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1 Introduction

The integral inequalities play a fundamental role in the theory of differential equations.
The study of the fractional g-integral inequalities is also of great importance. Integral in-
equalities have been studied extensively by several researchers either in classical analysis
or in the quantum one; see [1-6] and references cited therein.

The purpose of this paper is to find g-calculus analogs of some classical integral in-
equalities. In particular, we will find g-generalizations of the Holder, Hermite-Hadamard,
trapezoid, Ostrowski, Cauchy-Bunyakovsky-Schwarz, Griiss, and Griiss-Cebysev integral
inequalities.

The paper is organized as follows: In Section 2, we shall introduce some definitions and
auxiliary results which will help us to prove our main results. In Section 3, we establish
our main results.

To the best of our knowledge, this paper is the first one that focuses on quantum integral
inequalities on finite intervals.

2 Preliminaries and auxiliary results
Let J := [a,b] C R be an interval and 0 < g < 1 be a constant. We define g-derivative of a
function f : /] — R at a point x € J on [a, b] as follows.

Definition 2.1 Assume f :J — R is a continuous function and let x € J. Then the expres-
sion

@ Sax e A=9)a) L D) = lim oDy ) (2.1)

DS - a) o

is called the g-derivative on J of function f at x.

©2014 Tariboon and Ntouyas; licensee Springer. This is an Open Access article distributed under the terms of the Creative Com-

L]
@ Sprlnger mons Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and repro-

duction in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2014/1/121
mailto:jessadat@kmutnb.ac.th
http://creativecommons.org/licenses/by/2.0

Tariboon and Ntouyas Journal of Inequalities and Applications 2014, 2014:121
http://www journalofinequalitiesandapplications.com/content/2014/1/121

We say that f is g-differentiable on J provided ,D,f(x) exists for all x € J. Note that if
a =0 in (2.1), then (D,f = D f, where D, is the well-known g-derivative of the function
f(x) defined by

fx) - f(gx) '

A= g (2.2)

D,f(x) =

For more details, see [7].
In addition, we should define the higher g-derivative of functions on J.

Definition 2.2 Let f : /] — R is a continuous function. We define the second-order
g-derivative on interval J, which denoted as ,lD;f, provided ,D,f is g-differentiable on
J with aD;f = 4Dy(4Dyf) : ] — R. Similarly, we define higher order g-derivative on J,
aD; Je— R,

Example 2.1 Let x € [a,b] and 0 < g < 1. Then, for x # a, we have

» ¥ —(gx+(1-qa)
DX = e—a)

1+ q)x* — 2qax — (1 — q)a®

x—a
=(1l+qx+(1-¢qa.

For x = a, we have lim,_, ,(,D,%%) = 2a.

Lemma 2.1 [8] Let « € R, then we have

aDgx —a)* = (%) (x —a)*L. (2.3)

The g-integral on interval J is defined as follows.

Definition 2.3 Assume f : /] — R is a continuous function. Then the g-integral on J is
defined by

[ 0udt=a-06-0 > ¢rla's+ (1-q)a) (24)
a n=0

for x € J. Moreover, if ¢ € (a,x) then the definite g-integral on J is defined by
[ st = [ s 0t~ [ 10z

=(1-q)x—a) Z q”f(q”x + (1 - q”)a)

n=0

~(1-q)c-a))_q'f(q"c+(1-q")a).

n=0

Note thatif a = 0, then (2.4) reduces to the classical g-integral of a function f (x), defined
by [o f(®)odgt =1 -q)x 0 q"f(q"x) for x € [0, 00). For more details, see [7].
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Example 2.2 Let f(x) = x for x € /, then we have

/:f(t),,dqt = /:tadqt

=(l-q-a)) q'(¢"x+(1-q")a)
n=0

~ (x —a)(x + qa)

= W.

Example 2.3 Let a constant ¢ € /, then we have

fcb(t — ) adqt = /a”(t — ) adyt - /ac(t — ) udt

|:(t—¢z)(t+qa) T |:(t—a)(t+qaz) }
= — | - | —— ¢t
l+qg l+qg

a a

) b? — (1 + g)bc + gc? ~ a(l—LI)(b—C). (2.5)
l+gq l+q

Note that if ¢ — 1, then (2.5) reduces to the classical integration

b _(b—C)2
/C‘(t—c)dt— B

Theorem 2.1 [8] Letf:] — R be a continuous function. Then we have:
(@) aDq f:f(t) adqt :f(x);
(ii) fcx aDof (8) adgt = f (x) — f (c) for c € (a,%).

