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1 Introduction and preliminaries

As the development of the singular integral operators, their commutators and multilinear
operators have been well studied (see [1-3]). In [1, 2], the authors prove that the com-
mutators generated by the singular integral operators and BMO functions are bounded
on L?(R") for 1 < p < oo. Chanillo (see [4]) proves a similar result when singular integral
operators are replaced by the fractional integral operators. In [5, 6], the boundedness for
the commutators generated by the singular integral operators and Lipschitz functions on
Triebel-Lizorkin and LP(R") (1 < p < 00) spaces are obtained. In [7-9], some Toeplitz type
operators associated to the singular integral operators and strongly singular integral op-
erators are introduced, and the boundedness for the operators generated by BMO and
Lipschitz functions are obtained. In [10, 11], some singular integral operators with non-
smooth kernel are introduced, and the boundedness for the operators and their commu-
tators are obtained (see [9, 12-16]). The main purpose of this paper is to study the Toeplitz
type operator generated by the singular integral operator with non-smooth kernel and the
Lipschitz and BMO functions.

Definition1 A family of operators D;, t > 0 is said to be an ‘approximation to the identity’

if, for every ¢ > 0, D, can be represented by a kernel a,(x, y) in the following sense:

DI - [l O)dy
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for every f € L?(R") with p > 1, and a,(x, y) satisfies
|ac(x9)| < hu(x,y) = CE"p(lx— yP212),
where p is a positive, bounded, and decreasing function satisfying

lim r”“p(rz) =0

r—00

for some € > 0.

Definition 2 A linear operator T is called a singular integral operator with non-smooth
kernel if T is bounded on L2(R") and associated with a kernel K(x, y) such that

T(f)(x) = /R K@) dy

for every continuous function f with compact support, and for almost all x not in the
support of f.

(1) There exists an ‘approximation to the identity’ {B;,¢ > 0} such that 7B, has the asso-
ciated kernel k;(x,7) and there exist ¢1, ¢y > 0 so that

/ i |K(x,y) - kt(x,y)‘ dx <c¢, forallyeR".
[x—y|>c1t

(2) There exists an ‘approximation to the identity’ {A;, ¢ > 0} such that A, T has the as-
sociated kernel K;(x, y) which satisfies

|Ki(x,9)| < cat™ if |x—y| < 3t

and
K (x,9) = Ky, 9)| < cat®lc =y if |x = y] = cat'?,
for some § >0, ¢c3,¢4 > 0.

Let b be a locally integrable function on R” and T be the singular integral operator with
non-smooth kernel. The Toeplitz type operator associated to T is defined by

m
Ty= Y (T Myl T + T [,M, T,
k=1

where T*! are the singular integral operator with non-smooth kernel T or %I (the identity
operator), T%2 and T** are the linear operators, T =41, k=1,...,m, Mp(f) = bf and I,
is the fractional integral operator (0 < « < 1) (see [4]).

Note that the commutator [b, T](f) = bT(f) — T(bf) is a particular operator of the
Toeplitz type operator T},. The Toeplitz type operator T} is the non-trivial generalizations
of the commutator. It is well known that commutators are of great interest in harmonic
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analysis and have been widely studied by many authors (see [2]). In [10, 11], the bound-
edness of the singular integral operator with non-smooth kernel are obtained. In [12-16],
the boundedness of the commutator associated to the singular integral operator with non-
smooth kernel are obtained. Our works is motivated by these papers. In this paper, we will
prove the sharp maximal inequalities for the Toeplitz type operator Tj. As the application,
we obtain the Morrey and Triebel-Lizorkin spaces boundedness for the Toeplitz type op-

erator T},.

Definition 3 Let 0 < 8 <1and 1 < p < co. The Triebel-Lizorkin space associated with the
‘approximations to the identity’ {A;,¢ > 0} is defined by

Ey(RY) = {f € L (RY) HfIIPﬁﬁo < oo},
where

)

1
|lf||p£§o = Z‘;owQV(x)—AtQ(f)(X)Mx .

and the supremum is taken over all cubes Q of R” with sides parallel to the axes, tg = /(Q)?
and /(Q) denotes the side length of Q.

