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Abstract

Using nonstationary wavelets, we investigate the wavelet expansion in the standard
Besov spaces. Especially, the nonstationary wavelets' characterization for Besov
spaces is given.
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1 Introduction

In this paper, we shall study the nonstationary wavelet [1] expansion in the standard Besov
spaces. Nonstationary wavelet systems are generally obtained from a sequence of nonsta-
tionary refinable functions.

Definition 1.1 A sequence of functions {¢_1}jen in L(R) is said to consist of nonstation-
ary refinable functions if, for all j € N,

dj1(8) =?l\;<%>$,<%), ae £ €R,

where a; are 27 -periodic measurable functions, called refinement masks, or simply masks.

The classical Fourier transform is defined by f(£) := Jenf ®)e™™ dx for f € Ly. The
standard extension can be made to L, functions. Wavelet functions w/.l_ pjeNand!/=
1,2,...,Z; (quite often Z; = 3), are generally obtained from nonstationary refinable func-
tions by

-~ ~(5\~(§ .

wjl_l(%') = b,l'<§>¢j(§); jeN,l=12,...,Z,
where 'l;]l.(é ) are 2m-periodic measurable functions called wavelet masks. The masks a;
and 79\1[ satisfy [@;(€)]? + 212:11 |79\]l.(:§)|2 =1. When Z; = 3, let ?I;}(:S) = e Ba(E + ), 79\1.2(5) =
27A,(€) + e 4,(E) and B3(&) := 27 4)(8) - e EA,(E), where A,(8) = 1 - [G(E) — (@€ +
7)|*. Define X(¢O;{wl‘l}jeNo,l:I,Z,‘.‘,Z/‘) ={go(- - k):keZ}U {W,{/,k :j €Nyl =12,...,7Z;}.
Then the following theorem holds.

Theorem 1.1 (i) (Theorem 1.3, [1]). Let @;(£) ::ﬁﬁnﬁl}, (mask for the pseudo-spline of type 1
with order (mj, 1;)). Then X(¢o; {1//} }ieNo,=1,2,3) is a compactly supported and C* wavelet
frame in H5(R) for arbitrary s > 0;
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(ii) (Theorem 1.4, [2]). When a; := ZiI/ then X(do; {Vj}jen,) (Z; = 1) is a compactly sup-

mj,m;?
ported orthonormal basis in Ly(R), and \; (Z; = 1) has mj,, vanishing moments. More pre-

cisely, Supp ¢; C [-L,L] and Supp ; C [-L, L] with uniform constant L > 0.

In this paper, we use H;(R) to denote the classical L,-Sobolev spaces with the smooth-
ness parameter s. It is well known that Besov spaces contain a large number of fundamen-
tal spaces, such as Sobolev spaces, Holder spaces, Lipschitz spaces etc. [3, 4]. They are
frequently used in certain PDEs as the solution spaces. To extend the result of (i) in Theo-
rem 1.1, we shall characterize Besov spaces by using nonstationary wavelets in this paper.
It should be pointed out that Bittner and Urban [5] study the following standard Besov
spaces: Let 0 < p,q < 00, s > 0, and let [s] stand for the largest integer less than or equal

to s,

B;’q(Rn) = {_f S Lp(Rn) : Ilef,,q(R”) < OO}.

Here, |f|p; (rn) = (2@} (f,27))jezlle, with M > [s] + 1 and w)'(f,27) denotes the Mth
order smooth modulus of a function f, defined by sup;, - ||A2’If(~)||Lp(Rn) as usual. The
classical difference operator Ay is defined by A,f(-) := f(- + h) — f(-), as well as Ath =
Ah(AQ/Hf) for a positive integer M > 1. The Besov (quasi-)norm is given by |[f||B;,q(Rn) =
Ifllz,@my + lf|B;”q(Rn) and the two integers M, M’ > s yield equivalent norms ([6], Re-
mark 3.2.2).

Based on Hermite multiwavelets, Bittner and Urban characterize B,, | by using sequence

norms,

lalle, = [@oihezll,, Wbl = @5 |Gz )

j=jo ”fq

for a = (ai)kezn € Ly, b = (bji)jzjo kezn € ¢, .- However, due to the regularity restrictions of
the Hermite splines, their characterization requires 117 <s<min{3,1 + %} in the quadratic
case and 1 + }7 < s <min{4,2 + 1%} in the cubic one (e.g. [5, 7, 8]). In [9], we remove that
restriction of s by using the B-spline wavelets with weak duals as introduced in [10], but
the supports of the wavelets become larger as s increases. So, the main result of this pa-
per is to characterize Besov spaces via nonstationary wavelets because of their arbitrary
smoothness and uniform support.

Let N, Z, and R be the set of positive integers, the set of integers, and the set of real
numbers, respectively, as well as Ny := N U {0}. Throughout this paper, we use A < B to
abbreviate that A is bounded by a constant multiple of B, A > B is defined as B < A and
A ~ B means A < B and B < A. Write

(fg) = / Fog@dr

for f € L,(S2), g € Ly (S2) with Lebesgue measurable set  C R", }7 + 1% =1,and1 < p < oco.
For a Lebesgue measurable function f, the support of f means the set Supp(f) := {x €
R: f(x) # 0}, which is well defined up to a set of measure 0. Define fj(-) := Z%f(2/ - —=k)
throughout this paper.

