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Abstract

In this paper, we investigate the modified two-component Camassa-Holm equation
with k # 0 on the real line. Firstly, we establish sufficient conditions on the initial data
to guarantee that the corresponding solution blows up in finite time for the modified
two-component Camassa-Holm (MCH2) system. Then an infinite propagation speed
for MCH?2 is proved in the following sense: the corresponding solution u(x, t) + k with
compactly supported initial data (Ug(x) + &, Po(x)) does not have compact x-support
in its lifespan.
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1 Introduction

In this paper, we consider the following modified two-component Camassa-Holm system:

Vi + UYy + 2YUy + 2KUy = —gPPy, t>0,x€R,

or + (ou), =0, t>0,xeRR, (L1)
9(0,%) = yo(x), xeR,

p(0,%) = po(x), xeR,

where y = u — tyy, p = (1 - 32)(p — po), u denotes the velocity field, and p is related to the
free surface density with the boundary assumptions; p expresses an averaged or filtered
density, « is a nonnegative dissipative parameter, g is the downward constant acceleration
of gravity in applications to shallow water waves. For convenience we assume g =1 in this
paper. Moreover, « and y satisfy the boundary conditions: # — —« and y — 0 as |x| — oo.

Let A = (1-02) %, then the operator A2 can be expressed by its associated Green’s func-

tion G = 3¢ as

1
A‘zf(x) =Gxf(x) = i/Re_lx_ylf(y) dy.

Lety = p — po, then y = G p, and let % = u + k. It is convenient to rewrite system (1.1) in
the following equivalent integral-differential form:
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U+ (- k)l + 0,Gx (W2 + 312+ 2y2 -1y} =0, t>0,x€R,

Vi + (@ = €)Y + G (Uay)x + Uhy) = 0, t>0,x€eR, 1.2)
ﬁ(o’x) = ’ﬁo(x), X € R, ’
J/(O,x) = )/o(x), x e R.

In what follows, we will consider system (1.2) for % instead of system (1.1) for &, and we

omit the tilde on the u for simplicity. So we consider the following system:

Up — Uy + SUly — Ulhyyy — 2Uylyy — KUy + KlUyyx = —gPPy, > 0,x€R,
pe + (pu)x —kpx =0, t>0,xeR,
¥(0,x) = yo(x), xeR,
p(0,%) = po(x), xeR.

1.3)

Obviously, under the constraints of p(x,£) = 0 and « = 0, system (1.1) reduces to the
Camassa-Holm equation, which was derived physically by Camassa and Holm in [1]
(found earlier by Fokas and Fuchssteniner [2] as a bi-Hamiltonian generalization of the
KdV equation) by directly approximating the Hamiltonian for Euler’s equation in the shal-
low water region with u(x, £) representing the free surface above a flat bottom. There have
been extensive studies on Camassa-Holm equation. Now, we mention some results that
are related to our results. Firstly, wave breaking for a large class of initial data has been es-
tablished in [3—6]. Recently, Zhou and his collaborators [7] give a direct proof for McKean’s
theorem [5]. In addition, the large time behavior for the support of momentum density of
the Camassa-Holm equation was studied in [8]. An interesting phenomenon of the prop-
agation speed for the Camassa-Holm equation with « = 0 was presented by Zhou and his
collaborators in their work [9] in the sense that a strong solution of the Cauchy problem
with compact initial profile cannot be compactly supported at any later time unless it is
the zero solution. Meanwhile, for the same problem about the equation k # 0, we refer to
[10] for details.

The Camassa-Holm equation [1] has recently been extended to a two-component

Camassa-Holm (CH2) system:

Up + Uy + Uy — 2Uylyy — Ullyex + EPPx =0, t>0,x€R,
Vet (U —K)ya+ G* (UaVa)s + usy) =0, t>0,x€R,
u(0,x) = up(x), x€R,
y(0,%) = yo(x), xeR.