Now, let us introduce some notations. Throughout this paper, Q = Q(x, r) will denote
a cube of R” with sides parallel to the axes and center at x and edge is r. For any locally
integrable function f, the sharp function of f is defined by

I x)—sup@/lfm ~fol d,

where, and in what follows f, = |Q|™ fQ f(x) dx. It is well known that (see [3])

f#(x) sup 1n£@/[f(y)—c|dy

and
16 = bykgllsmo < Ckl|bllsmo  for k> 1.

We say that f belongs to BMO(R") iff# belongs to L>(R") and ||f||zmo = ||f#||Loo.
Let M be the Hardy-Littlewood maximal operator defined by

M) = sup|Q] / 1) .
Qax Q

For n > 0, let M, (f)(x) = M(|f|")"" (x).
ForO<n<mand1l <r<oo,set

1 . 1/r
Mn,r(f)(x>=§;§<w /Q 70| dy) .
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The A; weight is defined by (see [17])

A1={W€LP

loc

(R”) Mw)(x) < Cw(x),a.e.}.

The sharp maximal function M, (f) associated with the ‘approximation to the identity’
{A;, t > 0} is defined by

1
# _ —
MAV)(x)—ing'Q'lef(y) A ()| dy,

where £ = 1(Q)* and /(Q) denotes the side length of Q.
For B > 0, the Lipschitz space Lip4(R") is the space of functions f such that

_ If ) -l
IIfllLip, = xSylelgn P <0
x7y

Throughout this paper, ¢ will denote a positive, increasing function on R* for which
there exists a constant D > 0 such that

©(2t) < Dg(t) fort=>0.

Let f be a locally integrable function on R”. Set, for 0 <n <mnand1 <p<n/y,

1 » 1/p
e = SU _ )| d ) .
”f”l}”]w xeR”,IZbO(w(d)l_pn/n /(‘Z(x,d) lf(y | 4

The generalized fractional Morrey spaces are defined by
Lp’”"p( n) = {f € Llloc(Rn) S llzpne < OO}

We write LP¢(R") = LP#(R") if n = 0, which is the generalized Morrey space. If ¢(d) = d°,
8 > 0, then LP¢(R") = LP(R"), which is the classical Morrey space (see [18, 19]). As the
Morrey space may be considered as an extension of the Lebesgue space (the Morrey space
LP* becomes the Lebesgue space I# when A = 0), it is natural and important to study
the boundedness of the operator on the Morrey spaces L* with A > 0 (see [20-23]). The
purpose of this paper is twofold. First, we establish some sharp inequalities for the Toeplitz
type operator T}, and, second, we prove the boundedness for the Toeplitz type operator
by using the sharp inequalities.

2 Theorems and lemmas
We shall prove the following theorems.

Theorem 1 Let T be the singular integral operator with non-smooth kernel as Definition 2,
0<p<l1<s<ooandb e Lips(R"). If T1(g) = 0 for any g € L“(R") (1 < u < 00), then there
exists a constant C > 0 such that, for any f € C°(R") and % € R",

M (To())®) < Cllbllip, Y (Mps(Ia T (1) (E) + Mp.as (T (1) ).
k=1
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Theorem 2 Let T be the singular integral operator with non-smooth kernel as Definition 2,
0 < B <min(1,8), 1 <s< oo and b € Lipg(R"). If T1(g) = 0 for any g € L*(R") (1 < u < 00),
then there exists a constant C > 0 such that, for any f € C{°(R") and X € R",

1
sup o /Q TP - Arg (To() @) dx

< cnbnmpﬁz (L T () (®) + Mas (T () ®)).

Theorem 3 Let T be the singular integral operator with non-smooth kernel as Definition 2,
l<s<ooandbe BMOR"). If T1(g) = 0 for any g € L*(R") (1 < u < 00), then there exists a
constant C > 0 such that, for any f € C°(R") and x € R",

M (To(f)) (%) < C||b||BMoZ (L TE()) (%) + Mas (T4 () &)

k=1

Theorem 4 Let T be the singular integral operator with non-smooth kernel as Definition 2,
0<B<Ll<p<n/(a+p),1llg=1p—(a+p)/n 0<D<2"andb e Lipg(R"). If T1(g) =
forany g € L*(R") (1 < u < o0) and T*?* and T** are the bounded operators on LP*(R") for
l<p<oo,k=1,...,m, then Ty is bounded from LP*+P%(R") to L9 (R").

