Tang Journal of Inequalities and Applications 2014, 2014:124 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2014/1/124 a SpringerOpen Journal

RESEARCH Open Access

Strong convergence theorems on a viscosity
approximation method for a finite family of
pseudo-contractive mappings in Banach
spaces

Yan Tang

“Correspondence:
ttyy7999@163.com Abstract

College of Mathematics and In thi . L . hich |
Statistics, Chongging Technology n this paper, a new viscosity iterative process, wnich converges strongly to a

and Business University, Chongqing, common element of the set of fixed points of a finite family of pseudo-contractive
400067, China mappings more general than non-expansive mappings, is introduced in Banach
spaces. Strong convergence theorems are obtained under milder conditions. The
results presented in this paper extend and unify most of the results that have been
proposed for this class of nonlinear mappings.

MSC: 47H09; 47H10; 47125

Keywords: pseudo-contractive mappings; fixed point; viscosity approximation;
strong convergence

1 Introduction
Let E be a real Banach space with dual E*. A normalized duality mapping J : E — 2F" is
defined by

Jo={f* € E*:(xf*) = Iel® = 7)) (1.1)

where (-, -) denotes the generalized duality pairing. It is well known that E is smooth if and
only if / is single-valued, and if E is uniformly smooth, then J is uniformly continuous on
bounded subsets of E.

Let C be a closed convex subset of the Banach space E. A mapping T : C — C is called

non-expansive if
ITx - Tyll < llx=yll, Vx,yeC. (1.2)

A mapping T is said to be pseudo-contractive if for any x, y € D(T), there exists j(x —y) €
J(x —y) such that

(Tx — Ty,j(x ) < llx -yl - (1.3)
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A mapping T is said to be « -strictly pseudo-contractive if for any x,y € D(T), there exist
jx —y) € J(x —y) and a constant 0 < x <1 such that

=y - (Tx - ), jx =) = ||l - T)x— (I - T)y|". (14)

Clearly, the class of pseudo-contractive mappings includes the class of strict pseudo-
contractive mappings and non-expansive mappings. We denote by F(T) the set of fixed
points of T, thatis, F(T) = {x € C: Tx = x}.

An operator A : C — E is called accretive if there exists j(x — y) € J(x — y) such that

(Ax — Ay, j(x —y)> >0, VxyeC. (1.5)

We observe that A is accretive if and only if T := I — A is pseudo-contractive, where [ is the
identity mapping on C, and thus a zero of A, N(A) := {x € D(A) : Ax = 0}, is a fixed point of
T.Itis now well known that if A is accretive, then the solutions of the equation Ax = 0 cor-
respond to the equilibrium points of some evolution systems. Consequently, considerable
research efforts have been devoted to iterative methods for approximating fixed points
of T when T is pseudo-contractive (see, e.g., [1-3] and the references contained therein).
A mapping f : C — C is called contractive with a contraction coefficient if there exists a
constant p € (0,1) such that

lf® -fo)| <plx-yll, V¥xyeC. (1.6)

For finding an element of the set of fixed points of non-expansive mappings, Halpern
[4] was the first to study the convergence of the scheme in 1967:

Xl = Oy lh + (1 - an+1)T(xn)' (17)

Viscosity approximation methods are very important because they are applied to con-
vex optimization, linear programming, monotone inclusions and elliptic differential equa-
tions. In a Hilbert space, many authors have studied fixed point problems for pseudo-
contractive mappings by the viscosity approximation methods and obtained a series of
good results (see [1-3, 5-18]).

In 2000, Moudafi [19] introduced viscosity approximation methods and proved the
strong convergence of the following iterative algorithm in a Hilbert space under some
suitable conditions:

Xp+l = ar(f(xn) + (1 - an)T(xn)' (18)

Moudafi [19] generalized Halpern’s theorems in the direction of viscosity approximations.
In 2008, Yao et al. [6] proposed the following modified Mann iterations for non-
expansive mappings:

Vi = Buxn + (L= B) Tk,
X1 = f (%) + A — )y, Vm =0,

(1.9)

and obtained strong convergence theorems for a common fixed point of non-expansive
mappings.
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Recently, Zegeye [20] introduced the following algorithm:
KXn+l = anf(xn) + (1 - an)TrnFrnxn: (110)

where T, , F,, are non-expansive mappings, and obtained a strong convergence theorem
but still in a Hilbert space.

