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Abstract

Existence and uniqueness of fixed points of a mapping defined on partially ordered
G-metric spaces is discussed. The mapping satisfies contractive conditions based on
certain classes of functions. The results are applied to the problems involving
contractive conditions of integral type and to a particular type of initial value
problems for the nonhomogeneous heat equation in one dimension. This work is a
generalization of the results published recently in (Gordji et al. in Fixed Point Theory
Appl. 2012:74,2012, doi:10.1186/1687-1812-2012-74) to G-metric space.
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1 Introduction and preliminaries

One of the most common applications of the fixed point theory is the problem of existence
and uniqueness of solutions of initial and boundary value problems for differential and
integral equations. The number of studies dealing with such problems has increased con-
siderably in the recent years. An important result in this direction has been reported by JJ
Nieto and RR Lopez in 2005 [1]. They studied existence and uniqueness of fixed points on
partially ordered metric spaces and applied their results to boundary value problems for
ordinary differential equations. The research in this direction is advancing continuously
and produces many interesting results; see [2—6].

In 2006, Mustafa and Sims [7] introduced the concept of a G-metric and G-metric space,
which is a generalization of metric space. After this pioneering work, G-metric spaces and
particularly fixed points of various maps on G-metric spaces have been intensively studied;
see [8—25] and also [26-29].

In this work, we present some fixed point theorems on G-metric spaces and investigate
the existence of solutions of an initial value problem for a partial differential equation,
more precisely, a nonlinear one dimensional heat equation.

First, we briefly introduce some basic notions of G-metric and G-metric space [7].

Definition 1.1 Let X be a nonempty set, G: X x X x X — [0, 00) be a function satisfying
the following conditions:

(Gl) G(x,y,2)=0ifx=y =z,

(G2) 0<G(x,x,y) forall x,y € X with x #y,

(G3) G(x,%,y) <G(x,9,2) forall x,y,z € X withz #y,

(G4) Gx,9,2) = G(x,2,9) = G(y,2,%) = - - (symmetry in all variables),
©2014 Gllyaz and Erhan; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/138
mailto:ierhan@atilim.edu.tr
http://dx.doi.org/10.1186/1687-1812-2012-74
http://creativecommons.org/licenses/by/2.0

Gulyaz and Erhan Journal of Inequalities and Applications 2014, 2014:138 Page 2 of 15
http://www.journalofinequalitiesandapplications.com/content/2014/1/138

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,7,z,a € X (rectangle inequality).

Then the function G is called a G-metric on X and the pair (X, G) is called a G-metric
space.
Note that conditions (G4) and (G5) imply that

|G(x,9,y) — Gx,2,2)| <2G(y,2,2)

forall x,7,z € X.

Definition 1.2 (see [7]) Let (X, G) be a G-metric space and let {x,} be a sequence in X.
1. A point x € X is said to be the limit of the sequence {x,} if

lim G(x,x,,%,)=0
nm—>00
and the sequence {x,} is said to be G-convergent to x.

2. A sequence {x,} is called a G-Cauchy sequence if for every ¢ > 0, there is a positive
integer N such that G(x,, x,,, x1) < € for all n,m, [l > Nj; that is, if G(x,, %, %) — 0 as
n,m,l — oo.

3. (X, Q) is said to be G-complete (or a complete G-metric space) if every G-Cauchy
sequence in (X, G) is G-convergent in X.

Proposition 1.3 (see [7]) Let (X, G) be a G-metric space, {x,} be a sequence in X and x € X.
Then the following are equivalent:

1. {x,} is G-convergent to x,

2. G(xy,%x,,%) — 0,as n — 00,

3. G(xy,x,x) — 0,as n— oo,

4. G(xy, X, x) — 0, as n,m — 00.

Proposition 1.4 (see [7]) The following statements are equivalent on a G-metric space
(X,G):

1. The sequence {x,} is G-Cauchy.

2. Foreverye >0, thereis N € N such that G(x,, %, %) < &, for all n,m > N.

Definition 1.5 (see [7]) Let (X, G) and (X', G’) be G-metric spaces. A functionf : (X, G) —
(X', G') is said to be G-continuous at a point a € X if and only if for every ¢ > 0, there exists
8 > 0 such that x,y € X and G(a,x,y) < § implies G'(f(a),f (x),f (y)) < . A function f is G-
continuous on X if and only if it is G-continuous at all points in X.