Theorem 5 Let T be the singular integral operator with non-smooth kernel as Definition 2,
0 < B <min(le€), L <p<nla, l/qg=1/p—al/nand b € Lipg(R"). If T1(g) = 0 for any g €
L*(R") (1 < u < 00) and T** and T** are the bounded operators on LP(R") for 1 < p < oo,
k=1,...,m, then Ty is bounded from L?(R") to Pfjo (R™).

Theorem 6 Let T be the singular integral operator with non-smooth kernel as Definition 2,
0<D<2"1<p<nla,llqg=1/p —a/n and b € BMOR"). If T1(g) = 0 for any g € L*(R")
(1 <u < o) and T*?* and T** are the bounded operators on LP*(R") for 1 < p < 00, k =

1,...,m, then T} is bounded from LP*?(R") to LT*(R").

Corollary 1 Let [b, TI(f) = bT(f) — T(bf) be the commutator generated by the singular
integral operator T with non-smooth kernel and b. Then Theorems 1-6 hold for [b, T].

To prove the theorems, we need the following lemmas.

Lemmal ([10,11]) Let T be the singular integral operator with non-smooth kernel as Def-
inition 2. Then, for every f € LP(R"), 1< p < 00,

1T, < ClIfllze-

Lemma 2 ([10, 11]) Let {A;, t > 0} be an ‘approximation to the identity’ For any y > 0, there

exists a constant C > 0 independent of y such that

[{x € R": M(f)(x) > DA, M (f)(x) < yA}| < Cy|{x € R" : M(f)(x) > 1 }|
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for . >0, where D is a fixed constant which only depends on n. Thus, for f € [P (R"),1<p <
ocoandw € Ay,

[ 15y = CIMEN 10

Lemma 3 (See [14]) Let {A;,t > 0} be an approximation to the identity’ and IN(a,t(x,y) be
the kernel of difference operator 1, — Al,. Then

Ko (,9)| < CW.

Lemma 4 (See [4,17]) Supposethat0 <o <n,1<s<p<nla,l/g=1/p—a/nandw € A;.
Then

”Ia(f) ”L‘I(w) = C”f”LP(w)

and

”Ma,s(f)”Lq(W) = Clif llew)

Lemma 5 Let {A;,t > 0} be an approximation to the identity’ and 0 < D < 2". Then
@ IM)llre < CIME()l1rw for 1< p < oo;
) Me(F)llzae < Clfllpes for 0<a<n,1<p<nlaandll/q=1/p—aln;
(©) Mys()lizae < Clflipee for0 <a<n,1<s<p<nlaandl/q=1/p-aln.

Proof (a) For any cube Q = Q(xy,d) in R", we know M(xq) € A; for any cube Q = Q(x,d)
by [24]. Noticing that M(xq) <1and M(xq)(x) < d"/(lx — x| — d)" if x € Q°, by Lemma 2,

we have

f M) )P dx = / M) xo(x) dx
Q R"

. M) (x) M(xo)(x) dx

<c /R MNP M) ) d

- o [ MUNGP MU s
Q

oo

#
* Z /ZkﬂQ\sz M () (x)P M(x0) (%) dx)

k=0

. it |Ql
< C(/QMA(f)(x)pdx+ ;/ M ()Y [2641Q)] x)

0 2k+1 Q\ZkQ

<C</Mj(f de+Z

2k+1Q

) ()2 dy)
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oo

< c|MiD L. > (27D) v(d)

k=0

< C[MAP) [0 (d)
thus

[MO) o = CIMED] -
The proofs of (b) and (c) are similar to that of (a) by Lemma 4, we omit the details. O
3 Proofs of theorems

Proof of Theorem 1 1t suffices to prove for f € C3°(R"), the following inequality holds:

|Q|/|Tb(f (@) = Ay, (T5(f)) ()| dx

= C”b”Lipﬁ Z(Mﬁ,s(la Tk,z(f))(%) + Mﬁ+a,s(Tk,4(f)) (9‘2)),
k=1

where £q = (/(Q))? and /(Q) denotes the side length of Q. Without loss of generality, we may
assume T%!are T (k =1,...,m). Fix a cube Q = Q(xo, d) and X € Q. We write, by T;(g) = 0,

m m

Ty(f)&) = Y T Myl T (f)(@) + Y T LM, T () ()

k=1 k=1
= Up(x) + V() = Up—poy (%) + Vi (%),

where

m m
Up o) = Y T My ool T (1) @) + Y T M-y T T () ()
k=1 k=1

= Ui (x) + Us(x)

and
m m
Voo ®) = > T LMoy 100 T @) + Y T LMy 000 THE) )
k=1 k=1
= Vi(x) + Va(x).
Then

1
@/|Tb(f)(x)—AtQ(Tb(f))(x)|dx

|Q|/|L[1(x)|dx+ |‘/Q|V1(x)|dx

1
+ |_Q|/(;|AtQ(ul)(x)|dx+ |—Q|/(‘2iA¢Q(Vl)(x)|dx
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‘o / () AtQ<u2>(x)|dx+ﬁ / V() — Ay (Vo) ()| v

211 +[2 +I3 +I4, +15+[6.

