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Abstract

In this paper, we introduce the concept of common limit in the range property for
mappings F: X x X x X — X and g: X — X, where (X,d) is an abstract metric space,
and establish tripled coincidence point and common tripled fixed point theorems by
using the common limit in the range property. Our theorems generalize and extend
several well-known comparable results in the literature, in particular the results of
Aydi et al. (Fixed Point Theory Appl. 2012:134, 2012). Also, we give examples to
validate our main results which are not applied by the results in the literature.
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1 Introduction
The concept of K-metric spaces was reintroduced by Huang and Zhang under the name
of cone metric spaces [1] which is the generalization of a metric space. The idea of cone
metric spaces is to replace the codomain of a metric from the set of real numbers to an
ordered Banach space. They reintroduced the definitions of convergent and Cauchy se-
quences in the sense of an interior point of the underlying cone. They also continued with
results concerning the normal cones only. One of the main results of Huang and Zhang
in [1] is fixed point theorems for contractive mappings in normal cone spaces. In fact, the
fixed point theorem in cone metric spaces is appropriate only in the case when the un-
derlying cone is non-normal and its interior is nonempty. Jankovi¢ et al. [2] studied this
topic and gave some examples showing that theorems from ordinary metric spaces cannot
be applied in the setting of non-normal cone metric spaces. Many works for fixed point
theorems in cone metric spaces appeared in [3-19].

In 2011, Abbas et al. [3] introduced the concept of w-compatible mappings and obtained
a coupled coincidence point and a coupled point of coincidence for such mappings satisfy-
ing a contractive condition in cone metric spaces. Very recently, Aydi et al. [20] introduced
the concept of W-compatible mappings for mappings F: X x X x X - X and g: X — X,
where (X,d) is an abstract metric space and established tripled coincidence point and
common tripled fixed point theorems in these spaces.

On the other hand, Sintunavarat and Kumam [21] coined the idea of common limit range
property for mappings F : X — X and g : X — X, where (X, d) is a metric space (and fuzzy
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metric spaces) and proved the common fixed point theorems by using this property. Af-
terward, Jain et al. [22] extended this property for mappings F: X x X — X and g: X — X,
where (X, d) is a metric space (and fuzzy metric spaces) and established a coupled fixed
point theorem for mappings satisfying this property. Several common fixed point the-
orems have been proved by many researcher in the framework of many spaces via the
common limit range property (see [23-26] and the references therein).

Starting from the background of coupled fixed points, the concept of tripled fixed points
was introduced by Samet and Vetro [27] and Berinde and Borcut [28] and it was motivated
by the fact that through the coupled fixed point technique we cannot give the solution of
some problems in nonlinear analysis such as a system of the following form:

x*+2yz-6x+3=0,
¥ +2xz-6y+3=0,
22 +2yx—6z+3=0.

In this paper, we introduce the concept of common limit in the range property for map-
pings F: X x X x X — X and g : X — X, where (X, d) is an abstract metric space, and study
the existence of tripled coincidence point and common tripled fixed point theorems for
W -compatible mappings in cone metric spaces by using the common limit in the range
property. We also furnish examples to demonstrate the validity of the results which are
not applied by the results in the literature. It is worth mentioning that our results do not
rely on the assumption of normality condition of the cone and thus fixed point results in

this trend are still of interest and importance in some ways.

2 Preliminaries
In this paper, we denote from now on X x X---X x X by XX where k € N and X is a
—_— —

k terms
nonempty set. The following definitions and results will be needed in the sequel.

Definition 2.1 Let E be a real Banach space and Of be the zero element in E. A subset P
of E is called a cone if it satisfies the following conditions:

(a) Pis closed, nonempty and P # {Og},

(b) a,beR,a,b>0,x,y€Pimply that ax + by € P,

(© PN (=P)={0g}.

Given a cone P of the real Banach space E, we define a partial ordering < with respect
to P by x < y if and only if y — x € P. We shall write x < y for y — x € Int(P), where Int(P)
stands for the interior of P. Also we will use x < y to indicate that x < y and x #y.

The cone P in the normed space (E, || - ||) is called normal whenever there is a number
k > 0 such that for all x,y € E, 0 < x < y implies ||x]| < k||y||. The least positive number
satisfying this norm inequality is called the normal constant of P. In 2008, Rezapour and
Hamlbarani [11] showed that there are no normal cones with a normal constant k < 1.

In what follows we always suppose that E is a real Banach space with a cone P satisfying
Int(P) # @ (such cones are called solid).

Definition 2.2 ([1,29]) Let X be a nonempty set. Suppose that d : X x X — E satisfies the
following conditions:
(d1) 0g < d(x,y) forallx,y € X and d(x,y) = Og if and only if x = y,
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(d2) d(x,y) =d(y,x) for all x,y € X,

(d3) d(x,y) <d(x,2) +d(z,y) for all x,y,z € X.