(1.4)

The CH2 system appeared initially in [11], and recently Constantin and Ivanov in [12]
gave a demonstration about its derivation in view of the fluid shallow water theory from
the hydrodynamic point of view. This generalization, similar to the Camassa-Holm equa-
tion, possessed the peakon, multi-kink solutions and the bi-Hamiltonian structure [13, 14]
and is always integrable. The wave breaking mechanism was discussed in [15-17] and the
existence of global solutions was analyzed in [12, 16, 18]. A geometric investigation can be
found in [15, 19].
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Recently the CH2 system was generalized into the following modified two-component
Camassa-Holm (MCH2) system with p #0 and « = 0:

U+ Uthy +0,Gx (W + 212 + 2y2 =2y =0, t>0,x€R,

Ve + uYs + G (U Vi)x + Uxy) = 0, t>0,x€R, L5
u(0,%) = uo(x), xeR, )
v (0,%) = yo(x), xeR.

Note that the MCH2 system is a modified version of the two-component Camassa-Holm
(CH2) system to allow a dependence on the average density p (or depth, in the shallow
water interpretation) as well as the pointwise density p. This MCH2 system admits peaked
solutions in the velocity and average density [20-23]. We find that the MCH2 system is
expressed in terms of an averaged or filtered density p in analogy to the relation between
momentum and velocity by setting p = (1-92)(p — po). Meanwhile, the MCH2 may not be
integrable unlike the CH2 system. The characteristic is that it will amount to strengthening
the norm for 5 from L2 to H' in the potential energy term [21]. It means we have the

following conserved quantity:
E(t) = / (u2 + ui + y2 + yxZ) dx.
R

We cannot obtain the conservation of H! norm for the CH2 system.

In what follows, we always assume x # 0 and p # 0.

This paper is organized as follows. In Section 2, we will present some results, which will
be used in this paper. In Section 3, we will establish several sufficient conditions to guar-
antee that the corresponding strong solution brows up. In Section 4, we will investigate
the infinite propagation speed of MCH2 with « # 0.

2 Preliminaries
In this section, for completeness, we recall some elementary results. We list them and
skip their proofs for conciseness. Local well-posedness for the MCH2 system (1.3) can be

obtained by Kato’s semigroup theory [24].

Theorem 2.1 Given Xy = (uo,y0)T € H* x H*, s > %, there exist a maximal T =

T (|| Xoll s xs) > O and a unique solution X = (u,y)T to system (1.3) such that
X =X(-,Xo) € C([0, T); H* x H*) N C'([0, T); H** x H*™).

Moreover, the solution depends continuously on the initial data, i.e. the mapping
Xo = X(-,X0) : H* x H* — C([0, T); H* x H*) N C'([0, T); H*™ x H*™),

is continuous.

The proof of the theorem is similar to that in [20] and [25].
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Lemma 2.2 [26] Suppose that V(t) is a twice continuously differential satisfying

(2.1)

U (t) > CoW ()W (t), t>0,Co>0,
v(z) >0, W'(t) > 0.

Then (t) blows up in finite time. Moreover, the blow-up time can be estimated in terms of
the initial data as

T<max{72 V() }
- Cow(0) w(0) |

Lemma 2.3 [27] Assume that a differentiable function y(t) satisfies

Y () < -G +K, (2.2)

with constants C,K > 0. If the initial data y(0) = yo < — %, then the solution to (2.2) goes

to —oo before t tends to G L .
Y0

We also need to introduce the standard particle trajectory method for later use. Moti-
vated by McKeans deep observation on the Camassa-Holm equation in [5], we can do a

similar particle trajectory as

q:=u(g,t)—«x, 0<t<T,xeR,

(2.3)
q(x,0) = x, x€R.
Differentiating the first equation in (2.3) with respect to x, one has
d
% =qu = Ux(q,)qx, t€(0,T).
x
Hence
t
qx(x,t) = eXp{ / ux(q,9) dS}, qx(x,0) =1, (2.4)
0

which is always positive before the blow-up time. Therefore, the function ¢(-, ) is an in-
creasing diffeomorphism of a line.