On the other hand, for obtaining strong convergence theorems for a family of finite non-
expansive mappings, Takahashi [12] defined the following mapping W,,:

Un,l =0yl Tl + (1 - an,l)lr

U,r=0,2ToU,; + (1 —-a,2)l,
w2 =02 Tollyy + ( n2) (1.11)

Wn = un,m =0pm Tm un,m—l + (1 - an,m)lr

where {T},i=1,2,...,m} are non-expansive mappings, and F(W,,) = (1, F(T;).

Our concern now is the following: Is it possible to construct a new sequence in Banach
spaces which converges strongly to a common element of fixed points of a finite family of
pseudo-contractive mappings?

In this paper, motivated and inspired by the above results, we introduce a new iter-
ation scheme in Banach spaces which converges strongly to a common element of the
set of fixed points of continuous pseudo-contractive mappings more general than non-
expansive mappings. This provides affirmative answer to the above concern. Our theo-
rems extend and unify most of the results that have been proposed for this class of non-
linear mappings.

2 Preliminaries
Let E be a real Banach space with dual £*, C be a closed convex subset of E. Let S = {x € E :
|lx]l = 1} denote the unit sphere of E. The space E is said to have a Gateaux differentiable

. PTET tyll—
norm if the limit lim;_, w

exists for each x,y € S and in this case E is said to be
smooth. E is said to be uniformly Gateaux differentiable if for each y € S, the limit above
is uniformly attained for x € S.

In the proof of our main results, we also need the following definitions and results.

Let 1 be a continuous linear functional on [* satisfying ||¢|| =1 = u(1). Then we know

that u is a mean on N if and only if
inf{a,;n € N} < u(a) <sup{a,;n e N}, Va=(ayay,...)€l™. (2.1)
According to time and circumstances, we use ,(a,) instead of p(a). A mean p on N is
called a Banach limit if u,(a,) = tn(a,41) for every a = (ay, ap,...) € I*°.
Define a map ¢ : E — R by ¢(y) = wullx, — yl1?, {x,} C E is an arbitrary bounded se-

quence, then ¢(y) is convex and continuous, and ¢(y) — oo as ||y|| — oo. If E is reflexive,
there exists z € C such that ¢(z) = inf,cc @(y) (see [21]). So the set

Chin = {z € Cplz) = ;gggo(y)} # 2. (2.2)

Clearly, Cpiy is a closed convex subset of E.
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In the sequel, we shall use the following lemmas.

Lemma 2.1 (7, 22] Let C be a nonempty closed convex subset of a Banach space E with a
uniformly Gateaux differentiable norm. Let {x,} be a bounded sequence of E, and let u,, be
a Banach limit and z € C. Then

Mo |2 — Z”2 =min p,|1x, —)’||2
yeC
if and only if
taly —2,J (%, —2)) <0, VyeC.

Lemma 2.2 [6,7] Let o be a real number and (xo,1,...) € [*° for all Banach limits satis-

fying pux, < o Iflimsup,,_, o (x41 — %,) <0, then limsup,,_, o %, < &.

Lemma 2.3 [8] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation:

Aps1 = (1 - en)an +0, n>0,
where {0,)} is a sequence in (0,1) and {0,} is a real sequence such that
(D) 3020 O = 005
(ii) limsup,_, ., g <0 or 3 2,0y, < 00.

Then lim,,_, o a, = 0.

Lemma 2.4 [10] Let {x,} and {z,} be bounded sequences in a Banach space, and let {$,}
be a sequence in [0,1] which satisfies the following condition:

0 <liminf B, <limsup 8, < 1.
n—00 H— 00

Suppose that
Xl = ,ann + (1 - ﬂn)zm n>0,
and
lim (”er-l _Zn” - ”xn+l _xn”) <o0.
n—0o0
Then lim,,_, o ||z, — x| = 0.

Lemma 2.5 [23] Let E be a real Banach space with dual E*, ] : E — 2F be the generalized
duality pairing, then,Vx,y € E,

o+ y1> < Il +2{y,jCx + ), Vilx +) € J(x +).

