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Abstract

We prove large deviation inequalities for the randomly weighted partial and random
sums 52 = Z,L 0X,n>1; Sf(t) = Zg?(@;)@- + ), c € R, where {N(t),t > O} is a
counting process, {6;,i > 1} is a sequence of positive random variables with
two-sided bounds, and {X;,i > 1} is a sequence of non-identically distributed
real-valued random variables, while the three random sources above are mutually
independent. Special attention is paid to the distribution of dominated variation and
the widely orthant dependence structure.
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1 Introduction

Let {Xx, k > 1} be a sequence of real-valued random variables (r.v.s) with Xj’s distribu-
tion function (d.f.) Fy(x) = 1 — Fx(x) and ux = EX; = 0 for every k > 1, and {6,k > 1}
be another sequence of positive random variables, satisfying P.(a <6y <b) =1, k > 1,
where 0 <a < b < 0o. {N(t),t > 0} denotes a counting process (that is, a non-negative,
non-decreasing, and integer-valued stochastic process) with a finite mean function A(t)
for t > 0 and A(t) — oo as t — o00. Besides, the three random sources above are mutually
independent. Denote S? = 3" 6,X;, n > 1and 8(£) = Y- N(0,X; + ¢), t > 0, c € R. By con-
vention, the summation over an empty set of indices produces a value of 0. In the present
paper, we are interested in the probabilities of large deviations of {S%} and {SY(¢)} in the
situation that {Xj, k > 1} are heavy-tailed and widely orthant dependent.

Since the theory of large deviations with heavy tails is widely used in insurance and
finance, in recent decades, there have been a series of articles devoted to related prob-
lems. For more details, please refer to Embrechts et al. [1], Kluppelberg and Mikosch [2],
Mikosch and Nagaev [3] and references therein. Recently Tang [4] extended the asymp-
totic behavior of large deviation probabilities of partial sums of heavy-tailed random vari-
ables to the case of negatively dependent ones. Under the assumption that random vari-
ables are non-identically distributed and extended negatively dependent, Liu [5] obtained
a result similar to the one in the above paper, which was promoted to random sums in
various situations later by Chen et al. [6]. Specially, Shen and Lin [7] investigated large
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deviations of randomly weighted partial sums with negatively dependent and consistently
varying-tailed random variables, but, unfortunately, there are some flaws in their proofs.

In this paper, motivated by the work of Liu and Hu [8] and Chen et al. [6], on the one
hand, we aim to prove that for each fixed y > 0, there exist positive constant M; and M,

such that the inequalities

n

P, (Sf, > x) > M; (1 + 0(1)) ZP,(Gka > x) (1.1)
k=1
and
Py(S) > %) < My(1+0(1) Y Pr(6:Xi > ) (1.2)
k=1

hold uniformly for all x > yn as n — 00, respectively; on the other hand, for arbitrarily

fixed y > ¢ (c is an arbitrarily given real number), there are positive constant M and M,

such that
N N()
P.(S2(t) > x) = My (1+ 0(1))15[2 P (0kXi > x - c)L(t))j| 1.3)
k=1
and
N N(t)
P.(S2(t) > x) <My (1 +0(1)E [Z P (0h Xk > x - ck(t)):| (1.4)
k=1

hold uniformly for all x > y A(¢) as t — oo, respectively.
The paper is organized as follows. Section 2 presents our main results after recalling

some preliminaries. Sections 3 and 4 prove Theorems 2.1 and 2.2, respectively.

2 Main results

We say that a random variable X or its distribution function is heavy-tailed if Ee*X = oo for
all £ > 0. An important class of heavy-tailed distributions is D, which consists of all distri-
butions with dominated variation in the sense that the relation lim sup, _, ., F(xy)/F(x) < 00
holds for some (hence for all) 0 < y < 1. Recall the upper/lower Matuszewska index of dis-
tribution F, defined as J} = —lim,_, »(log F,(y)/logy) and J; = —lim,_, o (log F'(y)/logy),
where F.(y) = liminf,_, o, F(xy)/F(x) and " (y) = limsup, . ., F(xy)/F(x) forany y > 0. From
Lemma 3.5 of Tang and Tsitsiashvili [9], we know that if F € D, then 0 < J; <J} < 00, and

for arbitrary p; < Jz and p, > J£, there exist positive constant E’i and IND,', i=1,2, such that
F()/F(x) > Ci(x/y)" 2.1)
holds for all x > y > l~)1, and

F(y)/F(x) < Cy(x/y)™ (2.2)
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holds for all x > y > 52. Hence, for any p; < J7, we have

F(x) = o(x_pl); (2.3)
and for any py > J},

x72 = o(F(x)). (2.4)

Furthermore, if the distribution F*(x) = F(x)1(x>0) has a finite mean, then /; > 1.