Then d is called a cone metric or a K-metric on X and (X, d) is called a cone metric space
or a K-metric space.

Remark 2.3 The concept of K-metric space is more general than the concept of metric
space, because each metric space is a K-metric space where X = R with the usual norm
and a cone P = [0, 00).

Definition 2.4 ([1]) Let X be a K-metric space and {x,} be a sequence in X. We say that
{xn} is

(C1) a Cauchy sequence if and only if for each ¢ € E with ¢ >> O there is some k € N such
that d(x,,, x,,) < ¢ for all n,m > k;

(C2) a convergent sequence if and only if for each ¢ € E with ¢ >> O there is some k € N
such that d(x,,x) < c for all n > k, where x € X. This limit is denoted by lim,,_, oo %, =

X Oorx, —>xasun— OQ.

Remark 2.5 Every convergent sequence in a K-metric space X is a Cauchy sequence but
the converse is not true.

Definition 2.6 A K-metric space X is said to be complete if every Cauchy sequence in X
is convergent in X.

Definition 2.7 ([27]) Let X be a nonempty set. An element (x,7,z) € X is called a tripled
fixed point of a given mapping F : X> — X ifx = F(x,7,2), y = F(y,z,x) and z = F(z,x, y).

Berinde and Borcut [28] defined differently the notion of a tripled fixed point in the case
of ordered sets in order to keep true the mixed monotone property.

Definition 2.8 ([20]) Let X be a nonempty set. An element (x, 7, z) € X? is called
(i) atripled coincidence point of mappings F: X®> — X and g: X — X if gx = F(x,,2),
gy =F(y,x,2) and gz = F(z,x,y). In this case (gx, gy, ¢z) is called a tripled point of
coincidence;
(ii) a common tripled fixed point of mappings F: X> — X and g: X — X if
x=gx=F(x,9,2),y=gy=F(y,z,x) and z = gz = F(z,%,y).

Example 2.9 Let X = R. We define F: X®> — X and g: X — X as follows:

2x + 2y

F(x,y,z) = ( ) sin(2z) and gx=1+m —4x

for all x,y,z € X. Then (7, 7, ) is a tripled coincidence point of F and g, and (1,1,1) is a

tripled point of coincidence.

Definition 2.10 ([20]) Let X be a nonempty set. Mappings F: X> — X and g: X — X are
called W-compatible if

F(gx,gy,82) = g(F(%,,2))

whenever F(x,y,z) = gx, F(y,z,x) = gy and F(z,y,x) = gz.
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Example 2.11 Let X = [0,1). Define F: X®> — X and g: X — X as follows:

22+ + 22

F(x,y,2) = T

x
nd gr=—
a 1

for all x,7,z € X. One can show that (x,,2) is a tripled coincidence point of F and g if and
only ifx =y =z = 0. Since F(g0,g0,¢0) = g(F(0,0,0)), we get that F and g are W-compat-
ible.

3 Main results
Now, we introduce the following concepts.

Definition 3.1 Let (X,d) be a K-metric space with a cone P having nonempty interior
(normal or non-normal). Mappings F : X> — X and g : X — X are said to satisfy the E.A.
property if there exist sequences {x,}, {y,}, {z,} € X such that

lim F(xy,,yy,2,) = lim g(x,) = x,

Hn— 00
lim F(ymzn,xn) = lim g(yn) =%
n—00 n—0o0
lim F(zy, %4, y,) = lim g(z,) =2z
n—00 n— 00

for some x,7,z € X.

Definition 3.2 Let (X,d) be a K-metric space with a cone P having nonempty interior
(normal or non-normal). Mappings F : X* — X and g : X — X are said to satisfy the CLR,
property if there exist sequences {x,}, {y,}, {z,} € X such that

lim F(xmynrzn) = lim g(xn) = g%,

lim F(yu, 2y, %,) = lim g(y,) = gy,
n—0oQ n—>00
lim F(z,, %4, y,) = lim g(z,) = gz
n— o0 n—00

for some x,y,z € X.

Theorem 3.3 Let (X, d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), and let F : X* — X and g : X — X be mappings satisfying the CLR,
property. Suppose that for any x,y,z,u,v,w € X, the following condition holds:

d(F(x,y,2), F(u,v,w))
< ad(E(x,9,2),gx) + ad(F(y,2,%),gy) + asd(F(z, %, ), gz)
+ agd(F(u,v,w),gu) + asd(F(v,w,u),gv) + agd(F(w,u,v),gw)
+ a7d(F(u, v, w),gx) + agd(F(v,w,u),gy) + asd(F(w,u,v),gz)
+ and(F(x,y,2), gu) + and(F(y,2,%),gv) + and(F(z,%,y), gw)
+ ay3d(gx, gu) + ayad(gy, gv) + aysd(gz, gw),

where a;, i = 1,...,15, are nonnegative real numbers such that Z}fl a;<1. Then F and g
have a tripled coincidence point.
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Proof Since F and g satisfy the CLR, property, there exist sequences {x,}, {y,},{z.} € X

such that
lim F(x,,yn,2,) = lim g(x,) = gx, W
n—00 n—oo
lim F(y, 2 %,) = lim gy,) = gy, @
11— 00 n— 00
lim F(z,,%x4,5,) = lim g(z,) = gz ®)

for some x,y,z € X.
Now, we prove that F(x,y,z) = gx, F(y,2,x) = gy and F(z,x,y) = gz. Note that for each
n € N, we have

d(F(x,y, z),gx) =< d(F(x,y, z),F(x,,,y,,,z,,)) + d(F(xy,,y,,,zn),gx). (4)