Moreover, by a similar argument as in the proof of Lemmas 3.1 and 3.2 of [24], we get
the following lemmas.
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Lemma2.6 Let C bea nonempty closed convex subset of a uniformly smooth strictly convex
real Banach space E. Let T : C — E be a continuous pseudo-contractive mapping. Then,
forr>0and x € E, there exists z € C such that

(j(y—z),Tz)—%(j(y—z),(l+r)z—x>§0, Vye C.

Proof Let x € Cand r > 0. Let A :=1 — T, clearly A is a continuous accretive mapping.
Thus, by a similar argument as in [24], the lemma holds. O

Lemma 2.7 Let C be a nonempty closed convex subset of a uniformly smooth strictly convex
real Banach space E. Let T : C — E be a continuous pseudo-contractive mapping, define
the mapping T, as follows: x € E, r € (0, 00)

T,(x) = {ze C:(j(y—z),Tz)— %ﬂ(j(y—z),(1+r)z—x)§O,Vy€C}.

Then the following hold:
(i) T, is single-valued;
(i) T, is a non-expansive mapping;
(iii) F(T)=F(T);
(iv) F(T) is closed and convex.

Proof Let A:=1-T, we note that A is a continuous accretive mapping and that (j(y —
Tz) — %(](y z),(1+r)z—x) <0 is equivalent to (j(y — z),Az) + - (](y z),z-x) > 0. Thus,
by a similar argument as in [24], the conclusions of (i)- (1V) hold. a

3 Main results

Let C be a nonempty, closed and convex subset of a smoothly, strictly convex and reflexive
real Banach space E with dual E*. Let {T;: C — C,i=1,2,...,m} be a finite family of con-
tinuous pseudo-contractive mappings. For the rest of this article, T}, x and W, are defined
as follows: for x € E, r,, € (0, 00),

Ty, (%) := {zeC (jy-z Tz)——(](y ), A +7,)z— x)<0VyeC} (3.1)

Un,l =0p1 Tlrn + (1 - Olrz,l)];
un,2 =0y T2rn Un,l + (1 - an,Z)I: (32)
Wn = un,m =Upm Tmr,,, un,m—l + (1 - an,m)l'

We know from Lemma 2.7 and Takahashi [12] that T}, and W, are firmly non-expansive
mappings and F(W,,) = (.2, F(T,) = (i2; F(T;). Denote F := F(W,,).

Theorem 3.1 Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let {T;: C — C,i=1,2,...,m} be a finite continuous pseudo-
contractive mapping, for each bounded sequence x, and for each Banach limit p,, Cpi, is
defined as (2.2) satisfying F N Cpin # @. Let f : C — C be a contraction with a contraction
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coefficient p € (0,1). The mappings T;, and W, are defined as (3.1) and (3.2), respectively.
Let {x,} be a sequence generated by x, € C:

Vi = Anty + (L= Ay) Wiy, (3.3)

KXnl = ar(f(xn) + Bukn + ViVns

where L, € [0,1], {ay}, {Bu}, {vu} are sequences of nonnegative real numbers in [0,1] and
@) n+Bu+yn=1Ln>0;
(i) lim,— o0, =0, Y o0 a0y = 00;
(iii) 0 <liminf,_ o A, <limsup, . A, <1;
(iv) 1imy—s oo (0t — 0tp-1,1) = 05 limy 00 [Pps1 — 1| = 0.
Then the sequence {x,} converges strongly to a common fixed point of {T;: C — C,i =
1,2,...,m}.

Proof First we prove that {x,} is bounded. Take p € FN Cyyipn, because W, is non-expansive,
then we have that

lyn =PI < Anll%n = pll + A = 2) | Winktn — Wipll < lI%, — P (3.4)

For n > 0, because f is contractive, we have from (3.4) that

11 = Il = [ (f @) = p) + Bu(xw = ) + vy = D)
< a|[f (o) —f @) + an|[f () = 2| + Bullxn =PIl + vallyu —
< pay %, = pll + o[ f(p) - p| + 1= @) llx, - pl
<[1- Q- p)an]llxn—pll + o |f(p) - p|

fo-r)

< maX{llxo -pl,

Therefore, {x,} is bounded. Consequently, we get that {W,x,} and {y,}, {f(x,)} are
bounded.