Now, let us estimate Iy, I, I3, 14, I5, and Is, respectively. For I}, by Holder’s inequality and
Lemma 1, we obtain

1
@/Q|Tk'1M(bsz)XzQ]aTk’z(f)(x)|dx

1/s

(IQI / 75 Mobagpagla TN dx)
1/s

<Cl|Q™ ( /R Mp-bagrngh Tk’z(f)(x)rdx)

1/s

<Cl|Q™* ( /2 Q(\b(x> — byg||I Tk’z(fxx)\)sdx)

1/s
SCIQI"”SIIbIILip,g|2Q|ﬂ/"|2Q|“s_‘3/"<|2Q|1 ~Shin / [ T () (6)] dx)
< ClbllLipy Mp,s (I T**(f)) (%),

thus

m
1
L= Z 0! |Tk’1M(b_b2Q)X2QIOI Tk’z(f)(x)| dx
Q| Jr
m
< ClibllLip, Y Mps(I. T () ).
k=1

For I, by Lemma 4, we obtain, for 1/r = 1/s — a/n,

1/r
b= <|Q|f|IM”2Q“QT ool ax)

1/s
<CZ|Q|‘”’(/ (|b@) = bao| | T**(F)()]) )

1/s
< C||b||upﬂZ|Qr”’|2o|ﬁ’"|2Q|“S (el (W f [T (M) dx)

k=1

< Clblluipg Y Mpras(TH()) )
k=1

For I3, by the condition on th and notice for x € Q, y € 2*1Q\2Q, then th(x,y) <

Ct(‘g”/ 2 p(22(j’1)), we obtain, similar to the proof of I,

1
Ql /Q [Atg (T M-t 201 T ()) ()| dx

C
=ial f / hig 5 )| T My a1 T (F) )| dy dx
QJR"
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C
<— / / B (5 9) | T Mipby0) 00 L T (1) 0) | dy i
1Ql JoJ20
C
+— f / B (6 9) | T Mp-y0) 101 T () 0)| dy dx
Q| 2Q)F
< & [ [ M gk T dr

N czt "2 (22079 (21(Q))" | T Mp-brg1a0 o T ()| dy

j=1

|Q|/ |Tk1Mh szsz Tkz(f()’)’dy

y N 1 s 1/s
+ CZ2’ p(2% 1))<I2/*1 a fR n!Tk’lM(b—sz)mIaTk’z(f ))| dy)
j=1

< ClbllLipyMp s (I T*(f)) (%)

o 4 1 s 1/s
+C Z 21”'0(22(1_1)) ( [2+1Q| /R” |M(b—b2Q)x2@1°f T () (y)| dy)
j=1

|?/+1Q| 21Q\2Q

< ClbllLipgMp,s (I T (f)) (%)

N 1/s
+C22(J‘1)<n+e)p(2z(i1))2/<s+n/s>(|2Q|l/S ﬂ/nf LT[ dy)

j-1

< CllbllLip, Mp,s (I T* (1) ),

thus

71
I = Z @ /R” |AZQ(Tk’1M(h*b2Q)X2QIa Tkz(f))(x)| dx
< Cllbliuipy Y My (LT () )
k=1

Similarly, by Lemma 4, for 1/r = 1/s — a/n,
1
L<y, Ql / At (T e Mip-trg) 100 T () (%) | dx
k=1 Q
- ¢ k,3 k4
= Z @ 2J20 th (x’y)|T IaM(b—bzq)XzQT (f)(y)| dydx
k
o~ C k,3 k4
Z 10/ th(x’y)| ™ IaM(b—sz)XzQT ' (f)()’)| dy dx
= 1Q1 JoJeor
il 1/r
=C Z tén&'Qll_l/r </R“ |101M(b—b2Q)X2Q Tk (f)()/)| dy)
k=1

m o0 1/r
+CY D e p(220) ( /R ) L Mp-ty100 T H) )| dy)

k=1 j=1
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<CZIQ|‘”’( / (6G) - bzo)Tk4(f>(y|dy)m