Now, we present some new dependence structures introduced in Wang et al. [10].

Definition 2.1 We say that the r.v.s {n,,n > 1} are widely upper orthant dependent
(WUOD) if there exists a finite real sequence {gy;(n), n > 1} satisfying for each #n > 1 and

for all x; € (=00, +00),1<i <mn,

i=1

P, (ﬂ{m > xl-}> < gu(m) [ [ Prni > )5 (25)
i=1

we say that the r.v.s {5,, n > 1} are widely lower orthant dependent (WLOD) if there exists
a finite real sequence {g;(n),n > 1} satisfying for each # > 1 and for all x; € (00, +00),

1<i<mn,

P, (ﬂ{m < xi}) <g(n) Hpr(ﬁi <xi); (2.6)
i=1 i=1

if they are both WUOD and WLOD, then we say that the r.v.s {n,,n > 1} are widely or-
thant dependent (WOD). WUOD, WLOD, and WOD r.v.s are called, by a joint name, wide

dependence (WD) r.v.s, and gy;(n), g1 (1), n > 1, are called dominating coefficients.

Wang et al. [10] also gave some examples of WD r.v.s with various dominating coeffi-
cients which show that WD r.v.s contain some common negatively dependent r.v.s, some
positively dependent r.v.s and some others.

From the definitions of WD, the following proposition can be obtained directly (see, e.g,
Wang et al. [10]).

Proposition 2.1 (1) Let {n,, n > 1} be WUOD (WLOD) with dominating coefficients g (n),
n>1(gi(n), n>1). If {f,(-), n > 1} are non-decreasing, then {f,(n,), n > 1} are still WUOD
(WLOD) with dominating coefficients gy (n), n > 1 (gr(n), n > 1); if {f,(-),n > 1} are non-
increasing, then {f,(n,),n > 1} are WLOD (WUOD) with dominating coefficients gy (n),
n>1(g(n),n>1).

(2) If {ny, n > 1} are non-negative and WUOD with dominating coefficients gy (n), n > 1,

then for each n > 1,

El_[ ni < gu(n) l_[Eﬂi~
i-1 i-1
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In particular, if {n,,n > 1} are WUOD with dominating coefficients g;;(n), n > 1, then for

eachn>1andanys>0,

Eexp:s Z 771‘} <gu(n) HEexp{sn,-}.

i=1 i=1

For convenience, we introduce some notation. For two positive functions a(-) and
b(-), we write a(t) < b(¢) if 0 < liminf;_, o a(£)/b(t) < limsup,_, . a(t)/b(¢) < co. For
two positive bivariate functions a(-,-) and b(-,-), we say that the asymptotic relation
a(n,x) < b(n,x) or a(n,x) 2 b(n,x) holds uniformly over all x in a nonempty set A,
if limsup,,_, ., sup,cp a(n,x)/b(n,x) <1 or liminf,_, o infyep a(n,x)/b(n,x) > 1. For a real
number x, we write x* = max{x, 0} and x~ = — min{x, 0}.

Before we state our main results, we will introduce some basic assumptions, to be used
in this paper.

(A1) There exist a real-valued random variable Y with its d.f. Fy(x) € D, and some pos-

itive integer ny, positive constants C; and 7 such that for all # > n,,
1 n
p ZFi(x) > G Fy(x), (2.7)
i=1

holds uniformly for all x > T, and E(Y™")* < oo for some s > 1.
(Ay) There exist a real-valued random variable Z with its d.f. Fz(x) € D, and positive

constants Cy, C3 and T such that for every n > 1,
- -
= Filw) = CoFz(x) (2.8)
i=1
holds uniformly for all x > T', and for n large enough,
1 n
p ZFi(x) < G3Fz(x) (2.9)
i=1

holds uniformly for all x < —T; and EZ < oo, ];Z > 1.