On the other hand, applying the given contractive condition and using the triangular
inequality, we obtain that

d(F(%,9,2), F( Y 2n)

< ad(F(x,,2),gx) + azd(F(y,2,%),2y) + asd(F(z,%,), g2)
+ asd(F @, Y 20), %) + 5A(E Qs Zs %), @) + 6 (F s %oy V), 820)
+ a7 A(F(ny Yoy ), @) + aA(F Wy 2 %), €9) + @@ (F 2y %y ), 82)
+ a1 d(F(%,y,2),g%n) + and(F(9,2,%),gyn) + a1nd(F(z,%,), g2n)
+ ar3d(gx, gxn) + arad(gy, gyn) + ar5d(gz, g2n)

< ad(F(x,,2),gx) + azd(F(y,2,%),2y) + asd(F(z,%,7), g2)
+ ag[d(E G Y 2n), g%) + d(g%, g2,)] + 5[ A(F G 2 %), €9) + d(29,29)]
+ 6[A(E Gy 2 y), 82) + d(g2,20)] + a7 (F (o, Y 2, €5)
+ asd(EGn, 2y 2),29) + @5d (E @y %0, y), €2) + aro[A(E(x, y,2), gx) + d(gn, g,)]
+ an[d(F(y,2,%),gy) + d(gy,gyn)] + ar[d(F(z,%,),g2) + d(gz. g21)]

+ ar3d(gx, gx,) + anad(gy, gyn) + ar5d(gz, g2n)

for all n € N. Combining the above inequality with (4), we have

d(F(x,y,2),gx)
< ad(F(x,9,2),gx) + a2d(F, 2,%),9) + asd(F(z,%,7),¢2)
+ aa[d(F (s Y 2n), g%) + d(gx, gxn) | + as[A(F s znr %), gY) + A(gy gyn)]
+ a6[d(F (2 % V), g2) + d(g2,824) | + a7 (F (%> Y Zn), g)
+ agd(F G 2 %), 8) + A (F(Zy Xy y), €2) + ar0[d(F(x,7,2), gx) + d(gx, g, |
+an[d(F(y,2,%),2)) + d(@y,gyn) | + an[d(F(z,%,9),g2) + d(gz,g2,) |

+ ar3d(gx, gxn) + arad(gy, gyn) + ar5d(g2,g2,) + A(F (X, Vs 20)> gX)
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for all n € N. Therefore,

(1 - a1 — a10)d(F(x,y,2),gx) — (az + an)d(F(y,2,%),y) — (a3 + a12)d(F(z,%, ), gz)
< (L+ ag +az)d(F G Y 2),8%) + (as + as)d(F (2 %), £)
+ (a6 + a0)d(F(2u %, Yn)> €2) + (@4 + aro + a13)d (g, gxy)

+(as + an + a1a)d(gy, gyn) + (as + a1z + a15)d(gz, g2,) (5)

for all » € N. Similarly, we obtain

(1 - a1 — a10)d(F(y,2,%),gy) — (az + an)d(F(z,%,y), gz) — (a3 + arn)d(F(x, y, 2), gx)
=+ ag +a7)d(FYus 2n, %), &Y) + (a5 + ag)d(F(zn, %0, Yn), 2)
+ (a6 + a0)d(F (X, Yn» 2n), g%) + (G + aro + a13)d(gy, gyn)

+(as + an + a1a)d(gz, gz,) + (ag + ar + ai5)d(gx, gx,,) (6)

and

(I-a— ﬂlo)d(F(Z: x,y),gZ) —(az + au)d(F(x,y, Z),gx) —(as + dlz)d(F()/, z, x),gy)
<(A+ag+ ﬂ7)d(F(men!yn)!gz) +(as + ﬂS)d(F(xmym Zn)’gx)
+ (a6 + a9)A(FYn» 2 %n), gY) + (@a + aro + a13)d(gz, g2,)

+(as + an + a1a)d(gx, gx,) + (ae + arz + ars)A(gy, gYn) (7)

for all n € N. Adding (5), (6) and (7), we get

(- a1 - ay — az — a — an — a)[d(F(x,y,2),gx) + d(F(y,2,%),gy) + d(F(z,%,9),g2)]
< (1 +ay+as +ae +az +as + ao)d(F (X, Yn, 2n), gX)
+(1+ag+as+ag+a;+ag+ ag)d(F(yn,zn,xn),gy)
+(1+ag+as+ag+a; +ag+ ag)d(F(z,,,x,,,y,,),gz,,)
+ (a4 +as + as + aio + an + andais + aia + as)d(gx, gx,)
+ (a4 +as + as + aio + an + anaiz + aia + a15)d(gy, gyn)

+ (a4 + as + ag + ay + an + andis + dia + a15)d(gz, g2,)
for all # € N. Therefore, for each n € N, we have

d(F(x,y,2),gx) + d(F(y,2,%),gy) + d(F(z,%,7),g2)
< d(F % Y 2n) &%) + @ d(E s 20y %), &) + € A(F Zis %> Y)> 82
+ Bd(gx, gx,) + Bd(gy, gyn) + Bd(gz, g2,),

where

2 1
Q=

= , = .
l-ay—a;—-az—ayp—an—an l-ay-ay—-az—ayp—an—an
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From (1), (2) and (3), for any ¢ € E with O < ¢, there exists N € N such that

C
dF nm Jynr4<n) = - 7
( (s 2 )gx)< 6 max{«, B}

A(E s 2y %), 2Y) < 6max{a, B)’

C
d F n» n» nl» J )
(F (2 %> ), 82) < Sl ]

C
d n» < - . 3
(&% g0) = e B

c
d n» = - 37
&y gy) = 6 max{w, B}

c
d(gzy, gz) < m

for all # > N. Thus, for all # > N, we have
d(F(x,y,2),g%) + d(F(y,2,%),gy) + d(F(z,%,y),82) < g +

It follows that d(F(x,y,2),gx) = d(F(y,z,x),gy) = d(F(z,%,y),8z) = O, that is, F(x,y,2) = gx,
F(y,2,x) = gy and F(z,%,y) = gz. -

Corollary 3.4 Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), let F : X3 — X and g : X — X be mappings satisfying the E.A. property,
and let g(X) be a closed subspace of X. Suppose that for any x,y,z,u,v,w € X, the following

condition holds:
d(F(x,,2), F(u,v,w))
= amd(F(x,y,2),gx) + axd(F(y, z,%),gy) + asd(F(z,x,y),gz)
+ asd(F(u,v,w), gu) + asd(F (v, w,u),gv) + acd(EF(w, u,v),gw)
+ a7d(F(u,v,w),gx) + asd(F(v,w, u),gy) + asd(F(w, u,v),gz)
+ ad(F(x,y,2),gu) + and(F(y,z,%),gv) + arnd(F(z, %, ), gw)
+ arzd(gx, gu) + and(gy, gv) + aisd(gz, gw),

where a;, i = 1,...,15, are nonnegative real numbers such that lefl a;<1. Then F and g

have a tripled coincidence point.

Proof Since F and g satisfy the E.A. property, there exist sequences {x,}, {y,}, {z,} € X such
that

lim F(xn;ymzn) = lim g(xn) =p,
n—0o0 n— 00
lim F(yu, 2y, %) = lim g(y,) = g,

lim F(z,,%,,y,) = lim g(z,) =r

n—00
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for some p, q,r € X. It follows from g(X) is a closed subspace of X that p = gx, g = gy and
r = gz for some x, y, z € X, and then F and g satisfy the CLR, property. By Theorem 3.3, we
get that F and g have a tripled coincidence point. O

Corollary 3.5 (Aydi et al. [20]) Let (X,d) be a K-metric space with a cone P having
nonempty interior (normal or non-normal), and let F: X* — X and g : X — X be map-
pings such that F(X®) C g(X). Suppose that for any x,y,z,u, v, w € X, the following condition
holds:
d(F(x,y,2), F(u,v,w))
= amd(F(x,y,2),gx) + axd(F(y,z,%),gy) + asd(F(z,x,y),gz)

+ a4d(F(u, v, w),gu) + ﬂsd(F(V, w, u),gv) + a6d(F(w, u, v),gw)

+ a7d(F(u,v,w),gx) + asd(F(v,w, u),gy) + asd(F(w, u,v),gz)

+ ard(F(x,y,2),gu) + and(F(y,z,%),gv) + a1nd(F(z,%,7),gw)

+ arzd(gx, gu) + and(gy, gv) + a15d(gz, gw),

where a;, i = 1,...,15, are nonnegative real numbers such that Z o1ai<1. Then F and g
have a tripled coincidence point provided that g(X) is a complete subspace of X.