1/s
+CZZﬂ (22")1QI" ’(f |(bG) = bao) T (1)) dy)

k=1 j=1

m 1/s
< C||b||LipﬂZ|Q|”’|2Q|'3’"|2Q|”S“*“”"(W f [ T**(N o) dy)

k=1

1/s
Y2 p(a V)t (rpm / )0 dy)

k=1 j=1

< Cllbllipy Y Mpaas(T**()) R

k=1
For I5, we get, for x € Q,
| T M), el T2 (1)) = A (T Mip-pyx, ol TR2(F)) ()|

< — bag||K(x —y) — Ky (x = 9) || L T™ y
< | |b0G) = bao|[K(x - ) - Kig(x = 9)||[ . T**(f) )| &
(2Q)

d l(Q)

< C / b ; 2]+1 ﬂ/n ] Tk2 4
; Vd<|y-xo|<2*d I ”Lpﬂi Q| |n+5| (f)()’)| Y

. —jé 1 k,2 1
scnbnupﬂng (W |1 TN dy
< ClbllLipy Mp,s (I T**(f)) (),

thus

Is < _/ Z| T Mp-byo) xape T T ) = Ay (T Mip-by) o0 T T)) ()] i

1Ql

< ClbllLip, Y Mps (I T (f)) ).

k=1

Similarly, by Lemma 3, we get

6<@/Z|Tk LMo i TN @)

= Arg (T LaMp-by) 00 TH(F)) ()| dx

m 1 )
C) = b(y) - byo||K,, (x — y)|| TF* dvd
: ZH |Q|/Q/<2Q)c| () = bao |Kig 6 = || T*4(1)0)| dy dx

[ee]

; L
<C)» — / bllLip, (¥7d P Q___pka d
Z |Q| }Z_; 2jd§|)’—x0\<2j+ld ” ”L P/S( ) |x _y|n+2—oz | (f)(y)| Y
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m oo . 1 1/s
-2 k4 s
< Cllblig, 2 2 ’(7|2,+1Q|1_S<5WW /WQ|T (o) dy)

k=1 j=1

< ClibllLipy Y Mpeas(TH()) @)

k=1

These complete the proof of Theorem 1.

Proof of Theorem 2 1t suffices to prove for f € C§°(R"), the following inequality holds:

g [T - A (1) 9]

< cnbnupﬂz (L T () (@) + Ma s (TH () &),

where tg = (/(Q))? and /(Q) denotes the side length of Q. Without loss of generality, we
may assume T%! are T (k = 1,...,m). Fix a cube Q = Q(xo,d) and ¥ € Q. Similar to the

proof of Theorem 1, we have
1
W Q| Tp(f) (%) _AtQ(Th(f))(x)| dx

1 1

1
+ W / IAtQ(Ul)(x)}de / Ay (V1) ()| dx

gt [t = At s+ i [ V200 - A0 s

=h+h+3+Ja+]5+]s.

By using the same argument as in the proof of Theorem 1, we get

m 1 s 1/s
h<Y. IQI'W<@ / | T Mi-brcp ol T () )| dx>
k=1 R

i Us
=c i ( - T"’Z(f)(x)lsdx)
k=1 R"

m 1/s
5CZ|Q|-'3/"—“S||b||upﬂ|2Q|ﬂ/"|2Q|”S(|2Q| f LT () @) dx)
k=1

< CllbliLipy Y Mi(l T () (&),

k=1

m 1 . 1/r
J2 52"3"3/"(@ / M) T () )] dx)
k=1 R"

m 1/s
<Cc)y |Q|-ﬂ/"-“’< /2 (|b(x) - sz||Tk'4(f)(x)|)sdx)
k=1 Q
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m 1/s
sCllbllup,sZIQl“’/"‘”WzQW“|2Q|””””<|2Q|1 i / TG0 dx)
k=1

