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Abstract

Let {X,X,,n > 1} be a sequence of i.i.d. random variables which is in the domain of
attraction of the normal law with zero mean and possibly infinite variance,

Q(n) = R(n)/S(n) be the rescaled range statistic, where R(n) = rnax]gkgﬂ{zjk:1 X ,)‘(n)} -
min1§k5n{2f:1 06— X)), S2(n) = ZJ.L (X; = Xn)?/n and X, = Z/'-l] Xj/n. Then two precise
asymptotics related to probability convergence for Q(n) statistic are established under
some mild conditions in this paper. Moreover, the precise asymptotics related to
almost surely convergence for Q(n) statistic is also considered under some mild
conditions.
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1 Introduction and main results

Let {X, X,,,n > 1} be a sequence of i.i.d. random variables and set S, = Z;':lXj forn>1,
logx = In(xV e) and loglogx = log(log x). Hsu and Robbins [1] and Erd6s [2] established the
well known complete convergence result: forany & > 0, Y o2, P(|S,,| > &n) < oo ifand only if
EX = 0 and EX? < co. Baum and Katz [3] extended this result and proved that, for1 <p <2,
e>0andr>p, Y o2 w2P(|S,| > en'’?) < 0o holds if and only if EX = 0 and E|X|"? < cc.
Since then, many authors considered various extensions of the results of Hsu-Robbins-
Erdés and Baum-Katz. Some of them studied the precise asymptotics of the infinite sums
as ¢ = 0 (¢f Heyde [4], Chen [5] and Spataru [6]). We note that the above results do
not hold for p = 2, this is due to the fact that P(|S,| > en'?) — P(IN(0,1)| > ¢/EX?) by
the central limit theorem when EX = 0, where N(0,1) denotes a standard normal random
variable. It should be noted that P(|N(0,1)| > /EX?) is irrespective of n. However, if n'/? is
replaced by some other functions of n, the results of precise asymptotics may still hold. For
example, by replacing n'/? by /nloglogn, Gut and Spitaru [7] established the following
results called the precise asymptotics in the law of the iterated logarithm.

Theorem A Suppose {X,X,,n > 1} is a sequence of i.i.d. random variables with EX = 0,
EX? = 02 and EX?(loglog |X|)'*? < 0o for some § > 0, and let a,, = O(y/n/(loglogn)?) for
some y >1/2. Then

oo
li\I‘rllx/s2 -1 E lP(|S,,| > go+/2nloglogn +a,) = 1.
e n

n=1
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Theorem B Suppose {X,X,,,n > 1} is a sequence of i.i.d. random variables with EX = 0
and EX? = 62 < co. Then

e\0

o
1
lim &? Z nlognP(|S"| > go\/nloglogn) =1.
n=1

Of lately, by applying strong approximation method which is different from Gut and
Spétaru’s, Zhang [8] gave the sufficient and necessary conditions for this kind of results to

be held. One of his results is stated as follows.

Theorem C Let a > -1 and b > -1/2 and let a,(¢) be a function of € such that

ay(e)loglogn — 1t asn— ooande \(Va+1.

Suppose that

EX =0, EX*=0%<o00 and EX*(log|X])"(loglog |X|)b_1 <00 (1.1)
and

EX*I{|X| = t} = o((loglog®)™) ast— oo. 1.2)
Then

o a b
lim (¢* - (a+ 1))174'1/2 Z (log n)*(log log ) P(M,, = (¢ +au(e))y/20%nloglogn)

eNwa+l ol n
1
———exp(-2tva+1)T'(b +1/2) (1.3)
w(a+1)
and
be12 x (logn)*(loglog n)®
lim (¢*-(a+1)"" P(|S,| > (¢ + a,(e))/202%nloglogn
S\M( (@+1)"y° - (1S4 = (e + an(e))y/ glogn)

n=1

| epcrar D+ 172). (L4)
7(a+1)

Here M,, = maxy<, |Sk|, and here and in what follows I'(-) is a gamma function. Conversely,
if either (1.3) or (1.4) holds for a > -1, b > —1/2 and some 0 < ¢ < 00, then (1.1) holds and

litminf(log log HEXI{|X| > ¢} = 0.

It is worth mentioning that the precise asymptotics in a Chung-type law of the iterated
logarithm, law of logarithm and Chung-type law of logarithm were also considered by
Zhang [9], Zhang and Lin [10] and Zhang [11], respectively.
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The above-mentioned results are all related to partial sums. This paper is devoted to
the study of some precise asymptotics for the rescaled range statistic (or the R/S statistic),
defined by Q(n) = R(n)/S(n), where

R(n) = max <zl Yy (X5 = X)) = mim ez { 3, (6 - X)), L5)
$2m) =5 DL G -X)% Xy= 3 XL X, '
This statistic, introduced by Hurst [12] when he studied hydrology data of the Nile river
and reservoir design, plays an important role in testing statistical dependence of a se-
quence of random variables and has been used in many practical subjects such as hydrol-
ogy, geophysics and economics, etc. Because of the importance of this statistic, some peo-
ple studied some limit theorems for R/S statistic. Among them, Feller [13] established the
limit distribution of R(n)//n for i.i.d. case, Mandelbrot [14] studied weak convergence of
Q(n) for a more general case, while Lin [15-17] and Lin and Lee [18] established the law of
the iterated logarithm for Q(n) under various assumptions. Among Lin’s results, we notice
that Lin [15] proved that

/ 2
limsup, [ ———Q(n) =1 as. (1.6)
n—oo \ nloglogn

holds only if {X, X,,, n > 1} is a sequence of i.i.d. random variables which is in the domain
of attraction of the normal law with zero mean.

Recently, based on applying a similar method to the one employed by Gut and Spétaru
[7], a result related to the precise asymptotics in the law of the iterated logarithm for R/S
statistic was established by Wu and Wen [19], that is, we have the following.