Now, we state the Main Theorem of this paper.
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Main Theorem Let1 <p <2, 0 < g < 00; ¢; and j are from (ii) of Theorem 1.1. When
f =2 coxbook + 250 Xkez BV then

Il a0 = llell, + 1l

for s > 0. Moreover, when m = inf; mj,1, cox := {f,Po0k)» djx = {f Vjjx) with j € Ny and
k € Z, then

lell, + il < I 35,0

pq —

Jorf €B, (R),0<s<m.

2 Proof of Main Theorem
This section is devoted to proving the Main Theorem. We begin with three lemmas for

proving upper and lower bounds of the characterization.

Lemma 2.1 Let p € (2,2], g € (0,00], s > 0 be arbitrary, then ||¢o I, < Cand ||V, <
C with a uniform constant C > 0 for j € Ny.

Proof First, we will show ||¢;]|, < C with a uniform constant C for all j. By Lemma 2.1,
Theorem 2.8 in [2], and Theorem 2.1 in [11], ¢; are all compactly supported and Supp ¢; C

[-L,L] for a uniform constant L > 0. Therefore, Suppy; C [-L,L] for all j because of
V(&) = z}(g)@(g) = e 7(& + 1)¢;(5). Note that [|¢;ll,, <1 (Lemma 2.2 in [2]). This

with
o]

|/ (ap) "l rortocnia]

< Co2llgjllz, (2.1)

1S
IS

for 2 < p <2leads to || ¢, < Cforallj € No. 4], < C holds similarly.
Second, let [s] + 1 =M, by (2.1),
ll9olls;,,
= lldolly + (25} (@0,27)),., [,
=< llgoll, + 2], 0§,

=< llgollp + [#6™ [, < doll -

Note that

[ee}

ol = D [0 do0a) [+ D D" 2% (g0, vu)|* =1
k

j=0 Kk
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because of Corollary 3.3 in [1] and the orthonormality property of {¢o,0.}x, {¥;k)}j«- This
with (2.1) leads to

<
Igolls, <C

as well as [|v;]] B, <C for j € Ny with a uniform constant C > 0. Thus, the result holds.
O

The second lemma comes from [5], Lemma 3.4 and the third one comes from [6],
(3.2.26).

Lemma2.2 Suppose ¢ € B, . (R") is compactly supported with0 < p,q < ocoand0<s<o.
Then

DN dikgi()

J=jo kez"

<2772l
p,q(R")

< |dllg,-
Bls,,q(R")

kezn
Note that the constants are uniform because of ||¢l g, & < C.

Lemma 2.3 Iff € L,(R),1 < p < 00, define o as a closed interval of R and let P,,_, be the
set of m-order polynomials, then

i _ m J o
Pellzlli_l ”f P”LP(U/’]() = wp (frz :O'],k):

where oj =2 (o + k) and a)’”(f 27 a],k) = SUP|j <o ||Ahf( ML, (00 W) With (05 )num =
xeox+lheo,l=1,2,...,M}

Now, we are in the position to show the Main Theorem.
By Lemma 2.1, ||¢ollzs < C and 1lls,, < C. This, with Lemma 2.2, shows that

pq —
,k‘p//,
j=0 kez pq(R)
Z Z Bk Vjik
Bpa®) || j=0 kez BS,(R)

<lielle, + Illle,-

To prove the lower bound, one finds that [{f, ¢o,0.4)| < If Il

Sl tnan <Y [l dx <t
k k 00,k

(00,6)7

where o« := Supp ¢o,0,k. Let o := Supp Y. This with m := inf; m;,; shows that

1% ,1//j;j,k>|p
= inf [{f =P, yy)|”

PePy,
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P
7

p_
< inf ||f =P|? 277p
X inf If -2l Lp(oj)

p_ip )
522 p,w;;n(f,z /;Uj,k)y

where the equality comes from the #;,; vanishing moments of y; by Theorem 1.1 and the

JAA 4
second inequality holds due to Lemma 2.3. Then [|(dj)«ll;, <2* ¥ @' (f,27) by the same
proof as of (3.3) in [8]. Therefore,
J

g, < (27572

pq —

A
7

’ w;n(f’ 2_j))jeZqu = ”f”Bf?.q(R)’

I_
2
Remark 2.1 In conclusion, we have a characterization of Besov spaces by

iz, ~ llelly, + i1,
with co := {f, do0k) djk = {f+ ¥k, 1 <p <2,0<q < 00,0 <s<m,andf € B, (R).

Remark 2.2 Some questions are left to be considered. Note that we assume 1 <p <2 in
our Main Theorem. Then a natural question is to study the case for p > 2. Another one is
to discuss whether or not the wavelet frames of (i) in Theorem 1.1 can characterize Besov

spaces. The last question is to relax the restriction s € (0, m).
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