new inequality chains for the ratio of certain

bivariate means, and we present the sharp bounds for the arithmetic-geometric mean
AGM.

2 Lemmas
In order to establish our main results we need several lemmas, which we present in this
section.

Lemma 1 ([21, Corollary 1.1]) Let a,b > O with a # b. Then both S,,,_p(a,b) and
Gpom-pla, b) are strictly increasing (decreasing) with respect to p € (—o0o,m) (p € (m,00))
for fixed m > 0.

Lemma 2 ([22, Theorem 5], [23, Theorem 3.4]) Let a,b,c,d > 0 with bla > d/c > 1. Then
the ratio of Stolarsky means R(p,2m — p;a, b; c,d) = Sy 2m—p(a, b)/Sp2m-p(c, d) is strictly in-
creasing (decreasing) with respect to p € (—oo, m) (p € (m, o0)) for fixed m > 0.

Lemma 3 ([24, Theorem 4.1]) Let a,b,c,d > 0 with b/a > d/c > 1. Then the ratio of Sto-
larsky means R(p, q;a,b;c,d) = S, 4(a,b)/S,4(c,d) is strictly log-concave (log-convex) with
respect to p € ((|q] — q)/2,00) (p € (—o0,—(|q] + q)/2)) for fixed q € R.

From Lemma 3, we have Corollary 1.
Corollary1 Let >0, €(0,1) and a,b,c,d > 0 with bla > d/c > 1. Then the function

A—ap

p R*(p,0;a,b;c,d)R*™ ( 0;a,b;c, d> =:r(p)

—_— a ?
is strictly increasing in (0, 1) and strictly decreasing in (A, Llat).

Proof Let p; = (A —ap)/(1 —a). Then

:/((5)) = a(InR(p,0;a,b;¢,d)) + (1 - ) (InR(p1, 0;a,b;¢, d))’
-a
X —
l-«

= a((InR(p,0;a,b;¢,d)) — (InR(py,0;a,b; ¢, d))')
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=a(p-p)(InRE,0;a,b;¢,d))"
= L(p - A)(lnR(S, 0;a,b;c, d))//,
l-«a
where £ is between p and p;.
It follows from Lemma 3 that R(p, 0; 4, b; ¢, d) is strictly log-concave with respect to p €

(0, 00) and strictly log-convex with respect to p € (=00, 0). Therefore, r'(p) > 0 for p € (0, 1)
and r'(p) < 0 for p € (A, AM/a). O

Lemma 4 ([25, Corollary 3.1]) Let a,b,c,d > 0 with bla > d/c > 1. Then the function

\/Sp,q(a; b)SZk—p,q (a,b)
\/Sp,q (C: d)S2k—p,q (C: d)

Qlp) =

is strictly decreasing (increasing) in (k,00) and strictly increasing (decreasing) in (—oo, k)
for fixed q > (<)0, k > (<)0 with g* + k> #0.

Let (k,q) = (3/2,0), (1/2,1), respectively. Then Lemma 4 leads to the following.

Corollary 2 Leta,b,c,d >0 with b/a>d/c > 1. Then
(i) the function

VSpo(a,b)Ss_p0(a, b)
V/Spo(e, d)S3_p0(c, d)

is strictly decreasing in (3/2, 00) and strictly increasing in (—00,3/2);
(ii) the function

\/Sp,l (a, b)Sl—p,l(ﬂr b)
\/Sp,l (c, d)Sl—p,l(C: d)

P

is strictly decreasing in (1/2,00) and increasing in (-00,1/2).
Lemma5 Leta,b>0 withb>a. Then bla > A(a,b)/G(a,b) > 1.

Proof Simple computations lead to

b Alab) f\f

a Gla, b) a

e :

Lemma 6 ([26]) Let x € (0,1). Then

2
AGM(1, %) ~ % x— 0% @.1)

1 1 5, 7 5 169
— =14+ X+ =X+ =%+
AGM(1,1-x) 2 16 32 1,024

xt + o(x4). (2.2)
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Lemma 7 is a consequence of the ‘Comparison Lemma’ in [10, Lemma 2.1].

Lemma?7 Let ® be a bivariate mean such that ®(G(x,y),A(x,y)) < (>)P(x,y) forall x,y > 0
with x #y. Then

AGM(a, b) < (>)®(a,b)
foralla,b>0 witha #b.