< CllbliLipy Y Mas(T*()) ®),

k=1

]3 < C Z |Q|—1—/3/n / / ténlz | Tk‘lM(b—bQQ)XZQIa Tk,2 (f) (y)| dy dx
k=1 QJ2Q

m oo
+ CZ Z |Q|—ﬂ/n2jnp(22(j—l))

k=1 j=1

1/s
Mp-p I, 1 k2 )| d )
<|2/+1Q| er| 2Q)x2Q (f (y | 4

m
c k. k.
= Z |Q1+A1n / |T JM(b—sz)XZQIaT ’2(f)(y)| dy
k=1 Q

m o0 1/s
+CY Y lQIFm2p(220°Y) <|2/+1Q|/ |Mb-t0) 1201 T () O)|] dy)

k=1 j=1

< CllbliLipy Y Mi(l T () (&)

k=1

1/s
+C222(1 1)(n+e€) 22(/ 1)2—1e+n/s <|2Q|/ ’1 TkZ(f ’ dy)

k=1 j=1

< CllbliLipy Y Mi(la T () ),

k=1

m 1/r
Ja < CZ Q[P (/ |IaM(b—b2Q)X2Q T4 (F)(y) ’r dy)
k=1 R
m o0 ) l/r
+CY N p(220 ) ( / [LaM(p-b30) 500 T () 0] dy>
k=1 j=1 R
" 1/s
<cy |Q|"3/”‘”’< / |(b(y) - bzq)TkA(f)(y)!de)
k=1 2Q
mox ) s
+CY Y 0(2%1’)!@”( f2 |60 - bZQ)T“(fxy)rdy)

k=1 j=1
1/s
f T4 ()0 dy)

1/s
+ CZZZO o) 22(1 1)2_1 " (|2Q|1—sa/n/ ‘T](4(f | dy>

k=1 j=1

m
< Clibllip, Y |Q|5’"“’|2Q|ﬂ’"|2Q|””’”( Q[
k=1

< CllbliLipy Y Mas(T*()) ),

k=1
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1 m
A B b(y)-b —y) =K, (x - T2 d
J5 < | QLA /QkX_I:-/QQ)J ) 2Q||K(x y) = Ko (% y)H[ T (f)()/)| ly

3 3 QY
SCZ|Q|*/3/VIZ‘/“ el 1p5|2”1Q|ﬁ/" Q LT dy
k=1 j=1 Vd<|y-xo|<2*d -9
1/s
< ClibllLip, ZZW} ’ ( TG Jyug T OO dy)
k=1 j=1

< CllbllLipy Y M(l T () (&),
k=1

m

1 -
Je = kX:I: |Q|i+Ain /Q/(ZQ)c |60) = bag|Ke (6 =) | T (1) )| dy dx

m 1 00 | ,
C —_— b ; 2}+1d }37(2 Tk’4 d
= k2=1: |Q|ﬁ/n ;L . ” ”LPB( ) |x_y|n+2—ot | (f)()/)| Y

d<ly-xo|<2/*ld

1/s
= ClibllLip, Zzzlﬂ ~ ( 2/+1Q|1 —saln /‘+1Q|Tk‘4(f)(y)|8dy)

k=1 j=1

< CllbliLipy Y Mas(T*()) R

k=1

These complete the proof of Theorem 2. d

Proof of Theorem 3 1t suffices to prove for f € C§°(R"), the following inequality holds:

ol / I T()6) — Agg (To()) )] dx

< Clbllzao Z(Ms(fa T*2(f)) (%) + Mo (T () @),

k=1
where ¢ = (/(Q))* and /(Q) denotes the side length of Q. Without loss of generality, we

may assume T%! are T (k = 1,...,m). Fix a cube Q = Q(xo,d) and ¥ € Q. Similar to the

proof of Theorem 1, we have
a1 [, 79600 - T} 0
! 1
_ dx b —— 4
: |Q|/Q|”1(x>| x+ |Q|/Q|V1(x)| "
v [ wlass g [ 1000 as

‘o / () AtQ(L12>(x)|azx+|1a / V() — Ay (Vo) ()| v

=Li1+Ly+ L3+ L4+ Ls+Le.
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Now, let us estimate Ly, Ly, L3, L4, Ls and Lg, respectively. For L;, we obtain, for1 <r<s,

“ 1 . 1r
L= Z<_/ |Tk'lM(b*sz)XzQIaTk'z(f)(x” dx)
= \1Ql Jrn
1/r
<CZ|QI ”’(/ (|b(x) = bag| |[L T** (A ()|) dx)

1/s (s=r)/sr
1 sr/(s—r)
L, T ()| d —— | |bx)-b d
: (I2Q|/| el x) <I2Q| /m' ()= bagl ")