Next, we show that ||x,,,1 —x,|| = 0. Let x,,,1 = B, + (1 — B,)z,. Hence we have that

Zn+l —Zn = ﬂ(f(xnﬂ) _f(xn)) + < el o )f(x,,)

l_ﬂnﬂ 1_/3n+1_1_/3n
Vn+l Y+l Vn
+ n+l — n) + - ne (35)
1_,Bn+l(y ! y (1_,371+1 1_,3n>y

Because y, = A,x, + (1 — A,) Wy,x,, so we have that

lyns1 = yull
< )\‘}’l+1 ||xn+1 _xn” + (1 - )\n+1)” Wn+1xn+l - ann” + |)\n+1 - )"nl ”xn - ann”
= ||xn+1 _xn” + (1 - )\n+1)” Wn+1xn - ann” + |)‘-n+1 - )"n| ”xn - ann”

< %1 = %ull + | Was1%n = Wikl + | A = Al = Wil (3.6)

Page 6 of 12
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Because T}, and U, ,, are non-expansive mappings, we have from (3.2) that

W15, — Wyl

|| (XVHLm Tmrml Un+1,m—1xn + (an,m - an+1,m)xn - an,m Tmrn un,m—lxn ||

IA

|an+l,m —Onm | { ”xn ” + ” Tmr,, Un,m—lxn ” }
+ Wyt m| Tmrml Ui, m1%n — Tmrn Uy -1l
< 2]\4|O[r1+l,m - an,m| + Uptl,m ” Tmr,,Hl Un+1,m—1xn - Tmr,,, Un,m—lxn ”

E 2M|an+l,m - an,m| + ” Tmrn+1 Un+1,m—1xn - Tmrn un,m—lxn ”: (37)
where M = max{]x, |, SUPo<i<m-2 I Toniyry Uy 1)%n ||}
Let uy = Tpur, Vs Uit = Doy Vst Vi = Unme1%n Vi = U1 1%, by the definition of
mapping Tj,,, we have that
, 1,
(/(y_un)’Tm”n)_ r_(/(y_”n)’(l"'rn)un _Vn> f 0, Vye C; (38)
n

1
(]()/ - un+1): Tm”nﬂ) - ﬁ(}(y - Mn+1)) (1 + rn+1)un+1 - Vn+1> =< 01 Vy € C (39)

Let y:= u,,; in (3.8), and let y := u,, in (3.9), we have that

. L.
(](unﬂ - un): Tm”n) - r_<](un+1 - un); (1 + rn)un - Vn> = 0, (310)
n
‘ .
(](un — Ups1), Tmun+l> - r_(](un = tps1), (L T U1 — Vn+1) <0. (3.11)
n+l

Adding (3.10) and (3.11), and because T}, is pseudo-contractive, we have that

. Up —Vn Upil — Vnel
<}(un+l — Uy), - >0.

n Tn+1
Therefore we have

Pl — V1)

Uyl — un+1> = 0.
s

<j(un+1 - Mn), Uy —Vy —

Without loss of generality, let b be a real number such that r,, > b > 0, Vn € N, hence we
have that

1
||Mn+1 - un” = ||Vn+1 - Vn” + E|rn+1 —Tn |M17 (312)

where My = supy;,, (| T, Unic1 |l + | U i1 1}
Since v, = Uy m-1%n, Vi1 = Upi1,m-1%4, SO we have that

Vi1 = Vil

” Qpil,m-1 Tm—lrml Uypm—n + (an,m—l - an+1,m—1)xn — Oym-1 Tm—lrn Uy im—2%n ”

|an+l,m—1 - an,m—1| { ”xn ” + ” Tm—lrn Un,m—2xn ” }

IA

Page 7 of 12
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+ it |l Tm—lrml Uy m—Xn — Tm—lrn Uy m—a%all

= 2M|an+l,m—1 - an,m—1| + Opi1,m-1 ” Tm—lrml un+1,m—2xn - Tm—lrn un,m—zxn ” . (313)
By the definition of T}, repeating steps from (3.8) to (3.12), we have that