3 Inequality chains for the ratio of means
In this section, we give some inequality chains for the ratio of certain bivariate means,

which will be used to prove our main results in next section.
Proposition1 Leta,b,c,d >0 with bla > d/c > 1. Then we have

VA(a,b)G(a,b)  Gsja-1/4(a,b)  S7/a,-1/a(a, b)

. 3.1
VAGAGGd)  Gaaanod) - Syaia(od) 61)

Proof The second inequality of (3.1) can be rewritten as

S714,-1/a(1, bl a) S S714,-11a(1,d/c)
Gsja-1a(1,b/a) = Gapaya(l,dlc)

Therefore, it suffices to prove that the function

S7ia,/a(Lx) 1 2741 VY

filx) =In -1

= n —1n
Gaa-1a(Lx) 2 7(1—-x7V%) x4

is strictly increasing in (1,00). Replacing x by x* and differentiating f; give

e+ D +x%+1)(x-1)° 0
= >
202 —x+1)(x® + x5 +x* + 3 + 22 +x + 1)

for x € (1, 00).
Similarly, to prove the first inequality of (3.1), it suffices to prove that the function

Gan 1’ 3/4 1 _ 4 1
A =1n s-1al®) x4 —ln\/;c Vx +

n
VALHGLD)  (va g 1) [o1 sz \/g

is strictly increasing on (1, 00). Replacing x by x* and differentiating f, yield

(x+1D(x—-1)>3

3o 4\ _
axfy (x*) = (2 —x+1)(x* +1)

for x € (1, 00), which completes the proof. d

Page 5of 13
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Proposition 2 Let a,b > 0 with a # b. Then we have

A(a,b)G(a,b) y Gs/a,-1/4(a, b) § S7/a,-114(a, b) <1 (3.2)
VA(G,A)G(G,A)  G3/4,-1/4(G,A) ~ Syja-1/4(G,A) '

where G = G(a, b) and A = A(a, b).

Proof By symmetry, without loss of generality, we assume that a < b. Then from Lemma 5
and Proposition 1 we clearly see that the first and second inequalities of (3.2) hold. Next
we prove the last inequality of (3.2). Let ¢ = In+/b/a > 0, then the last inequality of (3.2)

can be rewritten as

sinhZ \" /1 (cosh£)”* =1 \"* /1 (cosht)? - (coshz)V/*\"?
2/ ) o2 _
7 sinh £ 71— (cosh¢)-1/4 7  (cosht)t/4 -1

It suffices to prove that the function

sinh Z + (sinh £)(cosh £)? )4 0

PN 7N
51nh4+51nh4

g(t) = cosht - (

fort>0.

Simple computations lead to

sinh 7¢ + (sinh £)(cosh 4¢) = 8(sinh ¢ cosh? t) (2 cosh? ¢ — 1) (4 cosh® ¢ — 2 cosh? ¢ — 1),
sinh7¢ + sinh ¢ = S(Sinh tcosh? £) (4 cosh® £ — 3) (2 cosh® ¢ — 1),

cosh4t = 8cosh* t —8cosh®t + 1,

sinh 7¢ + (sinh t)(cosh 4¢)? )4

4t) = h4t -
g(42) = cos ( sinh 7¢ + sinh ¢

4cosh*t—2cosh?t -1
4cosh’¢ -3

4
- (8 cosh*t —8cosh® £ + 1)- ( ) =g (cosh2 t),

where

4x? —2x -1

4
) , x=cosh?t>1.
4x -3

gi(x) = (8% —8x+1) — (

g1(x) can be rewritten as

16x* + 3243 — 88x? + 48x — 5
(4o — 3)%
16x%(x — 1)? + 64x(x — 1) + 16x(x — 1) + 5(x> — 1) + 312

_ 14
=-16(x-1) 4 3) <0

gax) =-16(x— 1)*

for x > 1. Therefore, g(£) < 0 for ¢ > 0.
Thus we complete the proof. (]
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Proposition 3 Let a,b,c,d >0 with b/a>d/c>1andp € (3/2,2). Then

AY%(a,b)L3*(a, b) \/W Lsjs(a, b)
AY4(c,d)L3%(c,d) \/W L3 (c,d)
y VL(a,b)Ay3(a,b) . VL(a,b)I(a,b) . Ss/4,1/a(a, b)
VL(c,d)Ays(c,d)  /L(c,d)I(c,d)  Ssjansalc,d)
. Hes,a(a, b) . Ayp(a,b) . I4(a, b).
Hesa(c,d)  Aip(e,d)  I3jlc,d)

Proof (i) From part one of Corollary 2 we see that

V/S2,0(a,b)S1,0(a, b) p VSpo(@,b)S3_p0(a,b) . V/S312,0(@, b)S312,0(a, b)
VS0 d)Siolc,d)  /Spolc,d)S3po(c;d) — \/S3p2,0(c,d)S3120(c, d)

for p € (3/2,2).
Therefore, the first and second inequalities of Proposition 3 follow from the above in-

equalities and /Sy o(a, b)S, 0(a, b) = AV*(a, b)L**(a, b) together with S350 (a, b) = L35 (a, b).

