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Abstract

This paper deals with blow-up solutions to a class of reaction-diffusion equations
under non-local boundary conditions. We prove that under certain conditions on the
data the blow-up will occur at some finite time and when the blow-up does occur,
lower and upper bounds are derived.
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1 Introduction

Quittner and Souplet in [1] consider different classes of reaction-diffusion problems with
non-local source terms involving space integrals and investigate under what conditions
the solutions blow up or exist globally (see also [2, 3]). Recently Song [4] has considered
parabolic problems under Dirichlet or Neumann boundary conditions, containing a non-
local term in the nonlinearities and, for solutions that blow up at some finite time, they
derive lower bounds for the blow-up time. For other contributions in this field, see [3, 5,
6] and [7-9] for reaction-diffusion equations, and see [2] and [10-12] for systems.

In this paper we consider a class of reaction-diffusion equations where a space integral
is present on the boundary condition and time dependent coefficients are present both in
the nonlinearity term and in the boundary condition. Our aim is to introduce conditions
on the data and geometry of the spatial domain, sufficient for the solution to blow up in
finite time ¢*. Moreover, lower and upper bounds are derived. More precisely we consider

the following problem:

ur=Au+ Ki(t)f(u), xeQ,te (0, t*), 1)
g—z =Ky(t) /Qg(u) dx, x€9dQ,te(0,t%), (2)
u(x,0) =ug(x) >0, x€€, (3)

where € is a bounded domain in RN, with smooth boundary, ‘;—’: is the outward normal
derivative of # on the boundary 92, f(s), g(s), uo(x) are smooth non-negative functions, ¢*
is the blow-up time if blow-up occurs, and the time dependent coefficients K;(¢), i = 1,2,
are positive and regular functions. Moreover, u(x) satisfies the compatibility condition
on the boundary. Note that # > 0 for the maximum principle. The results are based on
some Sobolev type inequalities [12] and differential inequality techniques.
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IfK; = 0, (2) becomes the usual Neumann boundary condition and we obtain the Payne-
Philippin’s result contained in [5], Theorem 2.

Now we state the main theorems of this paper.

Theorem 1.1 Let u(x, t) be a (non-negative) classical solution of problem (1)-(3) with Q a
bounded convex domain in R® with the origin inside.
Assume that the functions f and g satisfy

0<f(s)<s’, s>0, 0<gm=<nt, n>0,p>q=>2, (4)

where
L _4 5)

n> max(lfl, 2(p_ 1))
and

Ki(¢)

R S B, B=0. (6)
Define

(t) := K2"(t) / u?"07V gy, (7)

Q

If the solution u(x,t) becomes unbounded in ®-measure at time t*, then

=T, (8)
where T is implicitly given as

T
f B(r)e*A0 gr = %(@(0))‘2, 9)
0

where A(t) and B(t) are two suitable positive functions.

Theorem 1.2 Let u(x, t) be a (non-negative) classical solution of (1)-(3) with Q a bounded
domain in RN, Assume that the functions f and g satisfy

f) =5, >0, gm=nt, n>0,p>g>1 (10)

Moreover, assume

t

lim | K(t)dt = oo, K(8) = [0QIQI1K () + 127 (9(0))” Ky (2), (11)
t—00 0
with
() = 1) dx. 12
(0 /Q (e, ) d 12)

Then no solution u(x,t) can exist for all time, but it blows up in L' and hence in L” norm,
r>1, at time t*, with t* < T and T implicitly defined by

T _
/ K(t)dt = N’q(()#‘ 13)
o _
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The paper is organized as follows. In Section 2 we obtain a lower bound for t* under the
hypothesis of convexity of  and suitable conditions on data and time dependent coeffi-
cients.

In Section 3, we consider the problem (1)-(3) under conditions on the data which ensure
that no solution can exist for all time. In fact the solution blows up at some finite time ¢* in
L' and hencein L" norm (r > 1) and upper bounds for t* are derived. We note that we obtain
blow-up, even if the coefficients are constants and also for K;(¢) functions decreasing not
too fast at infinity.