3 Blow-up
In this section, we establish sufficient conditions on the initial data to guarantee blow-up
for system (1.3). We start this section with the following useful lemma.

Lemma 3.1 Given X = (ug, o) € H* x H, s > g, T is assumed to be the maximal exis-
tence time of the solution X = (u,y)T to system (1.3) corresponding to the initial data X,.
Then for all t € [0, T), we have the following conservation law:

E(t) = /R(u2 + ui + y2 + yxZ) dx. (3.1)
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Proof We will prove that E(¢) is a conserved quantity with respect to the time variable.
Here we use the classical energy method. Multiplying the first equation in (1.3) by u(x;, £)
and integrating by parts, we obtain

/ Ui dx + f Uylhys dX = —/ uy yx dx + / UYxVix AX. (3.2)
R R R R
Similarly, we have the following identity for the second equation in (1.3):
f Y Vi dx+f YVt dx:f Uy Ve dx—/ UYxVix dx+K/ ¥ (Ve = Vexx) d. (3.3)
R R R R R

Combining the above equalities, we get

d

. (2+u92c+y2+yx2)dx:2‘/(1’lut+uxuxt+yyt+Vxth):0~
dt Jr R

Therefore, E(t) is conserved. Using the conservation law, we obtain

1 1
”M( :t)z ||L°°(]R) + Hyz(,t) ||L°°(R) = 5 ”u”i[l(]R) + E”y”?{l(R)

1 2 1 2
5 ”uO”Hl(R) + 5 ”)/0 ”HI(]R)

1

-
20

for all £ € [0, T'), where Ej is the initial value of E(¢). a

The next result describes the precise blow-up scenarios for sufficiently regular solutions
to system (1.3).

Theorem 3.2 Given Xy = (ug,y0)T € H® x H% s > %,

T (|| Xoll s x ) > O and a unique solution X = (u,y)T to system (1.3). Then the corresponding

there exist a maximal T =
solutions blows up in finite time if and only if

h{gl%lf;gﬂg{ux(x, t)} =—-00 or h{il%‘figﬂg{yx(x’ t)} = —00.

Proof By a simple density argument, one needs only to show that the desired results are
valid when s > 3, so in the following section, s = 3 is taken for simplicity of notation. Firstly,
multiplying the first and second equations in (1.3) by u,, and yx,, respectively, and inte-
grating by parts, we have

2 (/ UxUyst dx + / UxxUxxt dx)
R R

= —3] Uy (ui + ufm) dx+2 f U (Y Vi = Ve Vax) A2, (3.4)
R

2</ yxyxtdx"'/ Vxxyxxtdx> :_/ Mx(SJ/xZ +yx2x) dx—z/uxxyyxdx’ (3.5)
R R R
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and then combining (3.2) and (3.3), we obtain
%/RMZ 2+l +y? 42y +yldx
=— A;{ ux(Sufc + 3u§x + Syxz + yxzx) dx -2 A;{ Viex Vilky AX. (3.6)
Assume that T < co and there exists M > 0, such that
uy(t,x) > -M and y,(t,x) >-M forV(t,x) €[0,T) x R. (3.7)
Then, applying Gronwall’s inequality to (3.6) and (3.7), we get

||| 32 + |7 ® ]2 < [u® [ + [y O30 < (0120 + 17011727 (3.8)

On the other hand, differentiating the two equations in (1.3) with respect to x, then mul-
tiplying by #4,x and y,., respectively, and combining with (3.1) and (3.6), we obtain

d
@ + Iy 0l3) < M ()5 + [y O 2)

R

Then applying the Sobolev embedding result H*(R) < L*(R) (with s > %), we get

1
- fR ViaVaasthos d < C([u®)| 2 + [y O |3) (|x @ |32 + [ 7520 72) 2 (3.10)
because of (3.8), (3.9), (3.10), and the Gronwall inequality, we obtain
|1 + | ¥ ® 12 < (1015 + Iv0l3s)e”,  for Ve e [0,T), (3.11)

where A = CIM + (luol%, + 1011%,) 47T

This contradicts the assumption. Conversely, the Sobelev embedding result H*(R) —
L*®(R) (with s > %) implies that if Theorem 3.2 holds, the solution blows up in finite time,
which completes the proof of Theorem 3.2. d

We state our first criterion via the associated initial potential as follows.