Proposition 1.6 Let (X, G) be a G-metric space. Then the function G(x,,z) is jointly con-

tinuous in all of its three variables.
Definition 1.7 A G-metric space (X, G) is said to be symmetric if
Gx,x,9) = G(x,9,y)

holds for arbitrary x,y € X. Otherwise, the space is called asymmetric.
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It is obvious that for every G-metric on the set X, the expression

dg(x,9) = Gx,x,9) + G(x,5,)

is a standard metric on X.
Note that on a symmetric G-metric space dg(x,y) = 2G(x,y,y), but on an asymmetric

G-metric space, the inequality

3
EG(x,y,y) <dgx,y) <2G(x,5,5)

holds for all x,y € X.
Some examples of G-metric spaces are presented below.

Example 1.8
(1) Let (X,d) be a metric space. Define Gs by

Gs(x,9,2) =d(x,y) + d(y,2) + d(x,z)

for all x,y,z € X. Then clearly, (X, Gs) is a symmetric G-metric space. Note that if
X =R? and d is the Euclidean metric on X, then Gs may be interpreted as the
perimeter of the triangle with vertices x, y, z.

(2) Let X = {a, b}. Define

G(a,a,a) = G(b,b,b) =0,
G(a,a,b) =1, G(a,b,b) =2,

and extend G to X x X x X by using the symmetry in the variables. Then (X, G) is

an asymmetric G-metric space.

2 The main results
The attempts to generalize the contractive conditions on the maps resulted in defini-
tions of various classes of functions. Altering distance functions defined in [30], weak
Y-contraction presented in [31] are some of these classes. In this study we employ con-
tractive conditions based on the following classes of functions.

Let W denote the class of the functions ¥ : [0, +00) — [0, +00) satisfying the following
conditions:

1. ¢ is nondecreasing,

2. 4 is sub-additive, that is, ¥ (s + £) < ¥ (s) + ¥ (¢),

3. ¢ is continuous,

4. Y(t)=0<1t=0.

Let S denote the class of the functions 8 : [0, +00) — [0,1] such that for any bounded
sequence {t,} of positive real numbers, 8(t,) > 1= ¢t, — 0.

Before stating our main results, we give the following auxiliary lemma which is going to

be needed in the sequel.
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Lemma 2.1 Let (X, G) be a G-metric space and let {x,} be a sequence in X such that the
sequence {G(xy41, %041, %,)} of nonnegative real numbers is decreasing and

im G(%,11, %1, %) = 0. 1)

n—00

When the subsequence {x,,} is not G-Cauchy, then there exist ¢ > 0 and two sequences {my}
and {ny} of positive integers such that the sequences

GX2mpr Xamgr X2 41)s G(%2my s X2mg +1> X2y +1) )

G(x2mk—1! x2nk’x2mk)! G(x2mk—1! Xomp+1s x2mk)
converge to € as k — oo.

Proof From the Proposition 1.4, if {x,,} is not G-Cauchy, then there exist ¢ > 0 and two

sequences {my} and {n} of N satisfying ny > my > k for which
G(X2my s X r Koy +1) = &5 (3)
where 7 is chosen as the smallest integer satisfying (3). In other words,
G(meer2nk—2rx2mk+l) <é&. (4)
By (3), (4), and using the symmetry (G4) and the rectangle inequality (G5), we easily derive

& < G(X2mys Xomg» Xamy+1) = G(Xomy s Xy +15 %2y )
< G(X2mys Xamy+1s X2m—2) + G(X2 25 X2y 2, X2y -1)
+ G(xZHk—ly x2nk—11x2nk)

<&+ G(xan—Z:xZ;qk—Z’xan—l) + G(xan—lernk—l,xan)' (5)

Taking the limit kK — oo in (5) and using (1), we obtain

i Gy %2 X2y 11) = € (6)
In addition, from the inequalities

G(x2mer2nk’x2mk+1) = G(mek: x2mk+1rx2nk+l) + G(xan+11x2nk+l» x2nk)
and

G(mek » X2 +15 x2nk+1) = G(mek » X2y +15 X2my ) + G(xan » X2mp5 x2nk+1)
we deduce

lim G(x2mk:x2nk+l:x2mk+l) =€

n—00
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upon taking the limit k — oo and using (1) and (6). In a similar way it can be shown that

the remaining two sequences in (2) also tend to ¢. O

We state next our first main theorem about the existence of fixed points on partially

ordered G-metric spaces.