For physical motivation of such problems we refer the reader to [13—16] and the refer-

ences therein.

2 Lower bounds

First we state an inequality that plays a basic role in the proofs of our results.

Lemma 2.1 Let W be any non-negative C' function and Q a bounded convex domain in

RN, N > 2, with the origin inside. Then, for any m > 1, the following inequality holds:

N it
/ W’"ds§|sz|»fu{—[/ W"‘*ldx}
Q Po L/

m-1 1
d 20m+D) 2
+m_[/ Wmﬂdx] [/ W”"1|V\X/|2dxi| } (14)
Lo Q Q

where

N N
Z:. f iVi 22: iXi | ‘:1,...,N. 1
00 lal}z (;xv> >0 and d mgx(?xx) i (15)

Proof We start from the following Sobolev type inequality derived in [8] and [9]:

N d
W ds < —/ W”’dx+m—/ W VW | dx. (16)
IQ Lo JQ Po Jo

By applying the Holder inequality, the first term on the right of (16) becomes

o
/ W™ dx < |sz|ml+1(f Wm+1dx) . 17)
Q Q

Moreover, by applying the Schwarz and Hoélder inequalities to the second term on the
right of (16) we get

1 1
2 2
/W’”1|VW|dx§(/ W”“dx) (/ W’"1|VW|2dx)
Q Q Q
m—1 1
1 2(m+1) 2
§|Q|m+1(/ W’”*ldx) (/ Wm1|VW|2dx> . (18)
Q Q

By inserting (17) and (18) in (16), we get (14).
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Our aim is now to derive a lower bound for #*.

We assume that #(x, t) becomes unbounded at some finite time t*, and under the con-
ditions of Theorem 1.1, we derive a lower bound for t*, which works for values of #( not
too small.

For brevity, we let z = 2n(p — 1) and K; := K;(¢), i = 1,2. We recall that from (5) we have

z > 2. We compute
’ I< 2n z-1
d'(t) < 271]?(13 + 2K | uF [ Au+ Kif (u)] da. (19)
Q
By applying the divergence theorem, boundary conditions (2) and (4), we have

/MZ_IAM=/ uz‘luvds—[z—l]/uz‘ZIVu|2dx
Q FYe! Q

< I(g(t)/ u? dx/ wlds—[z-1] / = | Vul? dx. (20)
Q BT Q

. z
For convenience, set v =u2; we get

2
|Vv|? = N w2\ Vul? (21)

We now replace (20), (21) in (19) and use (6) to obtain

4(z-1
O'(t) < 2nB® + K" / VA dx — (= )1<12" f |Vv|? dx
Q z Q

+zZK"K; / ul dx / wds. (22)
Q P

To estimate the second term on the right-hand side of (22) we use the inequality (3.8) in

[5], i.e.
L[ e i [

-1
ol Yo <3”/v dx, (23)
ny

1
](12n+1/ V2+”’ dx<
Q

where y is an arbitrary positive constant to be chosen later.
Now we estimate the second term in (23) by using (7) and the inequalities (48), (51) in
[5], valid in a convex domain  C R3. We obtain

1_3
212
1<3" v Sdx < [Aq>+u<1<f"cb/ |VV|2dx) ]
Q
3
[ P07 4 0 (1(2”/|Vv|2dx) ]
3 3 1 3 2n
3P4 pi | —dP+ = UI( IVvl dx (24)

403

IA

V2l a
sl

IA
le
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with A = ‘F
stant.

o f(l + ), po and d in (15) with N = 3, and o > 0 is an arbitrary con-

Note that deriving the second and third inequality in (24), we make use of the inequality

(a+b)? Sﬁ(a% +b%), a>0,b>0,

(25)
and of the arithmetic inequality
a’b " <ra+(1-r)b,

a>0,b>0,re(0,1).