Theorem 3.3 Suppose Xo = (ug, yo)T € H* x H*, s> %, Po(x0) =0, yo(xo) = 0, and the ini-
tial data satisfies the following conditions:

(i) po>0o0n(-00,x9) and py =<0 on (xg,00),

(i) / yo(E)dE >0 and / eyo(£)dE <0,

(o]

for some point xy € R. Then the solution to our system (1.3) with initial value Xo blows up
in finite time.
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Remark 3.1 This theorem is similar to the result proved by Zhou in [6].

Proof Differentiating the first equation (1.2) with respect to variable x, we obtain

1 1 1
Upe + (U = K) U + 1> + 32 (G* <u2 + EM’Z‘ + 5)/2 - 57/3)) =0. (3.12)

Applying 02(G f) = G * f — f to (3.12) yields

1 1 1 1 1 1
2 2 2 2 2 2 2 2
U + (U — K)Uyy = U — gtV —ny—G*(u * Ut SV —ny). (3.13)

This equation gives

d
&ux (q(xOr t)r t) Uyt (q(xO’ t)’ t) + (U(Q(xo, t)’ t) - K)uxx (q(xO’ t)’ t)

IA

1 1
3 u? (q(x0,2),t) — Eui (q(x0,1), )

1 1 1 1
+ E)/Z(q(xo,t), t) - Eyj(q(xo,t), t) - Gx (5),2 _ E”’?)’ (3.14)

where we used the fact

1 1
G * u2+—ui > iyl
2 2

In order to arrive at our result, we need the following three claims.
Claim 1. y(g(xo, £),£) + k = 0 for all £ in its lifespan.

It is worth to notice the first two equations in (1.3) as follows:

Ve + 29Uy + Yk — kY + pYx =0, £>0,x€R, (3.15)

ot + (pu)y —kpy =0, t>0,x€R. (3.16)

By applying the particle trajectory method to the above two equations, we obtain

d
@000 0) = yiq; + 7.0 + 299x

= (yt + 29Uy + Yoy — /c))qfc(x, t)

= —P(Q(x» t)’ t) Vx(q(x! 1), t)%zc(x» t) (3]-7)

and

d
p (0(q(x, 1), £)qx(x,8)) = (o¢ + patt + pit)qx = 0,

which implies that

(g, 1),£)qx(x, 2) = po(x). (3.18)

Page 7 of 15
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Obviously, we can obtain p(g(xo,t),t) = 0 since po(xo) = 0; then we deduce that

d
dt (q(xO’ t) t)qx(xO’ t)

Thus it is easier to see that y(g(xo, t), )g%(x0, £) is independent on time ¢. Without loss of
generality, we take ¢ = 0, and we have

¥(q(%0,8), )2 (x0, ) = yo(x0) = 0

Therefore, thanks to (2.4) we obtain y(g(x, £), £) = 0, for all ¢ in its lifespan.
Claim 2. For any fixed ¢, y2(x,£) — y%(x,£) < (2 — y*)(q(xo,2),£) for all x € R.