(As)

112 sup Fz(x)/Fy(x) < oo. (2.10)
(Ad)

Fz(—x) = o(Fy(x)). (2.11)

Remark 2.1 According to (2.7), (2.8), and (2.10), we can see that the r.v. Z’s and Y’s right
tails are weak equivalent, i.e., Fz(x) < Fy(x). The assumption (A,), which is equivalent to
Fz(—x) = o(Fz(x)), shows the r.v. Z’s left tails are lighter than the r.v. Y’s right tails. It is

clear that all assumptions (A;)-(A4) are easily satisfied.
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The main results of this paper are given below.

Theorem 2.1 Let the random variables {X,,,n > 1} introduced in Section 1 be WOD and,
for some r > 1, E(X;,)" < oo, n > 1. If the assumptions (A;)-(A4) hold and there exists a
positive number B < ];Z — 1 such that

a(m)=o(n’) and gu(n)=o(n"), (2.12)
then (1.1) and (1.2) hold, respectively.
Theorem 2.2 [n addition to the conditions of Theorem 2.1, if one of the following two con-

ditions is satisfied:

(I) when ¢ > 0, we have for arbitrarily fixed w > 0 and some r > J£,
E[N®) 1w asoney ] = O(M©)); (2.13)

(II) when ¢ < 0, we have for all 0 < w < 1

. PN() = (1-w)A(?))
lim — =
= Fy()

0, (2.14)

then (1.3) and (1.4) hold, respectively.

Remark 2.2 According to (3.13), (3.15), and (3.16), we can take
M = (Gi/Cy) lim inf(Fy (ux/a)/Fz(x/b))
and

M, = (C5/Cy) limsup(Fz(vx/b)/Fy(x/a))

X—> 00

in Theorem 2.1, respectively, where a, b, u, v, Cy, and C, are some fixed positive constants.
For the given distribution functions Fz(x) and Fy(x), we can obtain the sharp lower and
upper bound M;, M,. Hence, though the above expressive forms are not nice-looking,
causes no trouble for real applications. For M and M, by the proof of Theorem 2.2, we
can make a similar remark.

3 Proof of Theorem 2.1
We start with a series of lemmas based on which Theorem 2.1 will be proved. The proofs
of the following Lemmas 3.1 and 3.2 are straightforward and are therefore omitted.

Lemma 3.1 IfE(X")® < oo for some s > 0, then the relation

lim sup #°F(x) =0

H=>00 x>y

holds for arbitrarily fixed y > 0.

Page 5 of 16
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Lemma 3.2 IfE(Xii)q <00, i > 1, and E(Z*)1 < oo for some q > 1, and (2.8), (2.9) hold,
then there exists positive constant ﬁqi < 00 such that

n
S B < i
i=1
holds foranyn=1,2,....

Lemma 3.3 Let {X,,,n > 1} be a sequence of real-valued and WUOD rv.s with X,’s d.f.
F,(x) =1—F,(x) and j1, = EX,, = 0 for every n > 1, and let {c|, ¢, ...} be a sequence of real
numbers satisfying 0 < a < ¢; < b < 00, i > 1. If the assumptions (A1)-(As) hold and there
exists a positive number B > 0 such that

gu(n) = 0(n”), (3.1)
then there exists a constant My > 0 such that the relation

P> cXi>x
limsup sup sup M <M, (3.2)
n—>00 x>ync,ela,bl" Zi:l Pu(c;X; > x)

holds for arbitrarily fixed constant y > 0, where ¢, = (c1,¢2,...,Cp).

Proof For arbitrarily fixed 0 < v <1, let )?i = min{X;, vx/c;}, i > 1 and g,, = Z?zl c,:)‘(i. Using

the standard truncation technique, we have

P, (Z X > x) < ZP,(ciXi > VX) + P,(En > x). (3.3)

i=1 i=1

Now, we deal with the second term on the right-hand side of (3.3). Let ¢ = ¢(n,%,¢c,) =
max{-log > ;_; P,(ctXx > vx),1}, then we can obtain limsup,,_, . SUP,.-.,, SUP, c[q,p)n € = OO
according to (2.8) and Lemma 3.1. Write W = P,(En > x)/ Y, Pr(c;iX; > vx). For a posi-
tive number % = h(n,x,¢,) > 0, which we shall specify later, by Chebyshev’s inequality and
Proposition 2.1, we have