Theorem 2.2 (Existence theorem) Let (X, <) be a partially ordered set, (X,G) be a G-
complete metric space and f : X — X be a nondecreasing function. Suppose that there exist
functions B € S and € V such that

v (G (e fr.fx)) < B(¥ (Gl p.f%)) ) ¥ (G, 3, f%)) 7)
forallx,y € X withx < y. Assume also that for any increasing sequence {x,} in X converging
to x,

X, <x foreachn>0. (8)

If there exists xo € X such that xo < fxo, then f has a fixed point.

Proof By the assumption, there exists xy € X such that x5 < fxy. We construct a sequence

{x,} in the following way:
fxy=x401 forallmeNU/{0}. 9)

Since f is nondecreasing, we have fx, < fx,.; for each n € N U {0}. Hence, {x,} is a non-
decreasing sequence. If x,, = x,,.1 for some ny € N U {0}, then x,, is the fixed point
of f. Assume that x, # x,,1 for all # € N U {0}. Then, by the definition of i, we have
Y (G, fns1s f2%,)) > 0 for all n € NU {0}. Taking x = x,, and y = x,,,; in (7) we get

W(G(xn+1;xn+2:xn+2)) = 1//(G(fx,,,fx,,+1,f2x,,))
<B (I/f (G(xm Xn+ls xn+1))) ¥ (G(x,,, Xn+ls xn+1))
= w(G(xn,anrh xn+1))'

Thus, the sequence {1/ (G(x,,, %1, %:41))} is nonincreasing and bounded below by 0. Con-

sequently, lim,,_, o ¥ (G(xy,, X441, %441)) = L > 0. We will show that L = 0. Assume to the
contrary that L > 0. Due to (7), we have

W(G(fxnrfxnﬂ:fzxn)) < ﬂ
1p(G(fxn—l:fxn:fzxn—l)) -

(Kﬁ (G(xm xn+1’xn+1))) = 1
for each n > 1, which yields

lim ﬁ(lﬁ (G(xn’xml:xm—l))) =1

n—00

However, since 8 € S, we have limy,_, oo ¥ (G(fX1, fX41, 2%,)) = 0 and hence, L = 0.
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We show next that {fx,} is a G-Cauchy sequence. Suppose that {fx,} is not G-Cauchy.
By Lemma 2.1, there exist ¢ > 0 and two sequences {1} and {n;} of positive integers such

that the four sequences

G(fomk ’fonk ;f2x2mk)7 G(fomk rfx2nk+lrf2x2mk)¢

G (fXamy -1, 2, ,f2x2mk—1), G(fomk—lyfonkJrl»foka—l)

approach ¢ as k goes to infinity. Setting x = x5,,, and y = %y, , in (7) and regarding (9), we

get
1# (G(fomk rfx2nk+1)f2x2mk))
=< ,B (Ip‘ (G(mek1x2nk+1)fx2mk))) 1// (G(mek) x2nk+l:fx2mk))
= B(V (G(Foam—1,f%amr f2%2mp-1)) )V (G (o212 o f X2y 1))
= w (G(fx2mk—1:fx2nk:f2x2mk—l));
and thus

V(G (fom fXoms1, S *Xomy.)) )
Y (G(famy—15 fXom s [ 2 %oy 1)) = P (G framv frzmof “s2m1))) = 1

This inequality implies limg_, ,B(W(G(fxgmk_l,fxznk,f2x2mk_1))) =1. Since B € S, we con-
clude that

k]g{.lo W(G(ﬂCka-l;fonk:f2x2mk—1)) =0.