” Tm—lr,,+1 un+1,m—2xn - Tm—lr,, Un,m—an ”
1
S ”Un+l,m—2xn - Un,m—2xn|| + Z |rn+1 - rn|M1' (314')
Consequently, we have from (3.12) and (3.13), (3.14) that
l2£541 — |
1
E 2]\/I|Ol;’1+l,m—1 - O5;’1,;41—1| + Uyil,m-1 || Un+1,m—2xn - un,m—an ” + E |rn+1 - rn|M1
1
+ _|rn+1 _rn|M1

b

2
= 2M|an+l,m—1 - an,m—1| + ||Un+1,m—2xn - un,m—an” + E |rn+1 - rn|Ml

m—-1
m-1
S2M Y i = ingl + 1wt = Tl Mt Uit = Ul (315)
i=2
From (3.2) we have that
1Us1,1%0 — Upixnll = ” (01 = Cpe1,1)%n + Ay 1 Tryin%n = 1 Thr, %0 ”
S 2M|an+1,1 - O5;'1,1| + ” Tlrmlxn - Tlrnxn||~ (316)

By the definition of T}, repeating steps from (3.8) to (3.12), we have that

[7pi1 — 7l
I Ty, 1 %0 — Ty nll < %Mz, (3.17)

where M, = max{Mj, sup{|| T1,, x|l + ||%,||}}. Substituting (3.17) into (3.16), (3.16) into
(3.15), (3.15) into (3.7), we have that

m
m
” Wn+lxn - annH =< 2M E |an+1,i - an,i' + ernﬂ — Ty |M2 (318)
i=1

Hence we have from (3.5)-(3.7) and (3.18) that

1Zus1 = Zull = N%ns1 — 2l
(p -1 Y, N m
< — |+ — ZME Opel,i — il + = |Fe1 — 1| M
=71 _ﬂn+1 || n+l n” 1 —/3;1+1 - | n+l,i n,z| b | n+l nl 2
Uyl oy VYn+1
|\l X, + + A = Mulllxn = Wl
’1_/3”+1 l—ﬂn ’{Hf( n)” ”yn”} 1—/3;1+1| n+l n|” n n n”
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Notice conditions (ii) and (iii), (iv), we have that

limsup(llznﬂ = zyll = 11 _xn”) =0.

n—0o0

Hence we have from Lemma 2.4 that

limsup ||z, —x,|| = 0. (3.19)

n—0oQ

Therefore we have that
%41 = %l = 11 = Bulllzw — xull — O. (3'20)

Finally we show that {x,} converges strongly to p € F N Cpin. Because w,||lx, — p||* =
infyec tnllxy - y]12, we have from Lemma 2.1 that

wnlf (B) = p,J (%4 — p)) < 0. (3.21)

Due to the norm-weak* uniform continuity of the duality mapping J, it follows from (3.20)
that

im ((f(p) = p.J s =) = (0) = P.S (2= P)) = O.

Hence, the sequence {{f(p) —p,J(x, —p))} satisfies the conditions of Lemma 2.2. As a result,

we must have

limsup(f (p) - p,J (@p1 = p)) < 0. (3.22)

n—00

On the other hand, since f is contractive with a contraction coefficient p € (0,1), we have
from (3.3), (3.4) and Lemma 2.5 that

%1 — 2l
= lotu(F @) = P) + Bultn = ) + vulyu — 1)
< [ B0 = 1) + Va0 = P)||* + 200alf @) = P @1 — )
< (1= )’ 1% = P11 + 200a{f (%) = £ (£), ] (K1 — D)) + 200{f (P) = . ] (%1 — D))
< (1= =PI + 29 1%, = pll %1 = pll + 200{f () = p,] (X1 — )

<Q1- O[n)zllxn _P”2 + pan[”xn —P||2 + | %041 —P||2] + 201n<f(P) -] (X —17)>,

that is,
2(1 - p)ay, 20,
”xn+l —P||2 = |:1 - 171| ”xn _p||2 + —{f(P) _p)](xn+1 —P)>
- poy, 1- POy
o,

- (B (3.23)

1-pay,

Page 9 of 12
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Let 0, = 200 5, — 2% ((5) _ p, J(x,.1 - p)) + 2|2, — p]|. Since {,} is bounded,

1-pay > "7 1-pay 1-pay,
according to Lemma 2.3 and formula (3.23), we have that lim,_, « |[|x, — p|| = 0, i.e., the

sequence {x,} converges strongly to a common fixed pointof T;: C — C, i =1,2,...,m.
O

Theorem 3.2 Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let {T;: C — C,i=1,2,...,m} be a finite family of continuous
pseudo-contractive mappings, for each bounded sequence x,, and for each Banach limit p,,
Chnin is defined as (2.2) satisfying F N Cyin # 9, f : C — Cis a contraction with a contraction
coefficient p € (0,1). The mappings T;,, and W, are defined as (3.1) and (3.2), respectively.
Let {x,} be a sequence generated by xo € C

Yn = )"nxn + (1 - )"H)annr (3 24)
X1 = f (Xn) + Bukn + Vi

where L, € [0,1], {a,}, {Bu}> {vu} are sequences of nonnegative real numbers in [0,1] and
(i) ap+PBu+yn=1,n=>0;
(ii) limy—oo 0ty =0, Y o)ty = 00;
(iil) 1im,_ oo Ay = 1;
(iv) limy_ oo (0t — y-11) = 0; limy o0 |71 — 74| = 0.
Then the sequence {x,} converges strongly to a common fixed point of {T;: C — C,i =
1,2,...,m}.

Proof Take p € F N Cyin, from (3.24) we can obtain

”xn+l _xn” = ||anf(xn) + :ann + Vu)n —P”

<oy “f(xn) —Xn H + J/n(l - )\‘Vl) ” ann - xn”

Notice the boundedness of the sequences {x,} and {W,,x,}. According to conditions (ii)
and (iii), we have lim,,_, oo ||%X,:1 — %]l = 0. Similar to Theorem 3.1, we can obtain the re-
sult. O

If in Theorem 3.1 and Theorem 3.2 we let f := u € C be a constant mapping, we have
the following corollary.

Corollary 3.3 Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let {T; : C — C,i=1,2,...,m} be a finite family of continuous
pseudo-contractive mappings, for each bounded sequence x,, and for each Banach limit i,
Chmin is defined as (2.2) satisfying F N Cyin # . The mappings T;,, and W, are defined as
(3.1) and (3.2), respectively. Let {x,} be a sequence generated by x, € C

Yn = AKXy + (1 - Afn)annr (325)
X4l = Aulh + BuXy + VY

where A, € [0,1], {atn}, {Bu}, {vu} are the sequences of nonnegative real numbers in [0,1]
and
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(©) an+Pntyn=1n=0;
(ii) limy—oo 0ty =0, Y o)ty = 00;
(iii) 0 <liminf,_ o Ay <limsup,_, A, <1orlim, .oty =1;
(iv) limy_, oo(0ty; — y-1,1) = 0; limy, o0 |71 — 74| = 0.
Then the sequence {x,} converges strongly to a common fixed point of {T;: C — C,i =
1,2,...,m}.

Theorem 3.4 Let C be a nonempty closed convex subset of a uniformly smooth strictly
convex real Banach space E. Let T : C — C be a continuous pseudo-contractive mapping
for each bounded sequence x,, and for each Banach limit |1,,, Crin be defined as (2.2) satis-
fying F(T) N Cpin # D, f : C — C be a contraction with a contraction coefficient p € (0,1).
Mapping T,, is defined as follows: x € C, r,, € (0,00)

1
T, (x) = {z € C:(j(y-2), Tz) - —(i(y —2), A + ry)z—x) < 0,Vy € C}.
Ty
Let {x,} be a sequence generated by xo € C

Vi = Apky + a- )Ln)Trnxnr (3.26)

Xntl = anf(xn) + Buxn + YnYns

where A, € [0,1] and {,}, {Bu}, {yu} are the sequences of nonnegative real numbers in [0,1]
and
(i) au+Bu+yn=1n=0;
(if) 1imy o 0ty = 0, 3207 @t = 00;
(iii) 0 <liminf,_ oA, <limsup,_ A, <1lorlim, A, =1;
(iv) limy— oo [741 = 7ul = 0.

Then the sequence x,, converges strongly to a fixed point of T.

Proof Putting a,,; =1 in (3.2), we have W, = T, ,; from Lemma 2.4 and Theorems 3.1

and 3.2, we can obtain the result. O
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