If x < g(xo,t), then
q(x0,t) q(x0,t)
—( [ enenas- efp(s,t)ds>

= q(x0,t)
,E 75
X (/q(xovt)e o(&,t)dE +/x e p(%‘)ﬂd&-)

v: (4(x0,0),£) = ¥*(q(x0, 1), 2)

—[m p(st)ds/xot P&, 1) dt

+fxqw o, t)ds/qw p(&,0)ds

(x0,t)

yi(x,t) -y (x,t)

< yxZ (q(xOr t)r t) -y (q(xOr t)r t)r (319)

where the condition (i) is used. Similarly, for x > g(x, t), we also have

ve (1) = v (%, 1) < v (q(xo, 1), £) — y* (q(x0, 2), 2), (3.20)
for any fixed t. Combining (3.19) and (3.20), we get

y2@,t) = v (5 t) < v (qlxo, 1), t) — v (q(xo,t),t), forallx e R.

Combining Claim 2 with (3.14), we get

i Uy (q(x01 t) t)

7 u*(q(xo,0),t) - %uﬁ(q(xo, £), ). (3.21)

1
2

Claim 3. u,(q(x0, ), £) < 0 is decreasing, u*(q(xo, t), £) < u2(q(xo, t),t) for all £ > 0.
Suppose not, i.e. there exists a #, such that u?(g(xo, t),t) < u>(q(x0,t),£) on [0,%) and
u?(q (%0, to), to) = uz(q(xo, to), to). Now, let

1 ro.) q(x0,t) .
105= e [ ey, de

(o¢]

and

() = St / (&, ) dE.
q

(x0,t)
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Firstly, differentiating I(¢), we have

q(xo,t)

—%u(q(xo, t)’ t)e_q(xo’t) / egy(%-’ t) dg

—00

di(t)
dt

q(xo,t)

1 q(x0,t) 1
+ Kendo! / e y(E D) dt + Ze7 10 / 5,6, 1) dt

o] —00

q(xo,t)

® e~ 00, ) ) + 0 / (&, 1) dE

1 q(x0.)
- Ee_q(xO't) / & (Wyx + 2Uy + PV — KYx) dE

(o¢]

q(xo,t)

%u(ux - u)(q(xo, 1), £) + %Ke‘q(’“)’” / e y(E, 1) dE

—00

v

q(xo,t)

1
+ - (u2 + ufc - 2uux) (q(xo, t), t) + ike’q("o’” / eéyx(“;‘, t)d&

o0

=

1

1 1., 1
- =y*(q(x0,1),2) + Zy,?(q(xo,t),t) +Gx* (Z)ﬂ - ZV,?)

'S

1 1
Z Zui (Q(WOr t)r t) - EMZ (Q(xo, t)r t) > 01 on [0, tO)’ (3'22)

where we used the Claim 2.

Secondly, by the same argument, we get

dall(t 1 o0
O Lo, 0, ) f e ¥y(E, 1) dk
dt 2 q(x0,t)
Logwon [ - Loswon [
— —keT0 ey, t)dE + —eT0 ey (&, 1) dE
2 qlxo.0) 2 qlxo0.0)
1 1 00
= L s + ) (g0, ), ) = Serto f e Ey(E, 1) d
2 2 q(x0,t)

1 o0
- Eeq(xo't) / €5 (Wyy + 2uy + PV — KYx) dE
q

(xo0.t)

IA

N =

1 [o.¢]
(it + 10) (g0, ), 1) = 5 weet?) / e ¥y(E 0 ds
q(x0,t)
1o, 2 Loawon [
- Z(u + U+ 2uux) (q(xo,t),t) + EK@ ’ ey, (&, 8)dE

q(x0,t)
1 1 1 1
+ Eyz(q(xo,t), t) - ny(q(xo,t),t) -Gx (Zyz - Z%f)
L, 1,
= _Zux (q(xO’ t)’ t) + Zu (q(x()l t): t) < 0; on [07 tO)' (3'23)
Hence, based on (3.22), (3.23), and the continuity property of ODEs, we have

ui (q(xo, 1), t) —u? (q(xo, 1), t) =—41(t)II(t) > —41(0)II(0) > 0,

for all ¢ > 0, which implies £y can be extended to infinity.
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Using (3.22) and (3.23) again, we have the following equation for u%(g(xo,t),t) —
u2(61(xo,t),t)1

d
- (#(ax0, 0),£) =% (q(x0, ), 1))

d
= —4E1(t)11(t)

d d
= ~d1() 1) ~ 410 = 110
> —I1(t) (1 — u®) (q(x0, £), £) + I() (162 — u*) (q(x0, 1), £)