Theorem D Suppose {X,X,,n > 1} is a sequence of i.i.d. random variables with EX = 0,
EX? < 0o. Then for b > -1,

2b+1) > (loglogn)” Ey2(b+D)
é11\1‘1(1)5 ; TgnP(Q(n) > &y/2nloglogn) = ST (17)

Here and in what follows, we denote Y = sup,,., B(t) —info<,<1 B(t) and B(t) be a standard
Brownian bridge.

It is natural to ask whether there is a similar result for R/S statistic when ¢ tends to a
constant which is not equal to zero. In the present paper, the positive answer will be par-
tially given under some mild conditions with the help of strong approximation method,
and, since R/S statistic is defined in a self-normalized form, we will not restrict the finite-
ness of the second moment for {X, X,,,n > 1}. Moreover, a more strong result than Wu
and Wen’s is established in this paper, based on which, a precise asymptotics related to
a.s. convergence for Q(n) statistic is considered under some mild conditions. Throughout
the paper, we denote C a positive constant whose value can be different in different places.
The following are our main results.

Theorem 1.1 Suppose {X,X,,n > 1} is a sequence of i.i.d. random variables which is in
the domain of attraction of the normal law with EX = 0, and the truncated second moment
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I(x) = EXI{|X| < x} satisfies I(x) < c; exp(ca(logx)?) for some ¢; >0, ¢y >0 and 0 < B < 1.
Let -1<a <0, b> -2 and a,(e) be a function of ¢ such that

ay(e)loglogn — 1t asn— ooande \(Va+1/2. (1.8)

Then we have

o a b
lim (46> (a+ 1))b+2 Z (log n)*(loglog n) P(Q(n) = (& + an(e))y/2nloglog n)

eNWa+tl/2 1 n
=4(a+1)I'(b +2)exp(-4tva +1). (1.9)

Theorem 1.2 Suppose {X,X,,,n > 1} is a sequence of i.i.d. random variables which is in
the domain of attraction of the normal law with EX = 0, and the truncated second moment
I(x) = EX?I{|X| < x} satisfies l(x) < c; exp(cy(logx)?) for some ¢; >0, ¢ >0 and 0 < B < 1.
Then for b > -1, (1.7) is true.

Theorem 1.3 Suppose {X,X,,n > 1} is a sequence of i.i.d. random variables which is
in the domain of attraction of the normal law with EX = 0, and l(x) satisfies I(x) <

1 exp(cy(logx)?) for some ¢y > 0, ¢ >0 and 0 < B < 1. Then for any b > -1, we have

_ >\ (loglog n)® EY2(+D
lim £20+0° :7( I V2nlogl =
al\IAI(l)g e nlogn {Q(rz) = ey anlog ogn} 26+1(p 4+ 1)

Remark 1.1 Note that X belonging to the domain of attraction of the normal law is equiv-
alent to /(x) being a slowly varying function at co. We note also that /(x) < ¢; exp(c,(logx)?)
is a weak enough assumption, which is satisfied by a large class of slowly varying functions
such as (loglog x)* and (logx)*, for some 0 < « < 0.

Remark 1.2 When EX? = 02 < oo, the truncated second moment /(x) automatically sat-
isfies the condition I(x) < c; exp(cy(logx)?) for some ¢; > 0, ¢, > 0 and 0 < 8 < 1. Hence,
Theorems 1.1-1.3 not only hold for the random variables with finite second moments, but
they also hold for a class of random variables with infinite second moments. Especially,
Theorem 1.2 includes Theorem D as a special case.

Remark 1.3 From Theorem C, one can see that the finiteness of the second moment does
not guarantee the results about precise asymptotics in LIL for partial sums when a > 0.
Moreover, it is clear that R/S statistic is more complicated than partial sums. Hence, it
seems that it is not possible, at least not easy, to prove (1.9) for a > 0 under the conditions
stated in Theorem 1.1 only. However, if we impose more strong moment conditions which
are similar to (1.1) and (1.2) on {X, X,,, #n > 1}, it would be possible to prove (1.9) for a > 0,
by following the ideas in Zhang [8].

Remark 1.4 Checking the proof of Theorem 1.1, one can find that

& a b
S\l‘i\/n;?(sz —(a+ 1))17+2 Z (log ) (1:1)g log n) P(Q(n) = (& + an(e))y/nloglogn/2)

n=1

=4(a+1)I(b + 2)exp(—4r/\/a + 1)
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holds if a,(¢)loglogn — 1’ as n — oo and € \( 4 + 1, which seems maybe more natural
due to (1.6).

The remaining of this paper is organized as follows. In Section 2, Theorem 1.1 will be
proved when {X, X,,, n > 1} is a sequence of normal variables with zero mean. In Section 3,
truncation method and strong approximation method will be employed to approximate
the probability related to R(n) statistic. In Section 4, Theorem 1.1 and Theorem 1.2 will be
proved, while in Section 5 the proof of Theorem 1.3 will be given, based on some prelim-

inaries.

2 Normal case

In this section, Theorem 1.1 in the case that {X, X,;, » > 1} is a sequence of normal random
variables with zero mean is proved. In order to do it, we firstly recall that B(t) is a stan-
dard Brownian bridge and Y = sup_,; B(¢) — info<,<; B(£). The distribution of ¥ plays an

important role in our first result, and, fortunately, it has been given by Kennedy [20]:

PY<x)=1-2 Z(4x2n2 ~1) exp(-2x*n?). (2.1)

n=1

Now, the main results in this section are stated as follows.

Proposition 2.1 Leta > -1, b > -2 and a,(¢) be a function of ¢ such that
ay(e)loglogn —t asn— coande \(vVa+1/2. (2.2)

Then we have

12w (log n)*(loglog n)?
lim 4!82—(ﬂ+1))b ZZ ( Ogn) (Og Og}’l)
eN\Wa+l/2 n

n=1

P(Y = (¢ + anle))y/2loglog n)

=4(a+1)I'(b +2)exp(—4tva +1).
Proof Firstly, it follows easily from (2.1) that
P(Y > x) ~ 8x” exp(-247)

as x — +00. Then, by condition (2.2), one has

P(Y > (8 + an(s))\/Zloglogn)
~16(c + 01,4(8))2 loglogr - exp(—4(e + 61,4(8))2 loglog )

~16&2loglogn - exp(—4£2 loglog n) exp(—88a,,(8) loglog n)

as n — oo uniformly in ¢ € (va +1/2,4/a +1/2 + §) for some § > 0. Hence, for above-
mentioned § > 0 and any 0 < 0 < 1, there exists an integer #, such that, for all n > ny and
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cee(Wa+1/2,Va+1/2+58),

4(a +1)loglogn - exp(—4&*loglog n) exp(—4t+/a +1-0)

<P(Y = (¢ +au(e))y/2loglog n)

<4(a+1)loglogn - exp(~4c*loglog n) exp(—4tva +1+6).
Obviously, it suffices to show

. o 1 a(log 1 b+1
46— (a+1) zZ(Ogn) (loglog n)

lim
e\wa+tl/2 ) n
. exp(—élwg2 loglog n) =T'(b+2) (2.3)

for proving Proposition 2.1 by the arbitrariness of 6. To this end, by noting that the limit

in (2.3) does not depend on any finite terms of the infinite series, we have

. S 1 4(log 1 b+l
(a3 Qo ogtog )

lim exp(—4¢2loglogn
e\atl/2 oy n p( glos )
. % (1 a—4¢? log 1 b+l
= lim (46— (a+1)" 2/ (log )™ (loglog)™™
eN\wa+1/2 et X
= lim (46>—(a+1) b+2/ exp(y(a +1 - 4&2))y** d
s\ﬁ/2( ) 1 PO )y dy
(by letting y = loglog x)
> b
= lim e“udu (byletting u = y(4e*> — (a +1)
e\Wa+1/2 J ag2_(a+1) ( ( ))
=T'(b+2).
The proposition is proved now. 0
Proposition 2.2 Forany b > -1,
o0
. (loglog n)” Ey2(b+1)
lim 2Dy " =2 p(y > ¢\/2loglogn) = ———.
0 ; nlogn (Y= ey2loglogn) 2b6+1(p 4+ 1)
Proof The proof can be found in Wu and Wen [19]. O

3 Truncation and approximation
In this section, we will use the truncation method and strong approximation method to
show that the probability related to R(n) with suitable normalization can be approximated

by that for Y. To do this, we first give some notations. Put ¢ = inf{x > 1:/(x) > 0} and

19 toglogn') 61

Ny, = inf s:szc+1,—2§
s n
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Foreachnand1 <i <wn, welet

(3.2)

X = Xil{|1Xi] <}, X=X, —EX);
Sy = Z]l‘:l Xy Sy = Z; 1X:;;’X* = ,iSan D; = 27:1 Var(X;,)

It follows easily that
~ Z E)(’2 ~ nl(n,) ~ n(loglog n)*.

Furthermore, we denote R*(n) be the truncated R statistic which is defined by the first
expression of (1.5) with every X; being replaced by X7, i = 1,...,x. In addition, for any
0 < B <1, allj> kand k large enough, following the lines of the proof of (2.4) in Pang,
Zhang and Wang [21], we easily have

C - exp(cy(log k)P) i 1
l(ni)(log k) (loglogk)> = 24(mx) — jexplea(log))P) logj(loglog )?
Z (3.3)

1(n;) log/(log logj)?’

despite a little difference for the definitions of 1,, which are from Pang, Zhang and Wang
[21] and this paper, respectively.
Next, we will give the main result in this section as follows.

Proposition 3.1 For any a <0, b € R and 1/2 < p < 2, there exists a sequence of positive
numbers {p,, n > 1} such that, for any x > 0,

P(Y = x+2/(loglogn)’) -

<P(R(n) = xD,)

| /\

(Y >x—2/( loglogn)p) + Py
where p, > 0 satisfies

i (log n)*(loglog n)®
n

P < 00, (3.4)

n=1

To show this proposition, the following lemmas are useful for the proof.

Lemma 3.1 For any sequence of independent random variables {&,, n > 1} with zero mean
and finite variance, there exists a sequence of independent normal variables {Y,,n > 1}
with EY,, = 0 and EY? = EE?2 such that, for all g > 2 and y > 0,

P| max
k<n

whenever E|&;|1 < 00, i=1,...,n. Here, A is an universal constant.

k k

Z&-ZY;' >

i=1 i=1

y) < (AQ)Ty 1y EIEN,

i=1
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Proof See Sakhanenko [22, 23]. O

Lemma 3.2 Let {W(t);t > 0} be a standard Wiener process. For any ¢ > 0 there exists a
constant C = C(g) > 0 such that

C 2
P( sup sup |[W(s+¢)— |>xx/—)§— i
0<s<1-hO0<t<h h
for every positive x and 0 < h < 1.
Proof It is Lemma 1.1.1 of Csorgé and Révész [24]. d

Lemma3.3 Foranya<0,b € Rand1/2 < p < 2, there exists a sequence of positive numbers
{qn, n > 1} such that, for any x > 0,

P(Y > x +1/(loglogn)’) — q, < P(R*(n) = xD,)

<P(Y = x-1/(loglogn)’) + gu, (3.5)

where g, > 0 satisfies

>, (log n)*(log log n)”
>

qn < 00. (3.6)
n

n=1

Proof Letq, = P(|R*(n)/D,,— Y| >1/(loglog n)?), then obviously, g, satisfies (3.5). For each
n, let {W,(£),t > 0} be a standard Wiener process, then we have {W,(tD2)/D,,t > 0} e
{W,(¢),t > 0} and

( YK - X)) W,(D2) - sD, W, W)L 1 )
qn < 2P| sup
0<s<1 Dn Dn IOg]OgI’Z)p
k
% Yk k 2 k DV’
< 2P<II£1<213[£ jzzl(an -X;) - (Wn(;Dn) -D, W, (1))’ = W)
+2P( sup (W ([”S]Dz) - ?D W, (1)) (W, (sD?) —sD,,W,,(l))‘
0<s<1

D,
> -
~ 4(loglog n)r
o= 1, + 11, (3.7)

We consider I, first. Clearly,

k
k
I, <2P X -w,-D?)| > ———
- (IIIE;( ]:Zl " ( > 8(loglog n)P>
k D
+2P( max kX*——D W,1)| > ————
k<n 8(loglog n)?
d k D
< 4P| max|Y X, - Wn<—D§) S —
ksn |3 / n 8(loglog m)?
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It follows from Lemma 3.1 and (3.3) that, for all g > 2,

i (log n)*(loglog n)? I

n
n

n=1

o0 n
(log n)*(loglog n)? ( (loglog m)?\? 14
=C Z P D, Z E |Xni|

n=1 j=1

<c Z (log n)*(log log n)b*

e B =

1 logl bipq
Cz(ogn “(loglog n)

Gnl(n, )7 ZEIXW Meer < 1X1 < e

o0 [o¢]
(log n)*(log log n)b+r4
<CYEXII{ma<IXI <m} ) =
1 ek (nl(n,))e
(log k)*(log log k)b+74

2
< CZ?)Z EX*I{mic < 1X] < i} KT ()7

CX:(logk )*(log log k)+Pa-2a+4

EX2I{nq < |X| <
10n0) {mr < 1IX] < i}

oo oo
<C EX2I{nq < |X| <
- ;]Z/l (nj logl(loglog/) Uneor < IX] = e}
0 1 j
<C EX?I{ni1 < 1X| <
=C L i Tiog iogiog 2 X T < X1 <)
oo
1
<C) —————=<oQ. (3.8)
;]10g1(10g10g1)2

Next, we treat with II,,. Clearly, one has

[ns] 2 ) n
I, < 2P (0221 W,,(TD,,) - Wo(sD})| = 8(oglog ) n)p)
[ns] D,
+2P(0s§1£1 7D nWi(l) = sDy Wi(1 )‘ 8(loglog n)? )
= I1,(1) + IT,(2). (3.9)

It follows from Lemma 3.2 that

[ns] 1
W( " ) W()‘— 8(1og10gn)p)

() v )

n 8(log log m)?

1,1) = 2P( sup

0<s<1

= 2P< sup

0<s<1

n
<C —— |,
- nexp( 192(loglog n)zl’)
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which obviously leads to

00 a b
5 logntoglogn’ o (3.10)

n=1
On the other hand,

[75] 1
] 0= i)

n
=2(|w0] = gt )

C(loglog n)*

}’12
: ny/(1+0(1)l(1,) P (_ 128(1 + o(1)) /(1) (log log n)?» )

11,(2) = 2P< sup —-s

0<s<1

which also obviously leads to

— (logn)*(loglog n)®
y logmlloglogn)’ ;o) < o, (3.11)
n
n=1
Equations (3.7)-(3.11) yield (3.6). The proposition is proved now. d

Lemma 3.4 Forany a<0 and b € R, one has

Z(logn)“(loglogn)bP(|X| > nn) <00

n=1

Proof 1t follows from (3.3) that

Z(log n)*(loglog n)bP(|X| > n,,)

n=1
oo o0
<C) (logn)*(loglogn)® Y "P(mi < IX| < nen1)
n=1 k=n

k
< CZ EX21 nk <|X| < ka1 Z log n)*(log log n)?
n=1

(log k)*(log log k)b+*
<C
Z o

EXI{my < X1 < i

k=1

o0 [o¢]
<C I X| < ks
- ;;;l(m)logﬂoglognz U< 1X] = e

o]

Scjz%<00- O

— jlogj(loglogj)>

Lemma 3.5 Let X be a random variable. Then the following statements are equivalent:
(a) X isin the domain of attraction of the normal law,
(b) #*P(1X] >x) = o(l(x)),

Page 10 of 23
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(c) xE(IX|{|X]| > x}) = o(l(x)),
(d) E(X|I{|1X] <«}) = o(x"21(x)) for n > 2.

Proof Ttis Lemma 1 in Cs6rgé, Szyszkowicz and Wang [25]. d

Lemma 3.6 Foranya<0 and b € R, one has, for §(n) = 1/(loglogn - logloglog n),

=9} 1 2(log1 b
3 (log n) <2g ogn) P(|S*(n) — U(nw)| > 8(m)I(n)) < 0.

n=1

Proof 1t is easy to see that, for large #,

P(|S2(m) - L(n,)| > 8()(n,.))
(53

P _
n i=1

ZXlz - l(nn)
(Z)@ (1+8(n)/2)nl(n,) ) + P<ZX2 (1- 8(n)/2)nl(nn)>

i=1

IA

> 6(n)l(77,,)/2) + P()_(g > 8(71)[(77,,)/2)

+nP(1X| > n,) + P(ZX;i > n\/S(n)l(r],,)/2)

i=1

< P(ZX’2 (1+8(n /2)nl(r],,)> + P(X:X/2 8(n)/2)nl(17,,))

i=1

+2nP(|X] > n,) (ZX*L, > n\/S(n)l(nn)/Z), (312)

()

by Lemma 3.5. Applying Lemma 3.4, we only need to show

since

< nEIX|I{|X] > n,} = o(nl(n)/14) = 0(ny/8(m)l(n,))