By the fact that v is a continuous function, ¥ (¢) = 0 and hence ¢ = 0, which contradicts
the assumption ¢ > 0. Therefore, {fx,} is a G-Cauchy sequence in (X, G). Since (X, G) is a

complete G-metric space, there exists z € X such that

lim fx, =z = lim x,,;]. (10)
n—0o0

n—00

Next, we show that z is a fixed point of f. Substituting x = x,,,; and y = z in (7), by the virtue
of (10), we get

U (G(Xns2, /2, %013))
= U (G(fnar Sz *%ns1))
< B(V(GWni1 2 f541)) ) ¥ (G (K1, 2, frs1))
< Y (Gns1, 2, f%nn1)) = ¥ (G2, 2 %12))

for each n > 1. Passing to the limit # — 0o in the above inequality and regarding (10) and

the continuity of v, we end up with

G(z,fz,2z) = 0,
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that is
fz=z. (11)
This completes the proof of the theorem. O

Next, we discuss the uniqueness conditions for the fixed point of the map in Theo-
rem 2.2. A condition for the uniqueness can be stated as follows:

(i) Every pair of elements in X has a lower bound or an upper bound.

On the other hand, it can be proved that condition (i) is equivalent to condition

(ii) For every x,y € X, there exists z € X which is comparable to both x and y.

Accordingly, we prove the following uniqueness theorem.

Theorem 2.3 (Uniqueness theorem) Let X satisfies condition (ii) and the hypotheses of
Theorem 2.2 hold. If B € S is continuous, then the fixed point of f is unique.

Proof Existence of a fixed point is provided by Theorem 2.2. Assume that y and z are two
different fixed points of f. From condition (ii), there exists x € X which is comparable to y
and z. The monotonicity of f implies that f”(x) is comparable to f"(y) = y and f"(z) = z for
n > 0. Moreover, using the fact that z is a fixed point of f and condition (7) of Theorem 2.2

we get

V(G(z2/"@)) = v (G("@)./" (). ()

=y (G (@)L (@)L (> ®))), 12)
and thus
¥ (G(z2/" ()
< 13 (w (G(f”‘l(z),f”‘l (z),f(f”"z(x))))) w (G(fn—l (Z),fn_l (Z),f(f”_z (x))))
<y (G @M@ W) = ¥ (Glazf ). (13)

Therefore, the sequence {o,} defined by «, = ¥(G(z,z,/"(x))) is nonnegative and nonin-

creasing and hence,
lim w(G(z,z, ”(x))) =a>0.

To show that « = 0, we assume the contrary, that is, « > 0. Since B is continuous,
lim,, o B(ay) = B(a) = X > 0. Letting n — oo in (13), we get

o <ix<a,
which results in A = 1. Since 8 € S, we deduce

0.

a=lim a, = nli)rroloW(G(z,z,f"(x)))

n—00
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By similar arguments, we obtain
lim ¥ (G(y,7.f"(x))) = 0.

Employing the rectangle inequality (G4), we have
G(z,2,9) < G(z,2,f" (%)) + G(f" (%), /" (x),7).

Since the inequality G(x,x,y) < 2G(x,y,y) holds for any x,y € X in both symmetric and
asymmetric G-metric spaces, we have

G(z,2,9) < G(z,2,f" (%)) + 2G(f" (x),,9).

From the fact that ¢ is nondecreasing and sub-additive, we conclude

¥ (Gz2) < v (G(z2/"®)) + 2¢ (G(f"*),%,7))-

Letting » — oo in the above inequality we obtain ¥/(G(z,z,5)) = 0, which implies
G(z,z,y) = 0 and hence, z = y. This completes the proof. O

If in Theorem 2.2, we take ¥ as the identity function on X we deduce the following

particular result.

Corollary 2.4 Let (X, <) be a partially ordered set (X, G) be a G-complete metric space.
Let f : X — X be a nondecreasing map. Suppose that there exists p € S such that

G(fx.fy.f*x) < B(G(%,,/x)) G(,, fx)

holds for all x,y € X with x <y. Assume that either f is continuous or that X satisfies the
following condition: if an increasing sequence x, in X converges to x, then x, < x for each
n > 0. If in addition, there exists xo € X such that xo < fxo then f has a fixed point.