= —utx(q(%0, £), ) (ul — u?) (q(%0, ), £), (3.24)

where we used u,(g(xo, t), t) = —1(¢) + II(¢).
Now, substituting (3.21) into (3.24), it yields

d
E (uyzc (q(X(), t)) t) - uZ (q(xOr t)r t))

2 (1 (ai0,0,1) = 2 (0l ,1)) X (-2 (avo, 1)
= %(“’% (q(x0,2),2) = * (g0, £),2))
g (/0 (13(q(xo, £),2) - *(q(x0, 1), 1)) d — 2u0x(x0)>' (3.25)

type (3.1) w1th Co =

Let W(t fo (q(x0, 1), £) — u?(q(x0,2),£)) dT — 2u0x(x0), then (3.22) is an equation of
% The proof is completed by applying Lemma 2.3. d

Remark 3.2 Scrutinizing the proof, we discover that the condition (i) guarantees that
inequality (3.19), (3.20) hold. If it is replaced by

po < 0on(-00,x%) and po > 0 on (xg,00),

we find that the inequalities (3.19), (3.20) still hold. As is well known, McKean [5] states
that only the sign of the initial potential y,(x), not the size of it, affects the wave breaking
phenomenon. Similar to his theorem, we apply a similar initial potential yo(x) + « to the
two-component case, and it reveals that the sign of the initial density po(x) also plays an
important role.

Then we give the second criterion in this paper.

Theorem 3.4 Suppose Xy = (ug, o) € H® x H%, s > g, and that we have the following

inequality:

2
(/Rugxdx> >3E5 and ‘/Rugxdx<0.

Then the corresponding solution to system (1.3) blows up in finite time.
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Proof Let
m(t) = / uidx, t>0.
R

Multiplying (3.13) with #2 and integrating by parts subsequently, we obtain the equation
for m(t) as

1 dm(t 1 1 2 y?
Ldm(z) =_—/uf§dx+—/uf§dx—/uiG* e SR W
3 dt 2 ). 3 ). A 2 "2 T

where we used

1
1G5 7 oo = 1G9 [ = 5 12
According to the invariant property of E(t), we get

1 1 1 1 1
o G Lo U Y S R

On the other hand, the Cauchy-Schwarz inequality implies that

12 1/2
/uzdx §</uidx) (fuidx) )
R R R

therefore

1 2
fufjdxz—(/ uidx) .
R Eo \Jr

Thus we obtain from the above that

dm(t) m? 3,
< e
dt 2E, 2

The hypothesis of this theorem and the standard argument on the Riccati type equation
ensure that there exists a time T such that

lim/ ul dx = —o0.
R

t—>T

Since

/ ui dx > inf u,(x, t) / ui dx > inf u,(x, t)Ey,
R R
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we have

liminf inf . (x, t) = —o0.
t—>T xeR

This completes the proof. O
Finally, we give the third criterion.

Theorem 3.5 Suppose Xy = (o, y0)" € H® x H%, s > g, po and uy satisfy the following

conditions:

(i) po=>0o0n(-00,x0) and po =<0 on(xy,o0)

(or po <0 on (—00,%0) and py > 0 on (x9,00)),
21
(i) upxo) < —%Eg.