> WP(Z;&% > (1+8(m)/2)nl(n,)) < oo,
Yo “"g")”%wz VX2 < (1= 8(m)/2)nl(n,)) < oo, (3.13)
yoe, o loglosn” ps~rt e s . /5(n)l(n,)/2) < 00

for proving Lemma 3.6. Consider the first part of (3.13) first. By employing Lemma 3.5 and
Bernstein’s inequality (¢f. Lin and Bai [26]), we have for any fixed v > 1

o0 a b n
3 (log n)*(loglog ) P(ZXZ > (1+ 8(n)/2)nl(n,,))

n
n=1 i=1

o0 a b n
_ Z (log n)*(loglog n) P(ZXZ () > S(n)nl(n,,)/Z)

n
n=1 i=1
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>, (log n)*(log log n)® 82 (m)n*l*(n,) 14
= CZ ” ex (_Z(nEX4I{|X| <)+ 8(n)n,%nl(nn)/2)>

n=1

>\ (log n)*(log log n)® 82 (mn*l*(n,) /4
=C) " e"p(‘ o(1) - n2nl(y,) >

n=1

~c i (log n)*(loglog n)®
n

exp(—vloglogn)

n=1

< 00. (3.14)

The second part of (3.13) can be proved by similar arguments. Now, let us consider the
third part of (3.13). It follows from Markov’s inequality that

o]

a b "
3 (log n)*(log log 1) p(ZXj;l.m 8(n)l(nn)/2)
i=1

n

n=1

— (logn)*(loglog )™ ni(n,)
=CL " i) <

n=1

The proof is completed now. d

Lemma 3.7 Define A, = |R*(n) — R(n)|. Then for any a <0 and b € R, one has

oo

a b
Z (log n)*(loglog n) P(A D, ) < oo,

>
n "7 (loglog n)?

n=1

Proof Firstly, notice that R(n) statistic has an equivalent expression

(3.15)

and so does R*(n) with X; being replaced by X}, in (3.15), i =1,...,n. That is,

(s;,. S ’;’s;m> - (Es;j _ES, - ’;’Es;m) ‘
n n

Let B, = 2nE|X|I{|X| > n,}, then

R*(n) = max
1<i<j<m

max [ES), ~ES), - ]%ES;H < By
Setting
M
L=in:py< ——=1,
{n P = (loglogn)® }

then it is easily seen that, for n € £,

n

D, ,
[+ gtz | Ul 7200

j=1
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since D, ~ n,(loglog n)?. Hence, it follows from Lemma 3.4 that

a b
Z (log n)*(loglog n) P(An N : D, )

2
~ n loglog n)

o0
Z log n)*(loglog n)? (|X| > n,,) <00
n=1

When n ¢ L, applying (3.3) yields

(log n)*(loglog n)® D,
)3 p(an> 20
n (loglog n)?

neél

- Z (log n)*(loglog n)®

n¢ L n

-y (logn)*(loglogn)” B, (loglog )

neLl n In
(log n)*(loglog n)b+*
<c EIXII{IX] > 1,
Z vV nl( 7771) { k }
)b+4 S

log n)*(logl
CZ(ogn) (loglogn > EIXII{m < 1X] < nea)

n=1 \4 nl(n,, k=n

CZ Vk(log k)*(log log k)b+* EXZI{nk <|X| < i}
V(k) Mk

)b+6

<c Z (log k)*(loglog k

EX2I X| < ngs
100 {me < 1X| < et}

[e¢]

1
SCZ—, - — < o0.
j ’ O

— jlogj(loglog))
Now, we turn to the proof of Proposition 3.1.

Proof of Proposition 3.1 Applying Lemma 3.3, one easily has

P(R(n) > xD,,)

<P(R(n)>xD,, A, < Dy +P( A D
’ n="7_ < 19 >
- = X (loglog n)? "~ (loglog n)?

D, o A D,
( (loglogn) )+ ( " (logIOgnF)
(y

| /\

IA
o

v

D,
P(A,>—"
¥ (loglog n)?  (loglog n)”) Tt ( " (loglog n)z)
Y

D,
P PlA,> ——— ).
x (loglog n)P) Tt < g (loglog n)2>

IA
v
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Also, one has

P(R(n) > an)

P( R(n) > xD,, A, < D
- =X G = (loglogn)?

R*(n) > xD Dy Pl A Dy
n ot ————— | = > —
=7 (loglog n)? (loglog n)?

Y > ! ! P(A Dr
X+ + —qn — >—
- (loglogn)? = (loglogn)? n "7 (loglog n)?

2 D,
>P(y>ar—" Jogo-PlA,>—" ).
= < —’”aoglogn)zf) o ( ">(1og10gn)z>

Letting p,, = g, + P(A,, > D,/(loglog n)?) completes the proof by Lemmas 3.3 and 3.7. [

O

v
o

4 Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1 Forany 0 <48 <+/a+1/4and+~a+1/2-86<¢e<~/a+1/2+85, wehave

P(Y > (8 + azZ(s)),/Zloglog n) —Pu— P(|S2(n) - l(’?n)| > a(n)[(nn))
=P(Y = (¢ +a,(e))y/2loglog n + 2/(loglog n)’) -
—P(|S201) ~ I(n)| > 8G1)I(1n,))

<P(R(n) > (& +a,(e))y/2loglog nD,) — P(|S*(n) - L(n,)| > 8(m)i(n,))