Remark 2.5 In a recent paper by Karapinar and Samet [32] it has been proven that if d
is a metric on X and ¢ € W, then the function dy = ¥ (d(x,y)) is also a metric on X. In
a similar way, it can be shown that the function G, = ¥ (G(x,y,2)), where ¥ € W is also
a G-metric. Employing this definition, the contractive condition in Theorem 2.2 can be

simplified considerably. More precisely, it becomes

Gy (e fyf *x) < B(Gy (%,7,/x)) Gy (5,7, fx) (14)
forall x,y € X with x < y.

As a common application of fixed point theorems one can give integral type contractive
conditions. In many articles authors apply their results to maps which are defined by inte-
grals [33, 34]. In what follows, we apply our results to maps defined by Lebesgue integrals.
Let Y be a set of functions x : R* — R* satisfying the following conditions:

(1) x is Lebesgue integrable;
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(2) x is summable on each compact of subset of R*;

(3) x is sub-additive;

(4) [y x(©)dt>0 for each € > 0.

A sub-additive integrable function is defined as follows:

Definition 2.6 The function x : R* — R* is called a sub-additive integrable function if,
for any a,b € R*, we have

/Oth(t)dtf/Oax(t)dt+/0bx(t)dt.

For the class of functions in Y, we state the following fixed point theorem.

Theorem 2.7 Let (X, <) be a partially ordered set and let (X, G) be a complete G-metric
space. Let f : X — X be a nondecreasing function. Suppose that there exist functions p € S
and W € V such that for x € Y

Y (G(ffy,f ) Y (Gxyfx)) Y (G fx)
/ x(®)dt < ﬁ( / X dt) / () dt 15)
0 0

0

holds for all x,y € X with x < y. Assume that either f is continuous or X satisfies the condi-
tion: if an increasing sequence {x,} converges to x, then x, < x for each n > 0. If there exists
x0 € X such that xo < fx then f has a fixed point.

Proof For x € Y, define the function A : R* — R* by A(x) = f(f x (£) dt. Observe that
A € W. The inequality (15) can be written as

AW (G finf %)) = B(A (Y (G 3.))) (A (¥ (G, f5))) ). (16)

Let A o ¢ = Y, where clearly ¥, € W. Then we have

V1 (G(fx. %)) < B(¥1(Gx, 3, /%)) ¥1 (G, . f%)).

Then the conditions of Theorem 2.2 are satisfied and thus f has a fixed point, which com-
pletes the proof. O

The particular case in which the function v is the identity function on X can be stated

as a corollary.

Corollary 2.8 Let (X, <) be a partially ordered set and, (X,G) be a complete G-metric
space. Let f : X — X be a nondecreasing map. Suppose that there exists B € S such that for
X €Y the inequality

Gfxfy f2x) G(x,y,fx) G(x,y,fx)
/ (O dt < /3< / 2 dt) / ey
0 0 0

holds for all x,y € X with x < y. Assume that if an increasing sequence {x,} in X converges
to x then x, < x for each n > 0. If there exists xo € X such that xo < fxo then f has a fixed
point.
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3 Application

As an application of the existence and uniqueness Theorems 2.2 and 2.3, we consider the
problem of existence and uniqueness of an initial value problem defined by a nonlinear
heat equation in one dimension. Such an initial value problem is defined as follows:

ur(x,t) = (%, 8) + F(x, t,u,1,), —-00<x<00,0<t<T, )

u(x,0) = p(x), —00 <X < 00,

where ¢ is assumed to be continuously differentiable, ¢ and ¢’ bounded, and F(x, ¢, u, )

a continuous function.

Definition 3.1 A solution of the initial value problem (17) is any function u = u(x, t) de-
fined in R x I, where I = (0, T, satisfying the equation and the condition in (17) and also
the conditions:

(@) ue C(R x 1),

(b) us, uy and u,, € C(R x 1),

(¢) uand u, are bounded in R x 1.