< Cllblismo Y M(L T (f)) ®).
k=1

/\

For L,, we obtain, for1 <v<sand 1/v=1/u —a/n,
m 1 1/v
L, < <_/ ‘IaM(b—sz)XzQTkA(f)(x)’de)
2\ Q1 Je
1/u
<CZ|Q|‘”V( / (1bG) = bao | T**(H)])" dx)
m 1 . 1/s 1 o) (s—u)/su
<C —/ Tr )(x)sdx) (—f b(x) — byo ™" dx)
kZl(lel—sa/n 2Q’ (f ’ |2Q| 2Q| 2Q|

< Clbllsmo Y Mas(TE(f)) ).

k=1

For L3, by Iy, (%,y) < Cté"/zp(Zz(j‘l)) for x € Q, y € 7*1Q\2Q, we obtain, for 1 <r <,

“.C
D5 f f Big (6 )| T Mp-yg) 000 1e T () )| dy dx
k=1 QI Jo )2
S T
22700 Jo Joge @ T Mibagrag e TN dy
kX:;|Q| oJegr @ 2l (b-b2Q)x2q ()| dy
“.C
< Z—// tén/2|Tk’lM(b7b2Q)X2QIOtTk’z(f)(y)idydx
k=1 1Ql Jo J2q

+CY Yt p (2207 (21Q)"

k=1 j=1

1 . 1/r
x <|2/+1Q| /Rn|Tk'1M(b—b2Q)x2QIa Tklz(f)(y)} dy)

“.C
< Z Q / | T Moty a1 T () )| dy
k=1 2Q

1r
+c2221" (220-9) (|2/+1 al / |Mp-b0) 1201 T ()| dy>

k=1 j=1
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< Cllblismo Y M(L T (f)) &)

k=1

1/s
+CZZZ(I 1)(n+e) 22(1 1) )2*} (e+n/r) (|2Q|/ |1 Tkz(f)(y)| dy)

k=1 j=1

x ( 21Q / | (y) - b |sr/(5—r) y> (s=r)/sr
- / ,
| | 2Q Q d

< Clibllamo Y Mi(I. T () ).
k=1

Similarly, for 1/s +1/s'=1,1<v<sand 1/v=1/u — a/n, we get

" 1/v
Li=c Zté’“”lQll‘”“( [ VoMo T“(f)(ywdy)
k=1 R

1/v
+CZZLH«/2 22(1 1) |Q|1 W(/ |1 M-y XZQT (f)(y)} dy)

k=1 j=1

m 1/u
<cyoiQr” ( /2 (b - sz)Tk"*(f)(wl“dy)
k=1 Q

m o0 1/u
e S ar( [ JE0 b 0] »)

k=1 j=1

m

1/s
<5 (gt [ 007 0)

k=1

) (L/ |b(y) b |s“/(5—u)d )(SM)/su
|2Q| 2 2Q ly

1/s
+C222(1 1)(n+e€) 22(] 1) )2 —j(n+e) (|2Q|1 Sa/n/ |Tk4(f)(y)| dy)

k=1 j=1

(12 . o= Is”“s‘”d)(”)/m
X | —— —
2Ql )10 2Q 4

< Cllblisso Y Mas(TH (1) ),
k=1

5<—/Z/ 160 bg|[K(x — ) = Ky (6 = )| |1 TF*(F)3) | dy dx

< CZZ[ |b(y) - b@%v T*2(f)(y)| dy

k=1 j=1 Yd<|y-xo|<V*ld

m o0 ) 1 , I/S/
s B s
C;21:2 <|2/+1Q| Qj+1Q|b(y) b2Q| dy>

IA

1/s
(IQJ”QI LT ()0 dy)
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<CY > 2 1bllsroMs (I T () (%)

k=1 j=1

< Clbllsmo Y M;(Ia T () &),

m 1 5
b(y) = byol| K, (x — ki dyd
Le < §= |Q|ff(2®c| ) = bag||Kio (x = 0)|| T* () 9) | dy dx