<P(R() = (¢ + ay(e))/2(1 + () nl(n,) loglog n)
= P(|S200) ~ L) > 3 L(1)
<P(Q) > (¢ + a,(e)) ZnTogog)
<PR(n) = (s + an(s))\/Z(I —8(n))nl(n,)loglog n)
+P(|S20m) - L(na)| > 8(m)I(11,))
<P(R(n) = (¢ +a)(¢))y/2loglognD,) + P(|S*(n) — (n,)| > 8(m)l(n,))
< P(Y > (e + az/(s))\/ZIOglogn - 2/(log10gn)p) + Py
+P(|S201) - L(n,)| > 80n)I(n,)
=P(Y > (e +a)'(e))y/2loglogn) + p, + P(|S%(n) — ()| > 8(m)i(n,,)), (4.1)

where

a(e) = Y20 (o 4 g, ()T 507 -,
az(s>=@ (6 + (e DVTF80) — ¢ + 1o,
a,/(e) = W(e +a,(e))V/1-8(n) —¢,
a)(e) = W (e + aple)VT=30 ~ & - L.
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Noting that nl(n,) > D? ~ nl(n,), one easily has

< Zi(nn) (8 +ﬂn(£))\/m_8> loglogn

n

= Vg(ﬂn) V1+38(m)a,(e)loglogn + (4.’%(77;4)\/1 +68(n) — l)alog logn (4.2)

and for large n,

‘( "g(’?n)\/l +38(n) —1)810glogn

< |( 1+28(n) —l)aloglogn’

<2eé(n)loglogn

=2¢/logloglogn, (4.3)

which tends to zero as n — 00 and ¢ \( v/a + 1/2. Hence, we have

"

a,(¢)loglogn— 1t and a)"(¢)loglogn — 1t asn— ocoand e \(Va+1/2,

since p > 1/2 and a,(¢) satisfies (1.8). Now, it follows from Proposition 2.1, (3.4) and
Lemma 3.6 that Theorem 1.1 is true. O

Proof of Theorem 1.2 For any 0 < y <1, applying similar arguments to those used in (4.1),

we have for large n,

P(Y = &'v/2(1 + y)loglogn) — p, — P(|S*(n) — ()| > 8(n)i(n,))

P(Y > &y/2(1 + y)loglogn + 2/(loglog n)’) — p, — P(|S*(n) = I(n,)| > 8(n)l(n,))
P(R ) >¢ey/2(1 +y)loglognD, ) (}52(71) - l(n,,)‘ > 8(n)l(77,,))

(R(n) > 8\/2 1+ 8(n))nl(n,)loglogn) — P(|S*(n) - I(n,)| > 8(m)l(n,))
P(Q(n) = &y/2nloglogn)

P(R n) > 8\/2 1- S(M))nl(ny,)loglogn) + P(\SZ(n) l(n,,)| > S(n)l(nn))
P(R(n) = ey/2(1 - y)loglognD,) + P(|S*(n) - L(n,)| > 8(n)l(n,))

P( >¢ey/2(1-y)loglogn —2/(loglog n)”) + P+ P(|52(n) - l(ny,)| > 8(11)1(7;”))
P(Y = &"\/2(1 - y)loglogn) + p, + P(|S*(n) = L(n4)| > 8(m)I(1)),

IA

IA
o

IA

IA

IA

IA

where

/

& ~ &,

V3
4/lJr (loglog n)P+1/2
V2

¢ _S_W

~ &
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as n — 00. Hence, Proposition 2.2, (3.4) and Lemma 3.6 guarantee that

el 2(b+1)
1 e
) i)
< liminf &2¢*V i MP(Q(VA > &y/2nloglogn)
T e\o ~ nlogn -
. 2bs1) >, (loglog n)®
<limsupe Z ——P(Q(n) = &y/2nloglogn)
£\0 P n logﬂ
Ey2(b+1)
< 1 _ b+1 - .
== i+
Letting y — 0 completes the proof. g

5 Proof of Theorem 1.3
In this section, we first modify the definition in (3.1) as follows:
I(s) loglogn

ﬁn:inf{s:52c+1,s—2)57}. (5.1)

Then one easily has nl(7,,) ~ 7% loglog n. Moreover, we define for eachnand 1 <i <,

Xt = Xi{|X;] < i}, X;;- = Xy — EXy,
Sni = D1 Xy S = 2 Xy D;? = Var(S;,).

Secondly, we give two notations related to the truncated R(n) statistic. That is,

k n k n
R(n):= 1111}(22{2(5(”; - % Zan) } - lgign{z (5(,4,' - % Zf@j) }
- = j=1 - j=1

j=1

j=1

and

k n k n
~ - 1 - -~ 1 =
* ,_ * * . * *
Rt = 2:‘3;{2(% “ 2)%) } - @:;{Z(Xw “ 2)%) }
j= j=

J=1

J=1

Then two lemmas which play key roles in the proof of Theorem 1.3 will be given, after
which, we will finish the proof of Theorem 1.3.

Lemma 5.1 Suppose {X,X,,n > 1} is a sequence of i.i.d. random variables which is
in the domain of attraction of the normal law with EX = 0, and l(x) satisfies I(x) <
c1 explca(logx)?) for some ¢; >0, ¢y >0 and 0 < B < 1. Then, foranyb € Rand 1/2 < p <2,
there exists a sequence of positive numbers {q),, n > 1} such that, for any x > 0,

P(Y = x+1/(loglogn)’) - ¢, < P(ﬁ*(n) >xD};) <P(Y = x - 1/(loglogn)’) + ¢,

where q,, > 0 satisfies
o (loglogn)®
Z ——q, <00

logn ™"
n=1 nlog


http://www.journalofinequalitiesandapplications.com/content/2014/1/137

Pang et al. Journal of Inequalities and Applications 2014, 2014:137
http://www_.journalofinequalitiesandapplications.com/content/2014/1/137

Proof The essential difference between this lemma and Lemma 3.3 is the different trun-
cation levels are imposed on the random variables {X},,#n > 1} in two lemmas. However,
by checking the proof of Lemma 3.3 carefully, one can find that the proof of Lemma 3.3
is not sensitive to the powers of log log n. Hence, one can easily finish the proof by similar
arguments to those used in Lemma 3.3. We omit the details here. O