Consider the space Q2 defined as
Q= {v(x, 1) :v,v, € CR x I) and ||v|| < 00},
where the norm on this space is defined as

vl = sup }v(x,t)|+ sup |vx(x,t)|. (18)

xeR,tel xeR,tel

The set Q2 endowed with the norm || - || defined in (18) is a Banach space. Define a G-metric

on  as follows:
G(u,v,w)= sup |u(x, t) —v(x, t)| + sup |ux(x, ) — vy(x, t)|
xeR,tel xeR,tel

+ sup |v(x, t) — w(x, t)| + sup |vx(x, t) — wilx, t)|
xeR,tel xeR,tel

+ sup |u(x,t)—w(x,t)|+ sup |ux(x,t)—wx(x,t)|.
xeR,tel xeR,tel

Then (€2, G) is a complete G-metric space. Define also a partial order < on 2 as
wveQ, uxv = ult)<vixt),  urnt) <vilxt)

foranyx € Rand ¢ € I. It can easily be observed that (2, <) satisfies condition (i) of unique-
ness, that is, every pair of elements in €2 has a lower bound or an upper bound. Indeed, for
any u,v € Q, max{u, v} and min{u, v} are the lower and upper bounds for # and v, respec-
tively. Let {v,} € Q be a monotone nondecreasing sequence which converges to v in Q.
Then, for any x € R and ¢ € I, we have

Vi, ) S valo, t) < - S vl f) < - -
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and

Vie(® 1) < Vo (X, 8) < -+ S Ve, ) < -+ -

Moreover, since the sequences {v,(x,t)} and {v,(x, )} of real numbers converge to v(x, )
and v,(x, t), respectively, we have for all x € R, ¢ € [ and #n > 1 the inequalities v, (x,£) <
v(x, t) and v, (x, t) < v,(x, t) hold. Therefore, v, < v for all # > 1 and hence, (€2, <) with the
G-metric defined above satisfies condition (8).

We next define a lower solution for the initial value problem, which is needed in the
existence-uniqueness proof.

Definition 3.2 A lower solution of the initial value problem (17) is a function u € Q2 such
that

Us(X, 1) < U (X, 8) + Fx, 8, U, 1), —00<x<00,0<t<T,

u(x,0) < ¢(x), —00 < X < 00,

where the function ¢ is continuously differentiable and both ¢ and ¢’ are bounded, the set
Q is the set defined above and F(x, ¢, u, 11,,) is a continuous function.

We state the following existence-uniqueness theorem for the solution of the initial value
problem (17).

Theorem 3.3 Counsider the problem (17) and, assume that F: R x I x Rx R — Risa
continuous function. Suppose that the following conditions hold:
(1) Forany ¢ >0, the function F(x,t,s,p), where |s| < ¢ and |p| < c is uniformly Holder
continuous in x and t, for each compact subset of R x 1.
(2) There exists a constant cp < %(T +2773 T YL such that

0 < F(x,2,82,p2) — F(x,t,51,p1) < cpln(sy —s1 + p2 —p1 + 1),
for all (s1,p1) and (s3,p2) in R x R with sy < s and p, < p,.
(3) F is bounded for bounded s and p.

Then the existence of a lower solution for the initial value problem (17) provides the exis-
tence of the unique solution of the problem (17).

Proof Observe that the problem (17) is equivalent to the integral equation
R RO
t e8]
+ / / k(x— &t - T)F(&,7,u(§, 1), us (€, 7)) dé dr,
0 J-o0

forallx € Rand 0 < ¢ < T, where the function k(x, £) is the Green’s function of the problem
defined as

1 —x?
k(x, t) = ﬁ exXp E
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for all x € R and 0 < ¢. The initial value problem (17) has a unique solution if and only if
the above integral equation has unique solution u such that u and u, are continuous and
bounded for all x € R and 0 < ¢ < T'. Define a mapping f : 2 — Q by

(i) (x, ) = / k(x - &, ) () di

t 00
+/ / k(x—é,t—r)F(é,r,u(é,t),u‘g(E,r))dsdt
0 J-o0

for all x € R and ¢ € I. Clearly, the fixed point u € Q of f is a solution of the problem
(17). We will show that the conditions of Theorems 2.2 and 2.3 are satisfied. Note that the
mapping f is nondecreasing since, by condition (2) in the statement of the theorem, for

u > v, thatis, u > v and u, > v,, we have
F(x, £, ulx, 1), ur(x, 1)) > F(x, £, v(x, £), vi(, 1)).