Corollary 3.6 Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), and let F : X* — X and g : X — X be mappings satisfying the CLR,
property. Suppose that for any x,y,z,u,v,w € X, the following holds:

d(F(x,,2), F(u,v,w))

< o1[d(F(x,y,2),gx) + d(F(5,2,%),gy) + d(F(z,%,),87) |
+ oo d(F(u, v, w), gu) + d(F(v,w,u),gv) + d(F(w,u,v),gw)]

+ aa[d(F(x,,2),gu) + d(F(y,2,%),gv) + d(F(z,%,7),gw)]

[4
+ a3[d(F(u, v, w), gx) + d(F (v, w, u),gy) + d(F(w,u,v),gz)]
[
+ 5| d(gx, gu) + d(gy, gv) + d(gz, gw)]

where «;, i = 1,...,5, are nonnegative real numbers such that Zl 10 <1/3. Then F and g

have a trlpled comczdence point.

Proof Tt suffices to take a; = ap =as = oy, a4 = ds = dg = 0y, a7 = dg = dg = U3, Ay = A1 =
. . 5
a1z = a4 and ai3 = dia = di5 = o5 in Theorem 3.3 with ), o; <1/3. a

Corollary 3.7 Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), let F : X> — X and g : X — X be mappings satisfying the E.A. property,
and let g(X) be a closed subspace of X. Suppose that for any x,y,z,u,v,w € X, the following
holds:

d(F(x,,2), F(u, v, w))
< ai[d(F(x,y,2),g%) + d(F(y,2,%),y) + d(F(z,%,9),82) ]
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+ oz [d(F(u, v, w), gu) + d(F(v,w, u),gv) + d(F(w,u,v),gw)]

+ aa[d(F(x,,2), gu) + d(F(y,z,%),gv) + d(F(z,%,7),gw)]

[
+ a3[d(F(u, v, w), gx) + d(F (v, w,u),gy) + d(F(w,u,v),gz)]
[
+ o [d(gx,gu +d(gy,gv) + d(gz,gw)]

where a;, i = 1,...,5, are nonnegative real numbers such that Y o; < 1/3. Then F and g

have a tripled coincidence point.
Proof It follows immediately from Corollary 3.6. g

Corollary 3.8 (Aydi et al. [20]) Let (X,d) be a K-metric space with a cone P having
nonempty interior (normal or non-normal), and let F: X> — X and g : X — X be map-
pings such that F(X3) C g(X) and for any x,y,z,u,v,w € X, the following holds:
d(F(x,9,2), F(u,v,w))
< o1[d(F(x,y,2),gx) + d(F(5,2,%),gy) + d(F(z,%,),82) |

+ ax[d(F(u, v, w), gu) + d(F(v,w,u),gv) + d(F(w,u,v),gw)]
+a3[d(F(u v, w),gx) + d(F(v,w,u),gy) + d(F(w,u,v gz)]
as[d(F(x,,2),gu) + d(F(y,2,%),gv) + d(F(z,%,7),gw)]

[

+ 5[ d(gx, gu) + d(gy, gv) + d(gz, gw)),

+

where a;, i = 1,...,5, are nonnegative real numbers such that Y o; < 1/3. Then F and g
have a tripled coincidence point provided that g(X) is a complete subspace of X.

Next, we prove the existence of a common tripled fixed point theorem for a W-compat-
ible mapping.

Theorem 3.9 Let F: X® — X and g: X — X be two mappings which satisfy all the condi-
tions of Theorem 3.3. If F and g are W-compatible, then F and g have a unique common
tripled fixed point. Moreover, a common tripled fixed point of F and g is of the form (u, u, u)
forsome u € X.

Proof First, we will show that the tripled point of coincidence is unique. Suppose that
(x,9,z) and (x*,5*,2*) € X> with

gx = F(x,y,2), gx* = F(x*,y%,z"),
g =F(zx), and { gy*=F(y*z%x"),
gz=F(z,x,) gz* = F(z%,x*,y%).

Using the contractive condition in Theorem 3.3, we obtain

d(gx, gx")
=d(F(x,5,2), F(x",y",2%))
< amd(F(x,y,2),gx) + axd(F(y,z,%),gy) + azd(F(z,%,), gz)
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+asd(F(x*y",2%),gx") + asd(F(y", 2",x%),g0") + asd (F (2", %%, "), g2")
+azd(F(x",y",2"),gx) + asd(F(y*, 2", x%),gy) + avd (F (2", 5", 5"), g2)

+ awd(F(x,y,2),gx") + and(F(y,z,%),gy") + apnd(F(z,%,y),gz")

+ azd(gx, gx*) + and (g, @) + a15d(gz,g2%)

= (a7 + a1 + a13)d (gx", gx) + (as + an + aa)d(gy”, gy) + (as + arz + a1s)d (gz", g2).
Similarly, we have
d(gy.gy") = d(F(y,2,%),F(y",2",%%))

< (a7 + aro + ar3)d(gy*,gy) + (as + an + aw)d(gz", gz)

+ (a9 + ay + ais)d(gx*, gx)

and

d(gz,gz*) = d(F(z,x,y), F(z", 5%, 5"))
=< (a7 +ayo + alg)d(gz*,gz) +(ag +an + aM)d(gx*,gx)

+ (a9 +ap + als)d(gy*,gy)'

Adding the above three inequalities, we get

d(gx,gx") + d(gy,gy") + d(gz.g2") (Z a,) (gv,gx") + d(gy.2y") + d(gz.82%)]-

Since 21157 a; < 1, we obtain that

d(gx,gx") + d(gy,gy") + d(gz.g2") = O,

which implies that

gx=gx", gy=gy" and gz=gz". 8)

This shows the uniqueness of the tripled point of coincidence of F and g, that is, (gx, gy, g2).

From the contractive condition in Theorem 3.3, we have

d(gx.2y")
=d(F(x,5,2), F(y*,2",x%))
< wd(F(x,9,2),gx) + a2d(F(, 2,%),09) + asd (F(z,%,9), g2)
+asd(F(y*,2%,x%), ") + asd(F (2", 5%, y%), g&2") + asd(F (x*, 5", 2"), gx*)
s ard(F (5,25, 5%),g%) + asd(F(2" 7, y7),g9) + asd (F(x*, 5", 2°), g2)

+ a1d(F(x,,2),8") + and(F(y,z,%),82%) + arnd(F (2, %, ), gx¥)

Page 10 of 17
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+ ar3d(gx, gy") + anad(gy, g2%) + arsd(gz, gx*)
= ((l7 +ap + alg)d(gy*,gx) + ((lg +dy + 6l14)d(gZ*,gy) + (ﬂg + dyp + als)d(gx*,gz).

Similarly, we get

d(gy,g2") = (a7 + ao + ar3)d(gz", gy) + (as + an + aw)d(gx*, gz)
+ (a0 + ary + ai5)d(gy*, gx)

and

d(gz,gx") < (a7 + ay + ar3)d(gx*, gz) + (as + an + a1a)d(gy*, gx)
+ (ag + ap + a15)d(gz*,gy).

Adding the above inequalities, we obtain
d(gx,gy*) +d(gy.gz%) + d(gz, gx") <Z a,) (g, 2y") +d(gy,82%) + d(gz,gx%)).

It follows from Y1, a; <1 that

=gy, gr=g¢ and gz=gx". ©)
From (8) and (9), we can conclude that

gx =gy =gz (10)
This implies that (gx, gx, gx) is the unique tripled point of coincidence of F and g.

Now, let u = gx, then we have u = gx = F(x,y,2) = gy = F(y,2,%) = gz = F(z,%,%). Since F
and g are W-compatible, we have

F(gx,gy,82) = g(F(x,,2)),
which due to (10) gives that

F(u,u,u) = gu.
Consequently, (u,u,u) is a tripled coincidence point of F and g, and so (gu,gu,gu) is a
tripled point of coincidence of F and g, and by its uniqueness, we get gu = gx. Thus, we
obtain

u=gx=gu=F(u,u,u).

Hence, (1, u, u) is the unique common tripled fixed point of F and g. This completes the
proof. |

Corollary 3.10 Let F: X3 — X and g : X — X be two mappings which satisfy all the con-
ditions of Corollary 3.4. If F and g are W -compatible, then F and g have a unique common
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tripled fixed point. Moreover, a common tripled fixed point of F and g is of the form (u, u, u)
for some u € X.

Proof 1t is similar to the proof of Theorem 3.9. g

Corollary 3.11 (Aydi et al. [20]) Let F: X® — X and g: X — X be two mappings which
satisfy all the conditions of Corollary 3.5. If F and g are W -compatible, then F and g have
a unique common tripled fixed point. Moreover, the common tripled fixed point of F and g
is of the form (u, u, u) for some u € X.

Here, we give some illustrative examples which demonstrate the validity of the hypothe-
ses and the degree of utility of our results. These examples cannot conclude the existence
of a tripled coincidence point and a common tripled fixed point by using the main results
of Aydi et al. [20].

Example 3.12 Let X = [0, %] and E = R? with the usual norm. Define the cone P = {(x, y) €

E :x,y > 0} (this cone is normal) and d : X* — E by d(x,) = (|x — y|,|x — y|), where &« > 0

is a constant. It is easy to see that (X, d) is a K-metric space over a normal solid cone P.
Consider the mappings F: X3 — X and g: X — X defined as

= (x,9,2) =
2

(
xy2+
= (y2) #(

’

F(x,y,2) = ; i x#l
10’ 2"

N= N=

’
’

D= D=

’
)

1
2
1
2

Since F(X?) = [0, %) U{%} 7 g(X) =10, %) U{%}, the main results of Aydi et al. [20] cannot
be applied in this case.
Next, we show that our results can be used for this case.
+ Let us prove that f and g satisfy the CLR, property.
Consider the sequences {x,}, {y,} and {z,} in X which are defined by

1 1
xnzg, yn:E and ana; n=123....