W < gu(n) exp{_hx +c+ Z logEehci)N(i }

i=1

n vx/c;
<gu(n) exp{—hx +c+ Z log [/ (ehc,-y - 1) dF;(y)
i=1 B
+ (eh"x - I)Pr(ciXi > VX) + 1] }
n vx/ci
< gu(n) exp{—hx tc+ Z[/ (¢ —1) dF;(y)
=1 LY=o

+ (eh"x - l)P,(ceri > vx)j| }
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non0
< gu(n) exp{—hx tc+ Z/ ("7 ~1) dF;(y)
i=1 V™

vx

+ é(/oclck + /Uj)(ehﬁiy — 1) dFl(y) + (ehvx — 1) izilpr(ciXi > vx)}

oK
c;c!

= gu(n)exp{—hx +c+h+L+13+ (eh”x - 1) ZP,(ciXi > vx)}, (3.4)

i=1

where « > 1 is an arbitrarily fixed constant. Take /2 = (c - kp; log ¢)/vx, where p, > J7, . By
(2.4) and (2.7),

. ) —log CinFy(vxla)
limsup sup sup /4 < limsup sup
n—co x=yng,elabl” n—>00 x>yn vx
—log Cin(2x)P2
< limsup sup gl—(“) =0
n—00 x>yn vx

For I, we have

| NES Y rar
hn o\ M5
-T 0N 1 e 1« _
o[ [)E S ro-da- Ly e 39
—o0 Jor/ M "o

Denote g(n,h,,c,) = (X Fiy)(1L - %))/ and g,(y) = SUp,.. ., SUP,, (s €0 3, ,). By
(2.9), we see that there exists N > 0 such that for n > N and all y < T, |g,(y)| < C3Fz(y).
And for any [s,£] C (-00,~T1, |g.(y)| < sup,s,, Supgne[a,b]"(l — ) - 0, n — oo for all
y € [s,t]. Hence,

-T

-T
limsup sup sup / glm h,y,c,)dy < limsup/ g.(y) dy
— n— 00 —00

n—00 xzyngne[a,b]" o0

-T
= / lim g,(y)dy = 0. (3.6)

From the definition of g,(y), we know that |g,(y)| <1 for every n and all y € [-T,0), and
2,(y) > 0,n—> oo forally e [-T,0). So,

0 0
limsup sup sup / g(n, h,y,c,)dy < limsup / g.(y)dy
_ -T

n—o0 xzync,elab" J-T n—>00
0
:/ lim g,(y)dy = 0. 3.7)
_Tn~>00

Combining (3.6), (3.7) with (3.5), we obtain

n
L=gnh-hY_ cEX;, (3.8)

i=1

Page 7 of 16
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where limsup,,_, o, SUp,...,,,, SUP,, c(q,ppx @ = 0. For I> and I, we have

v vx

n
12 +13 < Z(/ “ hCiyehCidei(y) +/ '
i-1 \JO s

c;c

n
< Z(hciehcszX;' + eh”xl_-"i< s )), (3.9)
cick

i=1

"V dF; @))

where limsup,, , . SUp,.~.,,,, SUP, ¢[4,5n ¥/ — 00 according to (2.4) and (2.7). Plugging (3.8)
and (3.9) into (3.4) yields

v fgu(">exp{—hx+ ¢ phn+hb ) EXE (e 1)

i=1
+ Cznl_-"z(%>eh”x + ConFy (%) (eh”x - 1) }
< gu(n) exp{—hx +c+ [(p +bi (eh””/CK - 1)]hn
+ szézc"mnl_-"z(ﬁ &mr g Cznl_-"z(E e
b b
< gu(n) exp{—hx +c+ [go +by (eh”“/CK - 1)]hn

+1§(C"p2 + l)nl_fz<%c)eh”"}, (3.10)

where in the first step we apply (2.8), in the second step we use Lemma 3.2 and (2.2), and

B is an appropriately chosen positive number. By the value of /1, we have

limsup sup sup B(cP? + l)nl_-"z(v—;>eh"" <00

n—>00 x>ync,€la,b)”
and

. [p + b} (€™ —1))hn + (kpalogc)/v
limsup sup sup =

n—00 x>ync,ela,b]" ¢
Hence,
B 1
W < gu(n)n® exp{ﬂ logn + (1 - —)c +o(c) + 0(1)}~ (3.10)
v