Lemma 5.2 Suppose {X,X,,,n > 1} is a sequence of i.i.d. random variables which is in the
domain of attraction of the normal law with EX = 0, and let f(-) be a real function such
that sup,p |f(x)] < C and sup,p |f'(x)| < C. Then foranybeR,0<e <1/4andl>m>1,

we have
! (loglogn)® ,/ R*(n) (loglog m)2b-1/2
Var(Zn:m nlogn f( : )) N ( elogm ),
! (loglog n)® Zl 1le _ (loglog m)*®
Var(Zn:m nlogn bf( (1iy~/2)nl?f],,)) O( logm )’ (5 2)
I (loglog n) Sin (loglog m)2® .
Var(2n=m nlogn f(n yl(ﬁn)/Q) ( Jm(logm)? )
1 log 1 b (log] 2b+1
Var(y,,_,, S22 S [{1XG] > iy )) = O(Leeier ),

where p(n, ¢) = &./2nl(n,,) loglog n.

Proof Firstly, we consider the first part of (5.2). For j > i, since R* (i) is independent of
k k
R (i = — mi .
sl S5 55)| el 2 (- 5]
I=i+1 l i+1 I=i+1 l i+l

It follows that
R (i) R (j)
C°V<f <p<i,a>)’f (p(/;e)))
) R (i) R (j) 1~3*(i+1,j))>
_Cov(f(p(w)f(p(/ s)) f( p(j,€)
B RG)\ R*(i+1,/‘)>‘
_CEP(p(i,s)> f( oG, €)

P

o BELX
e/ 2jl(n;) loglogj

_C%
&/ 2jl(7;) loglog j

- o(L). (5.3)
e /jloglogj
Hence, for any 0 < & <1/4 and [ > m > 1, we have

l ~
(loglogn)? [ R*(n)
Var<2 nlogn f(ﬁ(n,s)))

n=m

- CZ (loglog n)?® Z Z (loglogi)® (loglogj)® 0 Vi
- n2(logn)2 ilogi jlogj e /jloglogj

n=m Jj=m+1 i=m
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C(loglogm)”’ o). Z (loglogj)?>-1/2
m(log m)? ot jlogj)?e
o (loglog m)?0-1/2
- elogm '

Consider the second part of (5.2). Similar arguments used in (5.3) leads easily to

Y X2 ) < e X2 ))
C°V<f ((uy/z)il(ﬁi) I\ Gy i)

C , -
= °V<f <(1iy/2)ll(m) Nazymjey) ™ (lﬂ:y/Z)Jl(n,)

i
<C--.
J
It follows that
1 n o
Var Z (loglog ”)bf P szzi _
=~ nlogn Q£ y/2)nl(7,)
(loglogm Z Z (loglogi)® (loglogj)? i
m(logm)2 Pt ilogi jlogj j
log 1 2b
o teeloem™)
logm

Consider the third part of (5.2). The similar arguments used in (5.3) also lead easily to

(i) Goin)) ()
COV O - P
yi@)/2/ " \jyyi;)/2 J
which implies that

Var Xl: (loglogn)hf< S )
i mlogn = \ny/yi(i,)/2

C(loglogm)Zb 2X:X:(loglogz) (loglogj)® o Vi
~  m(logm)? ilogi jlogj j

~ O< (loglog m)?
-~ \m(logm)> )

Finally, we turn to handling the fourth part of (5.2). By employing Lemma 3.5 one has

j=m+1l i=m

(loglog n)”
Var(z alogn Z[ |X|>nn>

i=1

!
(loglog n)?® (loglogi)® (loglogj)®
<C —_— X 2
- Z n2(log n)? PUXT > i) + Z Z ilogi jlogj

n=m Jj=m+1 i=m
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i J
-Cov(ZI{|Xk|>77, Y H{IXkl > 7 )
k=1

k=1

loglogn)ﬂ’*1 (loglog)® (loglogj)” ~
<ol LiP(IX| > 7
o0 Zm w2 (log )’ ZZ fogi  jlogj T UXI>)

j=m+1 i=m

O (loglog m)?0+! c L. (loglogj)?*! o (loglog m)?o+!
=0(1) ———— + = .
m(log m)? ot j(log))? logm
The proof is completed. d

Proof of Theorem 1.3 At the beginning of the proof, we first give an upper bound and
a lower bound for the indicator function of R/S statistic. For any x > L/nloglogn with
A>0,0 <y <1/2 and large n, one has the following fact:

R(n) R(n) )

R(n) }
—L 131Xl > i
: { T VA {U' '”7}
+1{fo >(1+ y/2)nl(ﬁn)} +1{fo <(1- y/2)nl(ﬁn)}

i=1 i=1

+1{1Su| > ny/y ((7j) 12}

gl{ﬂ x+0(1)} +31:CJ|X,»| > ﬁn}

V@ =y)({n) Pt

+I{ > (L4 y/2)nl(nn)} +I{Z <(1- y/2)nl(ﬁn)}
{15

i=1
| >y yIl(n,) /2}

i=

+I

SI{L(H) }+3]{U|X|>r/"}

V(@ =2y)(n) Pt

{ > (1+ y/2)nl(f7n)} +1[Z}“(3,. < (1—y/2)nl(ﬁ,,)}
{15,

i=1

.| > /v Ii(a)/2}, (5.4)

+ 1
since one easily has
’Eﬁ(n)| = 0( nl(ﬁ,,)loglogn).

Also, one has, for any x > A/nloglogn with » >0, 0 < y <1/2 and large n,

R(n) R(n) ) ~ y
]{m ZX} Zl{m Zx} —I{|S (I’l)—l(r)n)’ > yl(nn)}

R*(n) }
[ — 31 X; "
- { @2l {U' '>"}
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-1 Zf(ﬁ,- >(1+ y/2)nl(ﬁn)} {Z <(L=y/2)nl(1,)
i=1
= I{[S%,| > ny/y1(iin)/2}.