Since
lim F(x,, ¥, 2,) = lim g(x,) = g0,
lim F(yy,, zq,%,) = lim g(y,) = g0,
n— 00 n—0o0
lim F(z,,%x,,y,) = lim g(z,) = g0,
n—00 n—00

thus F and g satisfy the CLR, property with these sequences.
« Next, we will show that F and g are W-compatible.
It easy to see that F(x,,2) = gx, F(y,2,%) = gy and F(z,%,y) = gz if and only if
x=y=2z=0. Since

F(g0,£0,g0) = g(F(0,0,0)),

mappings F and g are W-compatible.
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« Finally, we prove that for x,y,z,u,v,w € X,

d(F(x,y,2), F(u,v,w))

< md(F(x,y,2),gx) + a2d(F(y,z,%),gy) + azd(F (2, %, ), gz)
+ a4d(F(u, v, w),gu) + asd(F(v, w, u),gv) + a6d(F(w, u, v),gw)
+ azd(F(u, v, w),gx) + agd(F(v,w,u),gy) + asd(F(w, u,v),gz)

+ arod(F(x,y,2),gu) + aud(F(y,z,%),gv) + a1nd(F(z, %, ), gw)
+ a13d(gx, gu) + a1ad(gy, gv) + arsd(gz, gw),

wherea1=a4= %,ﬂg=ﬂ3=ﬂ5=616=d7=6lg=ﬂ9=ﬂlo=6111=d12=oal’ld
15
a3 =du = dis = % such that ) 2 a; < 1.

For x,y,z,u,v,w € X, we distinguish the following cases.
Case 1: (x,7,z) 7!(%, %, %) and (u, v, w) 7’(%, %, %). In this case, we have

P+y?+2 w2+ w?
d(F(x,9,2), F(u,v,w)) = < 2/0 _ = ,
P+y+22 v+ uw?

)

|x2—M2| |y2_V2| |Z2_W2|
< + + )
- 60 60 60

60 60

L N il B et
o +o +o
60 60 60

IA

be—ul  ly-vl lz—-w|l |x—u] ly —v| |z—w|
+ + , o +a +o
60 60 60 60 60 60

1 flx—ul fx—ul\ 1/ly-v| |y-v|
= — , + = , o
6 10 10 6 10 10
1(lz-wl |z—w|
+ = , o
6 10 10
a3d(gx, gu) + and(gy,gv) + a1sd(gz, gw)
= ad(F(x,,2),gx) + asd(F(u,v, w),gu)

+ ar3d(gx, gu) + a1ad(gy, gv) + ar5d(gz, gw).

Case 2: (x,9,2) 7’(%, %, %) and (u,v,w) = (%, %, %). In this case, we have

Kyt 1

60 20

1 «o
<|—=,—
_<20 20)

29 9a
<-|=,=
_9<20 20)

= asd(F(u,v, w),gu)

’

d(F(x,9,2), F(u,v,w)) = <

ey +22 1
60 20
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= ad(F(x,,2),gx) + asd(F(u,v, w),gu)
+ ay3d(gx, gu) + arad(gy, gv) + aysd(gz, gw).

Case 3: (x,9,2) = (%, %, %) and (u,v,w) 7!(%, %, %). In this case, we have

1w+ +w?

20 60
1 «

<=, —

—<20 20)

29 Y
<-|=,=
~9\20 20

= md(F(x,y,2),gx)

1 w2+ +w?

d(F(x,9,2), F(u,v,w)) = < 20 60

)

= ad(F(x,,2),gx) + asd(F(u,v, w),gu)
+ ay3d(gx, gu) + ayad(gy, gv) + ay5d(gz, gw).

Case 4: (x,y,z) = (%, %, %) and (i, v,w) = (%, %, %). Clearly,

d(F(x,,2), Fu, v, w))
< md(F(.7,2).gx) + 02d(F(,2,%),g9) + a3 (F (2, %.7), g2)
+ asd(F(u,v,w),gu) + asd(F (v, w,u),gv) + acd(F(w,u,v),gw)
+ azd(F(u,v, w),gx) + asd(F(v,w,),gy) + aod (F(w, u,v),gz)
+awd(F(x.y,2),gu) + and(F(,2,%),¢v) + and(F(zx,5),.gw)
+ ar3d(gr, gu) + and(gy,gv) + aisd(gz gw).

Hence, all the hypotheses of Theorem 3.3 and Theorem 3.9 hold. Clearly, (0,0,0) is the
unique common tripled fixed point of F and g.

Example 3.13 Let X = [0,1] and E = C}[0,1] with the norm ||[f|| = ||fls + I[f'lloo for all
f € E. Define the cone P = {f € E: f(t) > 0 for ¢ € [0,1]} (this cone is not normal) and
d:X?>— Ebyd(x,y) = |x—y|p forafixed p € P (e.g., ¢(t) = ¢’ for t € [0,1]). It is easy to see
that (X, d) is a K-metric space over a non-normal solid cone.