Using (2.3) and (2.8), we obtain

. logn 1
limsup sup sup = ,
n—o00 x>ync,elabl” € -1

Page 8 of 16
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where 1 < p; <]F Taking 0 < v < (p; - 1)/(B + p1 — 1) <1, from (3.11), we have

1
limsup sup sup W < limsup sup sup gu(m)n? exp{( P +1- —)c

n—00 x>ync,elab)" n—o00 xzync,clabl" p1 -1 Vv

+o(c) + O(l)} =0. (3.12)

Applying (2.7), (2.8), and (2.10), we know that there exists M, > 0 such that

Yo Pe(eiX; > vx) -

limsup sup sup <M. (3.13)

n—>00 x>ync,ela,bl" Z?:l P(ciX; > %)
Combining (3.12), (3.13) with (3.3), we can obtain (3.2). O

Lemma 3.4 Let {X,,n > 1} be a sequence of real-valued and WOD rv.s with X,’s d.f.
F,(x) =1 - F,(x) and w, = EX, = 0 for every n > 1, and let {c1,ca,...} be a sequence of
real numbers satisfying 0 < a < ¢; < b < 00, i > 1. If the assumptions (A1)-(A4) hold and
there exists a positive number B < ];Z —1 such that

gu(n) = o(nﬁ) and g (n) = o(nﬁ), (3.14)
then there exists a constant M > 0 such that the relation

P> L cXi>x

liminf inf  inf L > M; (3.15)
n—o00 x>ync,clab]" Z P.(ciX; > x)

holds for arbitrarily fixed constant y > 0, where ¢, = (c1,¢2,...,Cp).

Proof 1t is sufficient to prove that

P> ciX;
liminf inf inf (D i1 €iXi > %) -

=l T 3.16
n—>0o00 xzync,€la,bl" Z P (ClX > ux) ( )

holds for arbitrarily fixed u > 1. We write Ay = {cx Xk > ux} and By = ﬂlii#in A{. Observing
that Ax N By, k=1,2,...,n, are mutually disjoint, we have

(Zcx >x>>Z[P (Ax) - Pr(Ax N BE) - (ZcX<x,AkﬁBk>:|

i=1 k=1 i=1
n
> Z[Pr(Ak) - > P(ANAY
k=1 1<izk<n
—p,( D ek < (- ux, A mgkﬂ
il1<i<n,i#k

> > Pi(A) [1 - gu() Zpr(Ak)}
k=1 k=1

- ZB( D aXi < (- wx Ay an) =~ (3.17)

is1<i<n,izk

where at the third step we used Proposition 2.1.
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For J;, by (2.3), (2.8), and (3.14), we have for arbitrarily fixed y > 0

liminf inf inf — A
n—00 x>ync,elab]" Zk:l P.(c; Xy > ux)

>1-limsup sup gu(n)nCzl?z(ﬂ>

n—oo x>yn b
b pn
> 1 - limsup Cogy(n)n* 1 (—) =1, (3.18)
n—00 uy

where p; =8 +1.
Now we deal with J,. For fixed 0 < w < 1, Let W} = —X; and W}, = min{ W, (wx)/ci}, then

< zn:Pr (Ak N Bx, O{Ci‘/vi > wx})

k=1 i=1

+ i:P,( Z aX; < (1 -ux, ﬁ{chj < wx})
k=1

i1<i<m,izk j=1

< ZP,(C,-W,- > wx) + ZP,(ck Wi > (u- l)x) =K + K. (3.19)
i=1 k=1

For Kj, by (2.7), (2.9)-(2.11), we have

K; CsFz(-%x
limsup sup sup n—l <limsup M = (3.20)
n—oo x>ync,clabl” Zi:l Pr(Cl'Xl' > ZNC) X— 00 Cle(gx)
For K;, using Chebyshev’s inequality and Proposition 2.1 again, we have
K, < ZgL(n -1 exp{—h(u —1x+ Z logEehci‘% }
k=1 il<i<n,ik
< ZgL(n -1 exp{—h(u —-1)x
k=1
+ Z [f § (ehciy - 1) dFw,(y) + (eh”’x - l)P,(c,»W,» > wx)] }
il<i<mizk=Y "
n 0
< ZgL(n - 1)exp{—h(u —Dx + Z |:f (ehCiy _ 1) dFw,(y)
k=1 il<i<nm,isk =Y~
B e 1 e,
+ / u(ciy)s dFw,(y) + h¢,EX;
0 (ciy)s
+ (" ~1)P(c; Wi > wx):| } (3.21)

where & = (log(w*™'x°/nfi; +1))/wx and s > 1. Using similar techniques as in (3.8), we can
obtain