Inserting (23) and (24) in (22) we get

PD'(t) < (271[3 + 72(’1 ~ 1;(‘0 — 1)>d>

4[7‘ 4 }] ZK2"K; / u? dx / s, (27)

where ] := K" [, |Vv|* dx.

We now estimate separately the two factors in the last term in (27). For the first, making
use of Lemma 2.1 withm =z—-1and W = u, N = 3 we have

Klz" / wds
a0
z-1

1| 3 'z d w :
st”IQIE{—(/ uzdx) +(z—1)—(/ uzdx> (/ uZ‘ZIVMlzdx) }
Po \J@ Po \Jg Q

M3 (z- R
§IQ|%{1<fli¢71+2(z D4 g2 %}
Lo

ey (28)
Z  Po

In the second, by using the Holder inequality and hypothesis (5), we obtain

z a
/u%ixf(/ ude) Q17 = 0f|Q 2K, 7. (29)
Q Q

By using (28) and (29), we get

1(12”/ ut ds/ ul dx
90 Q

<IQl [ <<1"”c1>1
00

22 1 d 1 z— Z= -4
(z-1) 32 %][qﬂmﬁqzq ]
Z ,00

/Oo zZ  Po

20z-1)d [ 1 -
, 2D (—<I>“2q71 + 51)}, (30)
z  po \ 2€ 2

where in the last inequality we use (26) with € > 0 arbitrary.

< |Q|1+1;—q1(1117%? [iq)lJqul
Lo
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We now replace (30) in (27) to have
() < AD + BO? + CO? + DOWE 4 EO12E 4 31)
with

A:=2nB + 2(n-1)(p-1)
: PR

=203 (p- y",
C:= «/7(17 1) V l“

D(t):= —szK” = |sz|1+— 32)

E(t):= iZ— <21<" 1|Q|1*_
F(t):= i(10—1)7/” ulo —4(2)

1-q B
Fe-DLeGK) T |

We now choose y, g, € positive constants such that F = 0.
A possible choice of y, g, €, is

y:=1,
22 =zl

0:=73 oD %1 (33)
- 2 T g

Then

A::2n,3+2(n—1)(p—1),
m)%(p 1),
-0*

Ci= 5 (5 (34)

D= 326K & |sz|1+l;”

Eim3e- DK 1@,

Note that A, B, C are positive constants, whereas D and E may depend on the time
through the coefficients K; and K;.
In order to simplify (31), set

qg-1
Q:= ’
2(p-1)
and we obtain Y _ 1% and 1 E = o3 Now (31) can be rewritten (with
F=0)as
/ 3 3 1+ 9 1+2Q
Q'(t) <AD +BDP?2 + CO° +D()d 7 + E()D " . (35)

In the second term in (35) we now use the Schwarz inequality to obtain

_1 C;
C3d+ Zlqﬁ, (36)

S8
ESEY

ol -ol(0%)} - (P o)l (c07)! <

A>IQJ


http://www.journalofinequalitiesandapplications.com/content/2014/1/167

Marras and Vernier Piro Journal of Inequalities and Applications 2014, 2014:167
http://www_.journalofinequalitiesandapplications.com/content/2014/1/167

Moreover, since n > Q, we write

ot < o8 (0%) 5 < (M) (o)
< (1- E)Cylcp gcch?’, (37)
with My := (1 - 26”)‘1, and C, an arbitrary positive constant.
Analogously
o+ pl-2 (q)s)%
= (C§”2®)1_%(C3<1>3)% < (1 - %)CQ%D - gcgdﬁ, (38)

2)-1,and C; > 0 an arbitrary positive constant.

where we again use (26) with M, := (1 -
Moreover, we insert (36), (37), and (38) in (35) so that the differential inequality (35) can

be rewritten as

Page 7 of 11

'(t) <Ad +BD®, (39)
with
AWM :=A+EQ-9C” + D1 - L))" + B3,
5 acy (40)
B(t):=C+2ECs+ 2DCy + $B.
From (39) we can write
1 ~ -
-5 (@7?) =0'd% <AP2+ B,
and we set ¢(t) := ®~2 to obtain
(41)

¢ +2A¢ > —2B.
Then define A(%) := fot;l(r) dt, and (41) may be rewritten as
(6e240) = 2B(p)A0.