(ii) For the third inequality of Proposition 3. From

4/3 o(a,b)

Asp3(a, b) = Sas3213(a, b) = Suso(@D)

we clearly see that it suffices to prove

S312,0(a, b)y/Says, 0(6Z b) 54/3 ola, b)\/ Si0(a, b)
Ssp0(c, d)/Sas0(c,d 54/30 ¢, d)\/S1,0(c,d)

Let (o, A) = (1/3,11/9). Then Corollary 1 leads to the conclusion that the function

11-3
pHRllg(p,O;a,b;c,d)R2/3< - P 0;a,bic, )z:r(p)

is increasing in (0,11/9). Therefore, (2/3) < r(1), that s,

S312,0(a, b)\/Sos3,0(a, b) 54/3,0 (a,b)\/S1,0(a,b)
S3,0(c, d)y/Sasz0(c, d) 54/3,0 (c;d)\/S10(c, d)

(iii) The fourth inequality of Proposition 3 can be written as Ays3(a, b)/Azs(c,d) <
I(a,b)/I(c,d), that is, R(4/3,2/3;a,b;c,d) < R(1,1;a,b;c,d). Let m = 1, then from Lemma 2
we know that R(p,2 — p; a, b; ¢, d) is strictly decreasing with respect to p € (1, 00).

(iv) For the sixth, seventh, and eighth inequalities, let m = 3/4, then Lemma 2 leads to
the conclusion that R(p, 3/2 — p; a, b; ¢, d) is strictly decreasing with respect to p € (3/4, 00).
Consequently,

3 3
R §,——E;a,b;c,d <R 2——9;61,19;0,61'
4°2 4 2 8

3 33 3
<R\1,=-L;a,b;c,d | <R\ —,= — —;a,b;c,d |,
2 4°2 4

which gives the desired results.
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(v) Finally, we prove the fifth inequality. It can be written as

VLA, b/a)I1,b/a) /L(Q,d/c)I(1,d/c)
< .
Ssa174(1, bla) Ss/a/a(1,d/c)

Thus we need only to prove that the function

L(1,x)I(1,x)
=1
hx) =In Ss/a,1/4(1,%)

is strictly decreasing in (1, 00). Let ¢ = In4/x € (0, 00). Then
5t

inh
>_1 Y .

n———=
551nhz

1.  sinht 1
n

tcosht
h(x) = =1 +—< Ot _
2 t 2

sinh ¢

Differentiating /;(¢) yields

, hy(t)
hl(t) == . 1, - 1.545 12,
4¢sinh Ztsmh Etsmh t

where
t 5t t 5t t 5
hy(t) = 2¢2 sinh 2 sinh — + 2 sinh 2 sinh Z sinh? ¢ — ¢ cosh — sinh = sinh? ¢

5t t t 5t
+ 5t cosh — sinh 2 sinh? ¢ — 4¢sinh 2 sinh z coshtsinht.

We clearly see that it is enough to prove /;(¢) > 0 for ¢ > 0.
Making use of ‘product to sum’” and power series formulas we get
, 1 ¢ 1 3 , 3 3 1 7t
hy(t) = —tsinh — + — cosh — — = cosh — + ¢“ cosh — — ¢sinh — + — cosh —
2 2 2 4 2

11 1
+ = cosht+ —tsinh¢ — t> cosht — 2 cosh 3t — —¢tsinh 3¢

o0
s(n)
=2 T T
n=1 '

where
s(n) = 7%" (—n + 1) 6> + (64n” — 80n —18)3*"~> — (161> — 301 —1)2*" — 161 + 1.

It is easy to verify that s(1) = s(2) = s(3) = 0, s(4) = 71,680. Next we show that s(n) > 0 for

n > 5. To this end, we rewrite s(x) as

1
s(n) = 6%s1(n) + 5 (161> — 301 — 1)2%"s(n) + s3(n),

where

2n
s1(n) = (%) - (%n + 1),
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3 2n
So(n) =32 -9 x 2% = <5> -9,

s3(n) = (48n* — 501 —17)3*""% — 161 + 1.