Theorem 2.2 [8] Assume f,g:] — R are continuous functions, « € R. Then, for x € ],
) [V +g®)adyt = [ f(€) adyt + [} &(O) adyt;
(i) [ (@f)O) adgt = [7f(2) adyt;
(i) [ f()aDa@(D) adyt = (R~ [* (gt + (1 - 9)a)uDyf () adyt for c € (a,).

For the basic properties of g-derivative and g-integral on finite intervals, we refer to [8].

Lemma 2.2 For « € R\ {1}, the following formula holds:

/ - a) oyt = (1 1_;:{1 ) (x — )™, (2.6)

Proof Letf(x) = (x—a)**!, x € ] and € R\ {~1}, then, by Definition 2.1, we have

x—a)* — (gx+ (1 - q)a—a)**!

1-qgx-a)
_ (x _ a)oul _ q‘“l(x _ a)"“
1-g)x-a)

a+l
- <1‘q )(x—a)“. 2.7)
1-¢q

aDyf (x) = (

Applying g-integral on J for (2.7), we obtain (2.6) as required. d
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Example 2.4 Let x € [a,b] and 0 < g < 1. Then, from g-integrating by parts and Lem-

mas 2.1 and 2.2, we have

X 1 X
ﬂt—ahdt:-——:/ t.D,(t — a)? .d,t
/a\ q 1+qa q q

1 r X
- m] _t(t —a)*|F - fa (qt+Q-q)a- a)2 adqt]
= L -x(x —a)y -4 /x(t —a)? adqt]

l+ql
q’(x-a)’
1+q+q>

+
1
= —|xx-a)’-

1+q|

x-a)’[x(l+q) +q’a
 l+gq l+g+q* |

3 Quantum integral inequalities on finite intervals
In this section, some of the most important integral inequalities of analysis are extended
to quantum calculus. We start with the g-Holder inequality on the interval J = [a, b].

Theorem 3.1 Letx€],0<q<1, p1,p2 >1such that pil + —— =1. Then we have

L
P2
1 1
¥ ¥ 2 nfr P2 2
[ rolleelade = ([ rorde)” ([ leorae)”. 61
Proof From Definition 2.3 and the discrete Holder inequality, we have

f 10| |g(0)] adyt

=(l-q)x-a) ) _q"|(q"x+ (1-q")a)||lg(q"x + (1-q")a)|

e 1D

(f (q"+ (1=4")a)|(¢") ")

L

x (le(a"s + (1-4")a)[ ("))

=(1-qg)x-a)

S
1
(=]

1
oo

< ((1—q)(x—a) Y If(g"x+(1-q")a) I’”q")
n=0

X ((l—q)(x—a)Z‘g(q"x+ (l—q")a)‘pzq”> i

=0
* D B3
=( / lf(t)V‘”adqt) ( / !g(t)!”qut) :
Therefore, inequality (3.1) is valid. (|

Remark 3.1 If a = 0, then inequality (3.1) reduces to the classical g-Holder inequality in
[1, p.604].
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Next, we present the g-Hermite-Hadamard integral inequality on [a, b].

Theorem 3.2 Let f:] — R be a convex continuous function on ] and 0 < q < 1. Then we

have

a+b 1 b qf (a) +f(b)
f( 2 )Em/af(t)adntT'

Proof The convexity of f on [a, b] means that
f((l —ta+ tb) <1 -0f(a)+tf(b)

forall £ € [0,1].
Taking g-integration for (3.3) over ¢ on [0,1], we have

1 1 1
/ f(A=t)a+tb)odyt gf(a)f (1-1¢)od,t +f(b)/ todgt.
0 0 0

From Example 2.2, we have

1 1 1 q
/todqtz— and /(l—t)odqtz—.
0 l+q 0 l+q

Definition of g-integration on J leads to

1 oo
/0 f(@-ta+tb)odgt=0-9) q'f(1-q")a+q"b)
n=0

(1-9b-a) — , . "
=#qu((1—4)a+q b)

n=0

1 b
= wdgt,
b—a/af(t) a

which gives the second part of (3.2) by using (3.4).
To prove the first part of (3.2), we use the convex property of f as follows:

%[f((l—t)zz+tb) +f(ta+ (1 -1)b)] Zf((l—t)a+tb;m+(1_t)b)

S(42),

Again g-integrating to the above inequality over ¢ on [0,1] and changing variables, we

get

The proof is completed.