<|a|nh, (3.22)

Z |:/_0 (ehciy —1)dFw,(y) + hciEXi—:|

il<i<n,izk =Y =%

Page 10 of 16
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where ¢ — 0 holds uniformly for x > yn, as n — co. By (2.9) and (2.11),

limsup sup sup Z (" ~1)P(c; W > wx)
n—>00 x>ync,ela,b]" il<i<nmitk
) wt (b
<limsup —C3x°Fy| —x ) — 0. (3.23)
- w

x—>o00 Mg

Take sufficiently large n such that |o| < (#—1)y /2. Combining (3.21)-(3.23) and observing
the monotonicity of 0 < (" — 1 — hc;y)/(c;y)* for all y > 0, we have

K; < ZgL(n ~n? exp{ﬁ logn — h(u —1)x + |a|nh
k=1

e 1 — hwx

+— Z cfE(Xi_)S+o(1)}

(wa)? i1<i<m,izk
n B 1 _u-1
X w xS 2w
< X:gL(n—l)n_‘6 exp{log(—) +10g< - +1)
1 14 nug
e 1 R ~ (s=1)(u=1)
wy buji; +o(1)} < CnxP~2v (3.24)
wx

where C is some positive constant. For fixed u > 1, we take 0 < w < 1 such that (3_12)54'/‘_1) >

B +Jg,- By (2.4) and (2.7), we have

~

1i K <1i Cx? 0 (3.25)
imsup sup sup <limsup ——— =0. .
n—>00 x>ync,elabl" Zzzl Po(ci Xy > ux) x—00 Cle(fx)

_ -D(u-D)
2w

Combing (3.17)-(3.20) with (3.25), we can obtain (3.16). This ends the proof of Lem-
ma 3.4. O

Proof of Theorem 2.1 By Lemma 3.3, for arbitrarily fixed y > 0, we have uniformly for

x>yn

P, (Z 0 Xx > x) = E|:P,<Z O Xi > x|91,92,...,9,,)j|
k=1 k=1

n
SME| Y PrOcXs >x|01,02,...,9n)}
k=1

=

=M S P60 Xk > %). (3.26)
k=1

According to Lemma 3.4 and using a similar method of proof as in (3.26), we can obtain

the remainder of Theorem 2.1. O

4 Proof of Theorem 2.2
For proving Theorems 2.2, we first give two lemmas.
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Lemma 4.1 Let {X,,n > 1} be a sequence of real-valued and WUOD rv.s with X,’s d.f.
F,(x) =1—F,(x) and 0 < EX} <0 for every n > 1, and Let {6;,i > 1} be a sequence of non-
negative rv.s satisfying P,(a < 0; <b)=1,i>1,0 <a < b < 0o and independent of {X,;,n >
1}. If (2.8) and EZ* < 0o hold and gi;(n) = O(n?) for some positive number B, then for every
fixed u > 0, there is D= b(u) > 0 such that

1
u

n n n
X X = B
P, (Z 0,X; > x) < ZP,(Gle > ux) + D(x) n (4.1)

i=1 i=1
holds for large n and all x > 0.

Proof Using the techniques similar to Lemma 3.3 with some obvious modifications, we

can prove the lemma. d

Combining Lemma 2.1 of Chen et al. [6] with Lemma 3.1 of Ng et al. [11], we can obtain
the following lemma.

Lemma 4.2 If a non-negative random process {¢(t),t > 0} satisfies E¢(t) — 1, t — 00,
then (1)-(iv) are mutually equivalent:
(i) ¢@) i d 1,ast— oo;
(ii) for every fixed 6 > 0, E¢ (£)1(z(9-150) = 0(1);
(iii) for every fixed 6 > 0, EC(£)1{j¢ (1156} = 0(1);
(iv) for every fixed 0 <6 <1, P,(1-¢(t) = 0) = 0(1).

By Lemma 4.2 and (2.13), we know that

N(t) 5,)

m 1. (4.2)

Proofof Theorem 2.2 Now, we prove Theorem 2.2 under condition (I). Using Theorem 2.1
and (2.8), we obtain for any fixed o > 0 the result that there exists a positive integral num-

ber N such that when n > N, for sufficiently large x,

P, (Z 0:X; > x) < (My+0) Y P(0:Xi > %) < (M + 0)ConFyz <f> (4-3)

i=1 i=1 b
It is clear that for every n=1,2,...,N and all large x,
n n _ x
P, 0:X; <» P.0X;>x/N)<ConFz| — ). 4.4
(Zl >x) Zl (6:X; > xIN) < Con. Z(Nb) (4.4)

Hence, by (4.3) and (4.4), there exists some positive number D, for every n=1,2,..., and

all sufficiently large x,

P, (Z 0,X; > x) < DnF(x). (4.5)

i=1
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Take 0 < w < 1 such that ¢(1 + w) < y. Throughout this proof, we suppose that x €
[y A(t), 00). Consider the following decomposition:

Pr(Sf(t)>x):( Z + Z + Z )P,(Si>x—nc)Pr(N(t):n)

n<(l—w)A(t) (Q-w)A(t)<n<(1+w)i(t) n>1+w)r(t)

= Ll + L2 + L3. (46)
Firstly, we deal with ;. For sufficiently large ¢, by (4.5), we have
Li< Y PS)>x-(1-w)ch(t))P,(N(£) = n)

n<(l-w)A(t)

<DFz(x-(1-w)cA(t)) Y nP(N() =n).

n<(l-w)A(t)

For convenience, write H = E[Zﬁ(f) P,(0:X; > x — cA(t))]. According to x — (1 — w)cA(f) <
x —cA(t), (2.7), (2.10), and (iv) of Lemma 4.2, we have

. L
limsup sup —
t—>00  x>yA(t)

DF 7(x — (1 - w)cA(2)) > ety MR (N(2) = n)

<limsup sup

00 azyit) CiFy (2D EIN (D1 n(eysng) ]
- ~ nP,(N(t)=n) . EIY91 <))
< Dlimsup Z'K(l UM < Dlimsup 0 (t);() el
t—00 EN(t)—nO t—>00 — m
~ N(t
<B1-w)tim 2 (YD 1 4) =0, (4.7)
t—00 }L(t)

where D is some positive constant.
Secondly, we deal with L;. On the one hand, by Theorem 2.1, for arbitrary &; > 0 and
sufficiently large ¢,

n

Ly > (M — &) > > P6:X; > x - n)P(N(2) = n)

1-w)A(t)<n<1+)A(t) i=1

> (M - 81)C1?y(@> Z nP,(N(t) = n). (4.8)
(

1-w)A(t) <n<(1+w)A(t)

By (2.8), we have H < CyF7((x—cA(£))/b)A(t). Using (2.10) and (iii) of Lemma 4.2, we know
that there is a positive constant M; such that

e Lo~ N(t) ~
hgégfx;}}xf(t)ﬁ ZMltl_lfgoE[ml{lw—lfw} =M. (4.9)

On the other hand, using similar techniques as in (4.8), for any &; > 0 and sufficiently
large ¢, we have

Ly < (Mj + ) CoF 7 <’M) > nP,(N(t) = n). (4.10)
(

b 1-w)A(t)<n=<(1+w)A(t)
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By (2.7), we have
— [x—cA(t)
H > CFy (T)E[N(t)lw(t)mo}]. (4.11)

Then, by (4.10) and (4.11), there exists a positive number M, such that

N()
Ly E[Wllwm—um}] ~
limsup sup — <M, lim —no =M,. (4.12)
t—>00 x>y A(t) =00 1 )

Finally, we deal with Ls. Taking 0 < v < 1 and splitting L3 into two parts, we obtain

Ly = < Z + Z )p, (2”: 0.X; > x — nc> P,(N(t) = n)
( i=1

l+w)A(t)<n<(1-v)x/c n>max{(1+w)A(t),1-v)x/c}

=R +R,, (4.13)

where R; is understood as 0 in case (1 + w)A(£) > (1 — v)x/c. For Ry, taking u = 1/p in (4.1)
and letting p > J, ;Sy, we have

R < > (ZGX > Ux) (N(t) = n)

(1+w)A(t)<n<(1-v)x/c

< > (ZP (0:X; > vx/p) + D(vx) Pnp+ﬁ> H(N(2) = n)