Proof As mentioned in Claim 2 of Theorem 3.3, condition (i) means that for any fixed ¢,
Y2(x,t) — 2 (%, 1) < y2(q(x0,2),£) — y2(q(x0, 1), ) for all x € R. Then

d 1 1
Eux(q(xo,t),t) < Euz (q(xo, t), t) - iui(q(xo, £),t)
1 1
= g llin = 514 (a0, ), )

1 1
= b= iuﬁ(q(xo,t), t),

let ¢(£) = u,(q(xo, £), t), we obtain

do 1, 9
— <——p "+ K%,
ar = 27

1
where K = %Eg. By applying Lemma 2.3, we have

1
lim ¢(£) = —oc0, with T = - e
t—T _§¢0 + v
from the condition that
2 1
@0 < —2K = —%E&.
This completes the proof. g

4 Infinite propagation speed
In this section, we consider the infinite propagation speed for system (1.1). It can be shown
as follows.

Theorem 4.1 Assume T = T (ug, po) > 0 is the maximal existence time of the unique clas-
sical solutions (u, p) to system (1.3). If uo(x) = u(x,0) has compact support [a, B], and py is
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also compactly supported on the interval (o, B], moreover, py > 0 (or pg < 0) on [, B], then
fort €(0,T], we have

o_(e™, x>qa,t),

u(x, t) =
¢ (0)e",  x<q(B0)

where ¢_(t) and ¢, (t) denote continuous nonvanishing functions with ¢_(t) < 0 and ¢, (t) >
0 for t € (0, T]. Furthermore, ¢_(t) is a strictly decreasing function, while ¢ (t) is an in-

creasing function.

Proof Since po has initially compact support [«, 8], and thanks to (3.17) and (3.18), we
obtain y(g(x,t),t)q>(x,t) = yo(x), for any x € R — [«, B]; simultaneously, uo(x) has com-
pact support [«, 8], which implies that yy(x) has compact support [«, B]. It follows that
y(q(x,t),£)g>(x, £) = yo(x) = 0, for any x € R — [a, B]. So y is compactly supported with its

support contained in the interval [g(«, ), g(8,¢)]. Therefore the following functions are
well defined:

E.(t) = / eyx, t)dx and E_(¢)= / e y(x, t) dx,
R R
with
E.(¢) = / €yodx=0 and E_(t)= / e yodx =0. (4.1)
R R

Then, for x > (8, t),

1 1 q(B:t) 1
ulx,t) = —e ™ *y(x,t) = —e"‘/ ey(x, t)dt = —e™E,(¢), (4.2)
2 2 ald) 2
similarly, when x < g(«, £)
q(B.t)

1 1
u(x, t) = %e"x‘ *y(x, £) = Ee"/ e y(x, ) dt = EexE,(t). (4.3)
q

(a)t)

Hence, as consequences of (4.2) and (4.3), we have

1

u(x, t) = —uy(x, 1) = Uy (x,£) = Ee”‘EJr(t), asx > q(B,t), (4.4)

and
1

u(x, t) = ue(x, t) = Uyye(x, £) = 5 “E_(¢), asx<q(a,i). (4.5)
On the other hand,

dE. (t o

dt( ) = /_OO €y, t) dx

:/ e {=(yux) — yuts + Ky — pys} dx

(o¢]
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o 1
/ ex[u2+ Eui—pyx] dx
—00

0 1
/ e’“[u2 + Eui +y* - yxz] dx. (4.6)

(e¢]

For any fixed ¢, y? - y2 =€ [ e p(r,t)dt x e [* e p(r,t)dr, for all x € R. Then
for x > q(B, t), we have

y2 _ yxZ =0, (4-7)

y2 _ yxZ — 0’ (4.8)

when g(o, t) < x < q(B,t), we obtain

q(B.t) x
y:- yxz = ex/ e'p(r,t)dr x e‘x/ e ‘p(t,t)dt > 0. (4.9)
x q

()
By using (4.7), (4.8), and (4.9), we have

dE,(t)
dt

> 0. (4.10)

Therefore, E,(t) is an increasing function in the lifespan. From (4.1), it follows that
E.(t)>0forte(0,T].

Similarly, it is easy to see that E_(t) is decreasing with E_(0) = 0. Therefore, E_(¢) < 0 for
te(0,T].

Taking ¢4 (t) = %Ei(t), we obtain what we want. Then the theorem is proved. O
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