(3.2)

(3.3)
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Remark 3.2 If ¢ — 1, then inequality (3.2) reduces to the Hermite-Hadamard integral

inequality
b
f(ﬂ;b)fﬁ/f(t)dtff(a);f(b).

See also (3, 9].

Next comes the g-trapezoid inequality on the interval J = [a, b]. We use the notation || - ||

for the usual supremum norm on [a, b].

Theorem 3.3 Let f:] — R be a g-differentiable function with ,D,f continuous on [a, b]
and 0 < q < 1. Then we have

i ("))‘ <8y b (35)

b
[ Hlat - 0a) e - - (FO 1) < T

Proof The g-integration by parts on interval J gives

b
/ <t_ ﬂ;b)aqu(t)adqt = UP@(M)

b
_/ f(qt + (1 - 4)61) uqu (36)

Using the properties of modulus for (3.6), we obtain

b

/b‘ a+b
< t—
a 2

< llaDof /ﬂb

[«Dgf (0)] adlyt

b
- % odyt. (3.7)

Applying Examples 2.2 and 2.3, we have

b
[
a

a

ath b
ﬂdqt:/ ’ (a+b—t>“dqt+/ (t—ﬂ>adqt
a 2 ash 2
_(a+b\(b-a B b—a\[((1+2q)a+b
"\ 2 2 4 l+g

N b —b(1 +q)((a+b)/2) + q((a + b)/2)?

a+b

l+qg
(54)()
—al —2
2 l+qg
(b-a)
= g (3.8)

Combining (3.7) and (3.8), we obtain inequality (3.5) as required. O
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Remark 3.3 Ifg — 1, then inequality (3.5) reduces to the well-known trapezoid inequality
as

/f(t)dt - )(fb”f(”))‘ 2 irl.

See also [3, 9].

The next theorem deals with the g-trapezoid inequality with second-order g-derivative
on [a,b].

Theorem 3.4 Let f:] — R be a twice g-differentiable function with ﬂDf}f continuous on
[a,b] and 0 < q < 1. Then we have

(b—a)
l+qg

(@t + (1-q*)a) adyt - (af (qb + (1 - @)a) +f(@))

7*(b—a)?

3.9
T (1+g)? (1+q+q2)“ /1 (3:9)

Proof The g-integration by parts on interval / two-times and taking into account Exam-

ple 2.1, we have

b
| t-a-0.00 .4,

b
—/ (qa+b—(1+q)t)aDyf (gt + 1 - q)a) udgt
= [—(qa +b-(1+ q)t)f(qt +(1- q)a)]z
b

+ / f(@t+(1-q*)a)aDy(ga +b— (1 +q)t) adyt

=q(b-a)f(qb+ (1 -q)a) + (b-a)f (a)
b
-(1+q) / f(qzt + (1 - qZ)a) adgt.
Therefore,

b, ) (b-a)
/f(q t+(1—q)a)ﬂdqt— g (qf(qb+(1—q)a)+f(a))

S /(t a)(b—1)|uDf (t)] udgt

” qu”/ (t—a)(b—1t),dgt. (3.10)

Since

b b b
/(t—u)(b—t)adqt:b/ (t—a)adqt—/ £t — a) Jdyt,
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from Lemma 2.2 and Example 2.4, we have

/ (t-a)b-1t), dt_ (b— )2 (b—a)2|:b(1+q)+q2a]

1+q 1+q+q?
_ q (b - 61) (3 11)
1+q)(1l+q+q?) '
Combining (3.10) and (3.11), we deduce that inequality (3.9) is valid. O

Remark 3.4 If g — 1, then inequality (3.9) reduces to the trapezoid inequality in terms of

the second derivative as

r.

(t)dt— —(f(b) +f@)| <

See also [3, 9].
In the following theorem we establish the g-Ostrowski integral inequality on interval J.

Theorem 3.5 Let f :] — R be a q-differentiable function with ,D.f continuous on [a, b]
and 0 < q <1. