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Abstract

By using methods in the theory of majorization, a double inequality for the gamma
function is extended to the k-gamma function and the k-Riemann zeta function.
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1 Introduction
The Euler gamma function I'(x) is defined [1] for x > 0 by

oo
I(x) :f ettt 1)
0
In 2005, by using a geometrical method, Alsina and Tomads [2] proved the following
double inequality:
1 ra "
—5&51, x€[0,1],neN. (2)
n' — I'(l+nx)

In 2009, Nguyen and Ngo [3] obtained the following generalization of the double in-
equality (2):

[TLTA+w) _ [T TA +ax) - 1

, 3
C(B+> ") ~ T+ (O e ~ T(B) ®)

wherex € [0,1],8>1,; >0, neN.

For k > 0, the function Ik is defined [4] by

k" (k) %!
() = lim KU o (4)
n—>o0 (x)k

where ()4 = x(x + k)(x + 2k) - - - (x + (1 — 1)k).

The above definition is a generalization of the gamma function. For x € C with Re(x) > 0,
the function 'y (x) is given by the integral [4]

Ti(x) = fome_%tx_l dt. (5)

©2014 Zhang and Shi; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/191
mailto:ldtzhangjing1@buu.edu.cn
mailto:zhang1jing4@outlook.com
http://creativecommons.org/licenses/by/2.0

Zhang and Shi Journal of Inequalities and Applications 2014, 2014:191
http://www.journalofinequalitiesandapplications.com/content/2014/1/191

It satisfies the following properties [4—6]:
(i) Ti(k)=1;
(i) Ty(x) =T(x).
For k > 0, the k-Riemann zeta function is defined [5] by the integral

1 o0 tx—k
Ck(x) = —F/((x) /(; 71 dt, x>k (6)

Note that when k tends to 1 we obtain the known Riemann zeta function ¢ (x).

In this note, by using methods on the theory of majorization, we extended the double in-
equality (3) to the function I'x(x) and the k-Riemann zeta function, namely, we established
the following theorems.

Theorem 1

[T Te + o) _ [T Tr(@ + oix) - 1

) 7
Ch(B+ Y 00) ~ Te(B+ QL ai)x) — Tw(B) @)
wherex € (0,1, 8>1,;>0,i=1,...,n,neN.
Theorem 2
[Ttk + 1+ a)Telk + 1+ ;)
GB+k+X L a)Te(B+k+ YL o)
- TT5 Sk + 1+ o) Tie(k + 1 + ozx)
T a(B+k+ Qo a)x)Tr(B + k+ (Do a)x)
2 n
(*/6) ®)

< )
T B+ KB + k)

wherex € (0,1, 8>1,;>0,i=1,...,n,neN.

Substituting k =1 and ; =1 (i = 1,..., ) into (8) and taking into account that I'(3) = 2
and ¢(2) = 7%/6, we obtain the following.

Corollary 1

(2¢(3))" __ QR+or2+x)" (¢(2))"

CA+B+mTA+B8+n) ~cA+B+nx)TA+B+nx) — ¢(1+B)1+p) ©)

wherex € [0,1], 8>1,neN.
Remark1 ¢(3) is Apéry’s constant [7].

2 Definitions and lemmas
We need the following definitions and auxiliary lemmas.

Definition 1 [8,9] Letx = (x1,...,%,) andy = (1,...,y,) € R™.
(i) We say y majorizes x (x is said to be majorized by y), denoted by x <y, if
SN xg <Y oy fork=1,2,...,n—1and Y0 x; = Y0y, where ) > -+ > xqy
and ypj) > - - - >y, are rearrangements of x and y in a descending order.
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(i) Let 2 CR”, a function ¢ : 2 — R is said to be a Schur-convex function on € if
X <y on Q implies ¢(x) < ¢(y). A function ¢ is said to be a Schur-concave function
on € if and only if —¢ is Schur-convex function on €.

Definition 2 [8, 9] Letx = (xy,...,%,) andy = (y1,...,¥,) € R, @ € [0,1].
(i) A set 2 CR”issaid to be a convex set if x,y € Q implies
ax+ (1 -a)y=(ax1 +(1—a)y,...,ox, + (1—)y,) € Q.
(if) Let 2 C R” be a convex set. A function ¢: 2 — R is said to be a convex function on
Qif

p(ax+(1-a)y) <ap(X)+ (1 -a)p(y)

for all x,y € Q. A function ¢ is said to be a concave function on € if and only if —¢
is a convex function on .

(iii) Let Q € R". A function ¢ : 2 — R is said to be a log-convex function on € if the
function log ¢ is convex.

Lemmal [8,p.186] Letx,y € R", 1 >y > -+ > xy, and y - %=y -, y;. If for some k,
1<k<mx;<y,i=1....kx; >y fori=k+1,...,n thenx <y.

Lemma2 Letf, g be a continuous nonnegative functions defined on an interval [a, b] C R.
Then

b
1) = f 2O (F©) dt

is log-convex on [0, +00).

Proof Let o, B >0, 0 <s <1 by the Holder integral inequality [10, p.140], we have
b b
o+ -398) = [ g0 de~ [ (et01r0)") (et r(0)’) " d

< (/ﬂbg(t)(f(t))a dt>s(/jg(t)(f(t))ﬂ dt> o (I@) (18)",

logI(sa +(1- s),B) <slogl(x)+ (1 -s)logl(B),
this means that /(x) is log-convex on [0, +00). O
Remark 2 When b = +00, the results of Lemma 2 presented previously hold true.

Lemma 3 [8, p.105] Let g be a continuous nonnegative function defined on an interval
I CR. Then

o) = [gtx), xer,

i=1

is Schur-convex on I" if and only iflog g is convex on I.
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Lemma 4 Let

W= (U1, Uy Upyl) = (,B + (Z oz,«)x -1, ocl,...,oz,,> (10)

i=1

and

n
V=Wleois Vi Vysl) = (ﬁ + Zai —1,a1x,...,a,,x>, (11)

i=1
wherex € [0,1],8>1,«;>0,i=1,...,n,n e N. Thenua <v.

Proof Itis clear that Y 7 u; = Y7 v,

Without loss of generality, we may assume that 3 > oy > -+ > . Sov; > -+ > vy,
The following discussion is divided into two cases:

Casel. B+ (X, a;)x —1 > o. Notice that x € [0,1], and o; > 0, i = 1,..., 1, and we have

n n
up=p+ (Zai)x—1§ﬂ+2ai—1=vl
i=1 i=1

and
U= >0 x=V;, i=2,....,n+1.
Hence from Lemma 1, it follows that u < v.

Case 2. B + (ZL a;)x —1 <oy, Let up) > -+ > yp,41) denote the components of u in a
decreasing order. There exist k € {2,3,...,n} such that

n

oz12~~-zak1zﬂ+(Zm)x—IZak+lz~~~zan.

i=1

Notice that 8 —1> 0, x € [0,1], and «; > 0, and if 1 < m < k —1, then

m m n m
Zum =ZO(5§,3+20([—1§ZV1‘-
i=1 i=1 i=1 i=1

If n>m>k-1,then

m n k-1 m m
Zu[i]=,3+(Zai)x—l+Zozi+Zoei (Ifmzk, let Z%':O)
i=1 i=1 i=1

i=k+1 i=k+1
m-1 n k-1 m
=B+ ((Zai)x+amx+ (Z ozl-)x> -1+ Zaﬁ Z o;
i=1 i=m+1 i=1 i=k+1

m-1 k-1 m n
:,3+( a,')x—1+<2ai+amx+ Zaﬁ(Zai)x)
i=1

i=1 i=k+1 i=m+1
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m-1 n
<B+ (Zai>x—1+ Zai
i=1 i=1

Hence from Definition 1(i), it follows that u < v. a
Lemma5 Let
W= (Wi, Wi Wiat) = (B -1 oux, ..., ) 12)

and

n
Z= (215 )20 Zns1) = (/3 + (Zm)x— 1,0,...,0), 13)
i=1 M

wherex € (0,1, 8>1,«;>0,i=1,...,n,n e N. Then w < Z.
Proof Itis clear that 3"/ w; = Y 1 2.