Denote K (¢) = exp(exp(1/(¢2M))) for any 0 < & < 1/4 and fixed M > 0. Let {£;(-),i = 1,...,5}
be real functions such that sup, |f/(x)| < oo fori=1,...,5 and

|| > /1=2y} <fun1(x) := filx) < I{|x| =1 -2y},

K{lx| > 1+ y/2} < fua(x) := folw) < I{lx| > 1+ y/4},

Hlx| <1-y/2} <fuslx) :=flx) < {lx] <1-y/4}, (5.5)
I{|x] > 1} <fya(x) := falx) < I{|x| >1/2},

x| = ¥} < fus) = f5(x) < I{|x] > /¥ /2}.

Define ¢ = 1/k, k > M. Then it follows from Lemma 5.2 that

(loglogn)? [ R*(n) NS /M)2b-112
Var( Z VllOng f(,o(n,é}))) = O(W);

n>B(ex)

which together with the Borel-Cantelli lemma easily yield

(loglog n)® E*(n) ﬁ*(n)
2 riogn (f (p(n,ek))_Ef (p(n,eu))%0 - >0

n>B(gg)

as k — o0o. Similar arguments also yield

(loglog m)® i Yin
ZVDB(ek nlogn (f( liyl/Z nlmnn Ef( liyl/Z nlmnn )) —0 as,

ZVI)B (ek) loﬁﬂggz) f(( W/Z) Ef( )) a.s., (57)

Vl(ﬂn )/2)
(logl
ooy 2 (S X > )~ nP(X] > ) — 0 s,

as k — oo. Denote B(n,¢) = e4/2nloglog n. Using the inequality (5.4), one has

log1 b
lim sup 2¢+V Z M[{Q(m)i&&nloglogn}

£\0 k) nlogn

b
<limsupe & Z MZ{Q(H) > B(n,ex)}

nlogn
k=00 n>B(eg_1) &

2(b+1) (loglog )" { R*(n) }
=t 2 Sioen ' o =P

+1{Z >(1+y/2)nl(n,,)}+1{z <@- y/2)nl(n,,)}
i=1

i=1

n>B(eg_1)

+ 3I:U 1X;| > ﬁ,,} +I{|§’;n| > n\/yl(f;,,)/Z})
i=1

=1l +1IV+V + VI+ VII. (5.8)
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We are going to treat the above terms, respectively. In view of (5.5), (5.6), Lemma 5.1 and
Proposition 2.2, one has

log log 1)? R
I < hmsup 82<b+1> Z (ongl;)gg:) ( - )/(;L E ))
vV n )y Sk

(loglog n)” R (n)
< limsup ez(bﬂ) Efy -
k=00 ”>B(ng—1) nlogn /1(7,) B(n, &)

loglog n)” R*(n)
<limsupe, (bH) ( -P -2
k—>ocp Z nlogn Vv l(nn ,3(1’1 é7() ’

n>Bleg_1)

n>Bleg_1)

log1 b
< Jimsup 82(b+1) Z (loglogn)

k00 —  nlogn
P(Y > &x(1-2y)y/2loglogn —1/(loglog n)?)
Ey2(b+l)

= b A2y &S (5.9)

since

1
V21 - 2y)(loglog n)r+12

~gr asm— oQ.

Applying (5.5), (5.7), and Bernstein’s inequality, one has, for any v/ > 1,

b
(b+1) Z (loglog n)

0<IV<11msup£k 1 1
nlogn

k=00 n>Bleg_1)

(Z > (1+y/4) nl(n,,))

logl
< limsups; 5 o ( Tog 081 ogn)” (Z > (1+ V/4)nl(ﬁn)>

ks 00 —~ nlogn
oo
2(b+1)
< limsu &2
/HOOP k=1 — nlogn(loglogn)“"
=0, as. (5.10)

Similarly, one can prove
V=0, as. (5.11)

For the fourth part of (5.8), by similar arguments to those used in (5.9) and Lemma 3.4,
we have

loglog n)®
0 < VI <3limsupe; b1+1 M
logn

k— o0

P(IX] > 71,/2)

n=1

=0, as,

Page 21 of 23


http://www.journalofinequalitiesandapplications.com/content/2014/1/137

Pang et al. Journal of Inequalities and Applications 2014, 2014:137
http://www_.journalofinequalitiesandapplications.com/content/2014/1/137

and the details are omitted here. As for the fifth part of (5.8), one can easily show that, for

any fixed y > 0,

o0

loglogn)? -

0 < VII < limsup 82(b+1 Z MP(S;*M > ny/ v 1(71,)14)
k— o0 =1 nlogn

2(b+1) = (IOglogn)b . nl(ﬁn)

<Cl
imsup iy nlogn n2l(7,)

n=1

=0, a.s.

Hence, it follows from (5.8)-(5.12) that
(b+1) (loglog n)”
lim sup &2 Z 71{Q(n) > 8\/2n10g10gn}
£\0 ke M logn

Ey2(b+1)
< )
— 2b+1(b + l)(l _ 2V)2(b+1)

a.s.

On the other hand,

log1 b
lim sup £2¢+V Z MI{Q(ﬂ)zewﬂnloglogn}

£\0 ik Mlogn
log log n)?
< limsup g2V Z —( gl gn)
&N0 n<K(e) nlogn
1
<—.
- Mb+1

By (5.13), (5.14) and the arbitrarinesses of M and y, one has

EYZ(b+1)

o0
. (loglog n)”
lim sup 24+ E ——1{Q(n) > &y/2nloglogn} < bl
n=1

£\0 nlogn
Similarly, one has

2(b+1)

£\0 nlogn

n=1

The proof is completed now.
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