Consider the mappings F: X3 — X and g: X — X defined as

L. - . -
Floy=19., (k32 =@LLY, P i x=1,
o (32 #(Q,1L1) 5 xFL

Since F(X3) = [0, 31—0) U {%} Z gXx) =10, %) U {1}, the main results of Aydi et al. [20] cannot
be applied in this case.

Next, we show that our results can be used for this case.

+ Let us prove that f and g satisfy the CLR, property.

Consider the sequences {x,}, {y,} and {z,,} in X which are defined by
1

1 1
xn:ﬂ) ynza and Zn:E; n:1’2’3""
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Since

lim F(Xy, Y, 24) = lim g(x,) = g0,
n— 00 n—oo
lim F(yy,, z,%,) = lim g(y,) = g0,
n—00 n—o0
lim F(z,,%,,y,) = lim g(z,) = g0,
n—00 n—00
thus F and g satisfy the CLR, property with these sequences.
+ Next, we will show that F and g are W-compatible.

It is obtained that F(x,y,2) = gx, F(y,2,x) = gy and F(z,x,y) = gz if and only if
x=y=2z=0. Since

F(go'go’go) :g(F(OIO’ O))’

mappings F and g are W-compatible.
« Finally, we prove that for x,y,z,u,v,w € X,

d(F(x,,2), F(u, v, w))
< amd(F(x,,2),gx) + a2d(F(,2,%),gy) + asd(F(z,%,7),g2)
+ ayd(E(u,v,w),gu) + asd (E(v,w, 1), gv) + agd (E(w,u,v), gw)
 and(Flt ) 8) + asd(EG,,0),9) + asd (Flw, 1), 2)
+ anod(F(x,9,2),gu) + and(F(3,2,%),gv) + and(F(z,%,5),gw)
+ ar3d(gr, gu) + and(gy,gv) + aisd(gz, gw),

wherea1=a4= i,&lz=6lg=(15=tl6=6l7=618=619=6110=6l11=6l12=031’1d
15
a3 =dy =d;5 = % such that ) ;2 a; < 1.
For x,y,z,u,v,w € X, we distinguish the following cases.

Case 1: (x,9,2z) #(1,1,1) and (u,v,w) # (1,1,1). In this case, we have

X+y+z U+V+W
90 90
1 |x—ul 1 |y-v| 1 |z—w|
<= P+ — P+
10 9 10 9 10 9
= ay3d(gr, gu) + a1ad(gy, gv) + ar5d(gz, gw)

d(F(x,y, 2), F(u,v, w)) %

= ad(F(x,,2),gx) + asd(F(u,v, w),gu)

+ ay3d(gx, gu) + arad(gy, gv) + ar5d(gz, gw).

Case 2: (x,7,2z) #(1,1,1) and (u, v, w) = (1,1,1). In this case, we have

d(F(x,9,2), F(u,v,w)) = 5 Sl

xX+y+z 1‘

=Xz

O | —
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)G
asd(F(u,v, w),gu)

=< ald(F(x,y, z),gx) + a4d(F(u, v, w),gu)

IA

+ ay3d(gx, gu) + arad(gy, gv) + ay5d(gz, gw).
Case 3: (x,7,2) = (1,1,1) and (u, v, w) #(1,1,1). In this case, we have

1 u+v+w

d(F(x,3,2), F(u,v,w)) = ‘5 RAAL ‘(p

IA
AS]

IA

)G)e

1
9
= (F(x, .2 )gx)

= ad(F(x,y,2),gx) + asd(F(u, v, w), gu)

N

+ ar3d(gx, gu) + arad(gy, gv) + arsd(gz, gw).
Case 4: (x,y,z) = (1,1,1) and (&, v,w) = (1,1,1). Clearly,

d(F(x,,2), F(u,v,w))
= amd(F(x,y,2),gx) + axd(F(y, z,%),gy) + asd(F(z,x,y),gz)
+ asd(F(u,v,w),gu) + asd(F (v, w,u),gv) + acd(F(w, u,v),gw)
+ a7d(F(u,v,w),gx) + asd(F(v,w, u),gy) + asd(F(w, u,v),gz)
+ ard(F(x,y,2),gu) + and(F(y,z,%),gv) + annd(F(z,x,7),gw)
+ ay3d(gx, gu) + arad(gy, gv) + arsd(gz, gw).

Therefore, all the hypotheses of Theorem 3.3 and Theorem 3.9 hold. It is easy to see that
a point (0,0, 0) is the unique common tripled fixed point of F and g.

4 Conclusions

Our results never require the conditions on completeness (or closedness) of the underlying
space (or subspaces) together with the conditions on continuity in respect of any one of
the involved mappings. Therefore, our results are a generalization of the results of Aydi et
al. [20], Abbas et al. [3], Olaleru [12] and many results in this field.
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