From this we obtain

P40 —p(0) > -2 / té(r)e““” dr,
0

O2() = p(2) > [¢(0) -2 f tB(‘L’)eZA(I) dti|e‘2A(t) =0(2).
0

(42)
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Then if 6(T) = 0, we have
t'>T.
Clearly T is implicitly given by (9). O

Remark1 Note that the bound (9) is a good estimate of t* because we consider our prob-
lem (1)-(3) with initial data u#(x) not too small. For instance we can choose u((x) such that

2n(p-1) £
Joug ™" (%) dx > )

Remark 2 If K; and K are constants then A and B are constants.

In this case we have
1 A .
T=— log(l + = (@(0)) 2).
2A B
3 Blow-up of u in finite time and upper bounds. Proof of Theorem 1.2
In this section we establish that under the hypotheses of Theorem 1.2, no solution can
exist for all time, but it blows up in L' and hence in L norm, » > 1, at time ¢*. Then an

upper bound of t* is obtained.
To this end we compute

‘-I-”(t):/ Audx+1(1(t)/f(u)dx
Q Q
:KZIBQI/Qg(u)dx+1(1/9f(u)dxZI<2|8Q|/S2uqu+K1/Qupdx, (43)

where in the last inequality we used (10).
For any § > 1, by the Holder inequality

s g LY
udx < udx| |27,
Q Q

we have
/ u’ dx > W |Q, (44)
Q
By using (44) in (43) we get
W'(t) = Ky(2)[0R][QITW + K (2)| Q| P WP, (45)

Now we observe that the function W is non-decreasing, then W(¢) > ¥(0) > 0.

Sincep>g>1,
(w«))) —(\v(m)’

WP () > Wwi(2) (W (0))" . (46)

Page 8 of 11
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By inserting (46) in (45), we have
V() = K(2)w, (47)

with K(£) defined in (11).
Now we integrate (47) from 0 to t and we obtain the inequality

(v(0)" " (v(0)" " < -1 [ ‘K@dr, te(0.0) (48)

Using (11) we see that the inequality (48) cannot hold for all time, but & will blow up in
L' norm (hence in L norm, r > 1) at a finite time #* and

(w(0)t

t* T
/0 K(t)dr 5/0 K(t)dt := 7 (49)

Moreover, let k(t) = fot K(t)dr. Since k is increasing, there exists the inverse function
k™! and we can write

()
=(22),

which is the desired upper bound of £*.
Another upper bound for £* can be obtained by means of a new auxiliary function y (¢)
so defined:
1
x() =K (t) / udx, q>1, (50)
Q

with K, (¢) satisfies

Ky(t)  «
e B >o0. (51)

Under this condition no (non-negative) solution u(x, t) of problem (1)-(3) can exist for
all time, but it blows up in x norm at time ¢*, with ¢t* < T and T implicitly defined by

T 3 1-
/ R(1)eP" dr = (X;O#. (52)
| -

In fact, following the proof of Theorem 1.2, we obtain the differential inequality

’b:n

X' = x +K@®)x4, (53)

—_

q p—
~ 1p
where K(t) = |0Q2||Q*7 + ()((0))1”“11(11(;’1 |7,

Integrating (53) over [0, £], we obtain

Py () < (x(0) " - (g-1) / "Rio)e dr. (54)
0
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We see that the inequality (54) cannot hold for all time, but # will blow up in x norm at a
finite time ¢*. At the end we get the upper bound 7, with T implicitly defined by (52).

Remark The result can be extended to the case 8 = 0. In fact, by (53) we get
X&) = K(@)x .

By assuming that

t—00

t
lim | K(r)dt = oo,
0

we conclude that the solution blows up in x norm at time ¢*, with t* < T'and T implicitly
defined by

1-
/ K(2)de = (X( ) ‘7'
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