The following discussion is divided into two cases:
Casel. B —1 > ajx. Notice thatx € [0,1] and o; >0, i =1,...,n, we have

wlzﬂ—1§ﬂ+(2ai)x—1=zl

i=1

and
wi=ai_x>0=z, i=2,...,n+1.

Hence from the Lemma 1, it follows that w < z.
Case 2. B —1 < oqx. Let wyy) > - - - > wy,,) denote the components of w in a decreasing
order. There exist k € k =2,...,n such that

x> > opax > f-1> Qpax > > o

Now notice that 8 —1> 0, x € [0,1] and «; > 0, we have

n
wh=oax < B+ (Za,')x—l =2z,

i=1
wi=ox>0=z, i=2,...,k-1,

Wi =B-1>0=z
and
wy=oix>0=z, i=k+1,...,n+1

Hence from the Lemma 1, it follows that w < z. O
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The Schur-convexity described the ordering of majorization, the order-preserving func-
tions were first comprehensively studied by Issai Schur in 1923. It has important applica-
tions in analytic inequalities, combinatorial optimization, special functions, probabilistic,
statistical, and so on. See (8, 11-13].

3 Proof of main result

k
Proof of Theorem 1 Taking g(t) = e F ,f(&)=t,a=0,b=+00, then

b +00 g
I(x) = f g@®)(f(0)" dt = / e Ft'dt =Ti(x +1). (14)
a 0

By Lemma 2, I(x) is log-convex on [0, +00), and then from Lemma 3, ¢(x) = ]_[f:ll I(x;) is

Schur-convex on [0, +00)"*!, Combining Lemma 4 and Lemma 5, respectively, we have

p(u) < (v)

and

'y (,3 + (2": ai)x) ﬁ Fe(l+a;) <Ty <,3 + Xn:ai) ﬁ (1 + o) (15)
i=1

i=1 i=1 i=1

and

Te(B) [ [ T + i) < Tk (ﬁ + (Z m)x) (16)

i=1 i=1

Thus, we have proved the double inequality (7).
The proof of Theorem 1 is completed. d

Proof of Theorem 2 Let

) tx—k
&r(x) =/ ——dt, x>k
0o € — 1

E(x) = ()T (x).

Taking g(t) = 75, () =t,a = 0, b = +00, then

+1

b . +00 4k
J(x) = / gO(f(8)) de = fo g dt = &(x + k +1). (17)
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By Lemma 2, /(x) is log-convex on [0, +00), and then from Lemma 3, ¥(x) = ]_[?jllf(x,-)

is Schur-convex on [0, +00)"*!. Combining Lemma 4 and Lemma 5, respectively, we have

Y(u) < ¥(v)

and

Sk<ﬁ +k+ (Xn:ai)x) ﬁék(k+ 1+a;)

i=1 i=1

< §k<ﬁ +k+ Zai) Hék(k+1+(xix)

i=1 i=1

and

Ec(B+ k) [ [k +1+ i)

alon (R

notice that & (k +1) = %2.

Further, we have

i=1 i=1

< ;k(ﬂ +k+ Zai) Tk (,B +k+ Zal) [ [tk +1+am)Di(k +1+ ) (18)

i=1 i=1 i=1

k <ﬁ +k+ (Za,)x) Ty (ﬁ +k+ (Z oz,)x) H{k(k +1+ o)k +1+ ;)
i=1

and

(B +ITk(B + K) | | culk +1+ ) Ty +1 + i)

i=1
n n 7{2 n
<|B+k+ ;ai x|Tkl B+k+ izzlai X (?) (19)
Rearranging (18) and (19) gives the double inequality (8).

The proof of Theorem 2 is completed. d
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