(1+w)r(t)<n<(1-v)x/c \ i=1

—_ [(uvx R
< C2FZ<E)E[N(t)l{N(t)>(l+w)k(t)}] + D(ux) PE[N (6P Linio)s aropnien - (4.14)

Hence, according to (ii) of Lemma 4.2, (2.13), and (2.4), we have

. R
imsup sup —
t—oo azya(r) H
' CoF (3 )E[Ntl{N > (1+)r(0)]
<limsup sup

t—>00  x>yAl(t) ClF (x cAE )(1— no)

D(vx)? . EIN@&P P Linws aremen ) /4(2)
+limsup sup Tw) X limsup sup
t=oo xzyue) CLFy(7=-2) t—>00  x>yA(t) 1- x(t)

=0. (4.15)
For R,, we have

. Ry
limsup sup —
o0 xzya(e) H

: 3 o mar( (L)), 0-vjsie) Tgargp Pr N (0) = )
<limsup sup — ck(t
100 x2yi(t) CiFy (5 2)EIN (D1 N ()5n0)]

<limsup sup (a- U)x/C)pr[N(t)pl{N(t A+ /A (E) _

(4.16)
t—>00  x>yA(t) CF (x = )(1— _)
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Combing (4.6), (4.7), (4.9), (4.12), (4.13), and (4.15) with (4.16), we finish the proof under
condition (I).

Finally, we prove Theorem 2.2 under condition (II). Without loss of generality, we as-
sume ¢ < y < 0. We still take 0 < w < 1 such that ¢(1 + w) < y < 0 and use the decomposition
(4.6). For L;, we take y; > 0 and divide the interval [y A(t), 00) into two parts, which are
[y A(t), 1A (£)) and [ A(£), 00). When x € [y1A(t), 00), we have

Fz(x—ch(8)) = Fz((1 - c/y1)x) < Fz(x). (4.17)
When x € [y A(£), y1A(t)), we have

Fy(x —ci(t)) = Fy((n - 0A(t)) < Fy(r(2)). (4.18)
Applying (2.14), (4.5), (4.17), and (4.18), we obtain

limsup sup L

100 xzyie) H

D(1 - 0)Fz(x)P,(N(2) < (1 - w)A(2))

<limsup sup

(00 aznilo) CiFy (=291 - )
D(1 - 1) <(1-w)(t
+limsup  sup A= w)P Ec Cﬁ ) =( a)) ®) =0. (4.19)
t—=>00  yA(t)<x<yir(t) G Fy( )(1 K(t )

For L3, since x —cn > yA(t) —cn > (y (1 + w) ™ = ¢)n, then according to Theorem 2.1, (2.10),
and Lemma 4.2, we have

. L;
limsup sup —
=00 x>yA(t)

. M, Zn>(1+w)k(t) Z?:l P.(0:X;>x— CI’I)P,(N(If) =n)
<limsup sup = x—ch(2)
t>00 x>yA(t) ClFY(—)E[N(t)l{N(l)>n0}]

, My CoF (S E 105 (o]
<limsup sup

o =0. (4.20)
t>00 x=yA(t) CFy(Z29)(1 - o)

For L,, observing A(f) < (y — ¢)}(x — cA(t)) and ¢ < 0, by Theorem 2.1, (2.14), and (iii) of
Lemma 4.2, we know that, on the one hand, there exists a positive number M; such that

L
liminf inf =2
t—>o0 x>yAa(t) H

M, Z(l-w)x(t)<n< L)i() Y P(0:X; > x — cn)P,(N(t) = n)

> liminf inf

t—>00 x>y A(t) CzFZ(x 20 ))\.(t)
Mlclfy(x—c(lﬂu —)E[ t) ” 1‘<w]]
> liminf inf 0
=00 x>yA(t) C, F (x c )
MG Fy(a (1= coly —))(x - cr@)ELFRL, 20 <]
> liminf inf _ -
t—>00 x>yA(t) CZFZ(x_Cb (t))

> M;; (4.21)
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on the other hand, there exists a positive number M, such that

. Ly
limsup sup —
00 x>yA(f)

MyCF (b (1 + coly - ) - AO)ELSHY,

I%—llsw}]

<limsup sup

(=00 xzyi0) CFy (=291 - £5)
< Ms,. (4.22)
Combing (4.19)-(4.22), we finish the proof under condition (II). a
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