Since k(x,t) > 0 for all (x,2) € R x I,

oo

(fu) (1) = / k(- &, )0 (8) di

—00

+/O foo k(x— &t = OF (&, 7,06, 1), e (£, 7)) dE dt

> / k(x— & Dp(€) d

o0

+/o /:Oo/((x—é,t—r)F(é,r,v(é,r),Vg(é,f))dSdt
= (fv)(x, 1)
for all x € R and ¢ € I. In addition, we have

|(fie) (e, £) = (Fv) (. 0)|
5/0 / k(x—é,t—t)’F(“;‘,t,u(“;‘,r),u;(S,t))—F(S,r,v(“;‘,r),vs(é,r)ﬂd“g‘dt
5/ / k(x— &t —T)crIn(u(E,7) - v(E,T) + ue(§,7) —ve(§,7) + 1) dé dr

0 J-o0

5cFln(G(u,v,fu)+1)/0t/_:k(x—§,t—t)dédt
<crIn(Gu, v, fu) + 1) T, (19)

where we have used the facts that

ln(u(i;‘,t) —v(E, ) +us,7)—ve (€, 1) +1)

§ln<2 sup |u($,r)—v(§,r)|+2 sup |u§($,r)—v§(é,r)|+1>
teR,rel teR,rel

=In(G(u, v, fu) +1) (20)
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and
/t/mk(x—é,t—t)dédtzT. (21)
0 J-oc0

On the other hand, since (£2, <) satisfies condition (i), it also satisfies condition (ii), as they
are equivalent. Therefore, either v and fu are comparable or there exists w € Q which is
comparable to both v and fu. In either case, by means of similar calculations, it can be
shown that

’(fv)(x, t)— (fzu)(x, t)| <cr ln(G(u, v, fu) + 1)T (22)
and, similarly,
’(fu)(x, t)— (fzu)(x, t)’ < cFIn(G(u, v, fu) + 1) T, (23)

for all u > v. Moreover, by using differentiation under integral sign and employing again

condition (2) of the theorem, we compute

%f—;(x,t)— E;—]::)(x,t) ECFIH(G(M,V,fu)+1) /:/_:‘g—i(x—f,t—t) d& dt
< crIn(G(u, v, fu) +1)2n‘%T%, (24)
2 t 00
%(x,t)_ agx”(x,t) SCFln(G(u,v,fu)+1)/O /_w'%(x—é,t—t) dédt
< crIn(G(u, v, fu) + 1)271’% T3, (25)
and
2 oo
af_”(x,t)_ of u(x,t)‘ §cFln(G(u,V,fu)+1)/t/ ‘%(x—s,t—r) dé dt
ox ax 0 Jooo| 0%
< crIn(G(u, v, fu) + 1)27r_%T% (26)

are satisfied. Combining (19), (22), and (23) with (24), (25), and (26), we deduce

G(fu,fv,f2u) <3cp(T + 23 T%) In(G(u, v, fu) +1)
<In(G(u,v,fu) +1),

which implies

In(G(fu, fv.f*u) +1) <In(In(G(u, v, fu) + 1))

_ In(In(G(u, v, fu) + 1))
T In(G(u, v, fu) + 1)

ln(G(u, v, fu) +1).

Define ¥ (x) = In(x + 1) and B(x) = @ Obviously, ¥ : [0,00) — [0,00) is continuous,
sub-additive, nondecreasing, and positive in (0, 00). Furthermore, ¥ (0) = 0 and also v (x) <
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x and hence, 8 € S. Finally, let a(x, £) be a lower solution for (17). We show that o < fa.
Upon integrating

(&, Dk - &t - 1)) — (ez (5, )k(x - &, - r))é + (& r)ks(x—&,8 - r))é
< F(S7 ‘r,a(&, T),Olg(g, 7:))k(x_ S»t_ T)

over —o0 < £ < oo and 0 < T < £, we obtain

1) < / K(x— &, 0)p(8) di

o0

k(x—&,t-T)F(§7,0(5,7),0:(5,7)) dé
+/O‘/_OO (x-&,t-1) (éfd(éf)as(g‘[)) £ dr
= (fo)(x,t)

forallx € R and ¢ € (0, T]. Therefore, by Theorems 2.2 and 2.3, f has a unique fixed point.
This completes the proof. O
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