Due to (1612 — 301 — 1) = 16n(n — 2) + (21 — 1) > 0 for n > 2, it suffices to prove s;(1) > 0
forn>5,i=1,2,3. Indeed,

, 7\* 7 2 7\° 7 2
sl(x)=2 g lng—§22 g lng—§=0.77...>0,

therefore, s;(n) > s1(5) = 20,455,153/60,466,176 > 0; sy(n) > 55(3) = 153/64 > 0; s3(n) >
(48n* —50n —17) —16m +1 =48(n—2)? +126(n —2) + 44 > 0.
This completes the proof. d

Proposition 4 Let a,b > 0 with a #b. Then for p € (3/2,2) we have

A1/4 (ﬂ; b)L3/4 (ﬂ, b) vV Lp (ﬂ, b)LB—p(a¢ b)
1< <

A1/4(G:A)L3/4(G1A) \/Lp(G1A)L3—p(GrA)

Lg/z(ﬂ, b) < \/L((l, b)Az/g((l, b) < \/L(ﬂ, b)[(ﬂ, b)
L3pp(G,A)  VL(G,A)Ay3(G,A)  VL(G,A)I(G,A)
Ssjanala,b)  Hesula,b)  Aipla,b)  Lla,b)

< < < )

S5/41/4(G,A)  Hespa(G,A)  A1p(G,A)  I34(G,A)

(3.3)
where G = G(a, b) and A = A(a, b).

Proof Without loss of generality, we assume that a < b. Then the second inequality to the
last inequality in (3.3) follows easily from Proposition 3 and Lemma 5.

Next we prove the first inequality of (3.3). Let £ = In+/b/a > 0. Then it equivalent to the
inequality

1 3 sinht 1 cosht+1 3. cosht-1
u(t) = —Incosht + — In ——1In ——1In >
4 4 4 2 4 Incosht

Differentiating u(t) gives

3t sinh® ¢ — (¢ + 3sinh £cosh ¢ + 2t cosh £) In(cosh £)

u'(t
® 2t(sinh 2¢) In(cosh )
t + 3sinhtcosht + 2t cosht
= . X ul(t)l
2t(sinh 2¢) In(cosh £)
where
3¢sinh? ¢

u(t) = —In(cosh?).

t + 3sinhtcosht + 2tcosht

Differentiating u () leads to

_ tsinht
" (¢ + 2tcosht + 3 cosh ¢sinh £)2 cosh ¢

uy (t)

X Ltz(t),

Page9of 13
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where
13 . 3 . 3 .
uy(t) = Etcosht —3sinht + tcosh 2t + 5 sinh 2¢ + Etcosh 3t — 3sinh 3¢.

Making use of the power series we get

o th— th 1 22n—2t2n—1
U (t
(0= Z(2n 2)! Z(2n 1)! 21: (2n-2)!
3 0 22n—1t2n—1 3 0 32n—2t2n—1 R 32n—1t2n—1

+ = —t = —=-3) —
24~ @2n-1! 24 (2n-2) T4 (2n-1)!

= v(n) 1
21:(2;1 1)' ’

where

7 19
v(n) = (n - 5)32"_1 +(m+1)22 4 (13;1 - ?)

Clearly, v(1) = v(2) = 0, v(3) = 36 and v(n) > O for n > 4. Therefore, u,(¢) > 0, u;(¢) is strictly
increasing in (0,00), u1(£) > u1(0%) = 0, /(¢) > 0, and u(¢) > u(0*) = 0 for ¢ > 0.
Thus the proof is finished. d

4 Sharp bounds for AGM
In this section, we present several sharp bounds for the arithmetic-geometric mean AGM.
Theorem 1 can be derived from Propositions 1-4 and Lemma 7.

Theorem 1 Let a,b > 0 with a # b. Then the inequalities

VAl(a,b)G(a, b) < Gsja,-1/4(a, b) < S7/4,-1/a(a, b) < AGM(a, b)

< AY"(a,b)L**(a, b) < | /L,(a, b)L3_p(a,b)

< Lsj(a, b) < /L(a, b)Ay3(a, b) < v/L(a, b)I(a, b)

< Ss/a,1/4(a, b) < Hesjo(a, b) < A1pa(a, b) < I314(a, b)
hold for p € (3/2,2).