»3 tq kA
b(y) = bory| ——2 | TH J
: ; 2 /?/d<y—x0|<2}+1d| (y) ZQ‘ |x _y|n+2—a } (f)(y)’ Y
ShS 1 RN
= ZZ <W/y+1Q}TkA(f)(y)’ dy)

k=1 j=1

1 , 1/s'
x [ — b(y)-b Sd)
(IW“QI g0~ el

< Cllbllsmo Y Mas(TEH() (&)
k=1

These complete the proof of Theorem 3. O

Proof of Theorem 4 Choose 1 < s < p in Theorem 1 and set 1/r = 1/p — a/n. We have, by

Lemma 5,

|7 00 = [M(To() | o = CIMA(THO) ] 2o

< Cllbliuing Y (IMps (T T () || o + [Mprars(T4) | )
k=1

< CllbllLip, Y ([T ()

k=1

pe T ” T4(f) ”meﬁ:‘ﬂ)

< Clbluipg Y (17O sy + 1 lpasse)
k=1

= CllblILipy L | ppa+pie -

This completes the proof of the theorem. O

Proof of Theorem 5 Choose 1 < s < p in Theorem 2. We have, by Lemma 4,

UP

” Tb(f)”Ff‘Do =Cl|s

i / IT(1)) — Argy (T()) @) dx

L1

< ClIbllLip, Z(HMS(IaTk’Zm) 1 + [ Mas (T 14)
k=1

< Clblluip, Y ([T 0 + [T )

k=1
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< Cliblluip, Y (| T**()] + IFl22)
k=1
= ClIbllLipy Ilf ll o
This completes the proof of the theorem. d

Proof of Theorem 6 Choose 1 < s < p in Theorem 3, we have, by Lemma 5,

[T 00 = 1M(To) |00 = CIMA(To()) | 10

< Clibllsuo Y (1M (e T () | gy + [ Mas (T40) )
k=1

< Cllbliswo Y (e T ()| o + [ T4 )
k=1

< C||bl Mo i(” T+ (f) |y + I llzpas)
k=1
< Cliblsmollf llpece.
This completes the proof of the theorem. O
4 Applications
In this section we shall apply Theorems 1-6 of the paper to the holomorphic functional

calculus of linear elliptic operators. First, we review some definitions regarding the holo-
morphic functional calculus (see [10, 11]). Given 0 < 6 < 7. Define

Sy ={zeC:|arg(z)| <6} U {0}
and its interior by SJ. Set So = Sy \ {0}. A closed operator L on some Banach space E is said
to be of type 6 if its spectrum o (L) C Sy and for every v € (6, 7], there exists a constant C,
such that

il =L)< C, n¢S,.
For v € (0, 7], let

Hoo(Sg) = {f:Sg — C:f is holomorphic and ||f|| 1~ < oo},

where |[f ||z = sup{|[f(z)| : z € S} }. Set

\IJ(SZ) = {g eHoo(Sg) :3s > 0,3c¢ > 0 such that |g(z)| < c1 lz||z|23 }

If L is of type 6 and g € Hoo(S)), we define g(L) € L(E) by

(L) = (2! /r (nl — L) "g(n) dn,
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where I is the contour {& = re*™ : r > 0} parameterized clockwise around Sy with 6 <
¢ < p. If, in addition, L is one-one and has dense range, then, for f € Hy, (Sg),

L) = [hW)] " (),

where /(z) = z(1 + z)72. L is said to have a bounded holomorphic functional calculus on
the sector S, if

le@| < Nlgl

for some N >0 and for all g € Hoo(Sg).

Now, let L be a linear operator on L2(R") with 6 < /2 so that (~L) generates a holomor-
phic semigroup e %, 0 < | arg(z)| < 7/2—6. Applying Theorem 6 of [11] and Theorems 1-6,
we get

Corollary 2 Assume the following conditions are satisfied:
(i) The holomorphic semigroup e £, 0 < |arg(z)| < w/2 — 0 is represented by the kernels
a,(x,y) which satisfy, for all v > 0, an upper bound

’az(x!_y)| =< thlz\(x’y)

forx,y € R",and 0 < |arg(z)| < w/2—6, where hy(x,y) = Ct™"%s(|x—y|?/t) and s is a positive,
bounded, and decreasing function satisfying

. 2\ _
rlglolo r"*és(r ) =0.

(ii) The operator L has a bounded holomorphic functional calculus in L*(R"), that is, for
allv>6and g e Hy (Sg), the operator g(L) satisfies

le@@) > < coliglz=IIfll 2.

Let g(L);, be the Toeplitz type operator associated to g(L). Then Theorems 1-6 hold for g(L)p.
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