Remark1 We clearly see that the upper bound AY*L3'* for AGM is better than L3,. More-
over, we have

AGM(a, b) < AV4(G,A)L¥*(G,A) = A}5(a, b)L¥*(G, A).
Theorem 2 The inequality
AGM(a,b) < AP(a,b)L* P (a, b) (4.1)

holds for all a,b > 0 with a # b if and only if p > 1/4.
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Proof Letx >0 and x — 0*. Then (2.2) and the power series

1 1 4-p, 9
=1+-—x+ x“+o(x
AP(1,1-x)L1P(1,1 - x) 2 2 ( )

lead to

x—0* x2 - 12

1 1
lim AGMOI) ~ APl _ 1 ( i)

Therefore, p > 1/4 is the necessary condition for the inequality AGM(a, b) < A?(a, b) x
L'"P(a, b) to hold for all @, b > 0 with a # b. The sufficiency follows easily from the function
p > AP(a,b)L'P(a, b) is strictly increasing and Theorem 1. O

Leta,b >0 witha #b, r € R and « € (0,1). Then we define M,(A(a, b), L(a, b); i) by

1 1, 3\ 1 3
M |AL=)=(=4"+ZL ifr#0and My A,L; = ) = AV4L3/4, (4.2)
4 4 4 4

Remark 2 From Theorem 1 and (1.6) we clearly see that the double inequality
M_(A(a,b),L(a,b);1/4) < AGM(a, b) < Mo (A(a, b), L(a, b); 1/4)

holds for all @, b > 0 with a # b.
Moreover, making use of (2.1) and (2.2) we get

- 00, r>0,

- (%)I/r: r< 01

lim 4 \nx
x—>0* 1/In(1/x)

AGM(1,x) — (3 (B)r + 2 (L))t . {

SIERNIE]

. AGM(ll,l—x) - (i(zz;x)r + %(1n(_1_x))r)1/r r+1/10
lim = .
x—0* x4 1,536

Therefore, p < —(In4 — In3)/(Inw —1In2) = —-0.63... and g > —1/10 are the necessary
conditions such that the double inequality

1 1
M, (A(zz, b),L(a,b); Z) <AGM(a,b) <M, (A(a, b),L(a,b); Z) (4.3)
holds for all @, b > 0 with a # b.
Conjecture 1 The double inequality
1 1
M, <A(a, b),L(a,b); Z) <AGM(a,b) <M, (A(u, b),L(a,b); Z)

holds for all a,b > 0 with a # b ifand only ifp < —(In4 —In3)/(In —In2) and g > -1/10.
Theorem 3 Let p,q > 3/4. Then the double inequality
Spar-pla,b) <AGM(a, b) < Sy 3/2-4(a, b) (4.4)

holds for all a,b > 0 with a # b if and only if p > 7/4 and 3/4 < q < 3/2.
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Proof The sufficiency follows from the function p = S, 3/2_,(a, b) is strictly decreasing in
(3/4,00) by Lemma 2 and Theorem 1.
Next we prove the necessity. It follows from (2.1) and (2.2) together with the power series

1 1 5 7 2p* —3p +316
— =1kt X X Lx‘* + o(x4),
Sparn-p(1,1—x) 2 16 32 1,920

that
1 1
lim AGHIT%) ~ Span i 169 2p* - 3p + 316
x>0* xt 1,024 1,920
lim AGM(1,x) — Sq,g/z,q(l,x) 3 % —00, 3/4<q<3/2,
x>0 1/(In(1/x)) |z q>3/2.

Therefore, p > 7/4 and 3/4 < q < 3/2 are the necessary conditions the double inequality
(4.4) to hold for all @, b > 0 with a # b. O

Theorem 4 Let p > 1/2. Then the inequality

AGM(a,b) < \/S,1(a, b)S1_pa(a,b) (4.5)

holds for all a,b > 0 with a # b if and only if 1/2 <p <1.

Proof The sufficiency follows from the function p — /S,1(a,b)Si_p1(a, b) is strictly de-
creasing in (1/2, co) by Corollary 2(ii) and the inequality

AGM(a,b) < \/L(a, b)I(a,b) = \/Sl,l(a, b)Soa(a,b)

in Theorem 1, and the necessity can be derived from the inequality

lim AGM(1,%) = /Spa(L1 = %)81 (1,1 - x) - %
2

- 00, 1/2 SP < 17 <0
x—0* 1/(In(1/x)) -

, p>1 ' U

Making use of the similar methods, we can prove Theorems 5-7, we omit the proofs

here.

Theorem 5 Let and p,q > 1/4. Then the double inequality

Gp2-pla, b) < AGM(a, b) < Ggr12-¢(a, b)
holds for all a,b > 0 with a # b if and only if p > 3/4 and 1/4 < q <1/2.
Theorem 6 The double inequality

Sprpla, b) < AGM(a, b) < Sgi1,4(a, b)

holds for all a,b > 0 with a # b if and only if p < 0 and q > 1/4.
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Theorem 7 The double inequality

Hey,(a,b) < AGM(a, b) < Hey(a, b)

holds for all a,b > 0 with a # b if and only if p < 0 and q > 3/4.
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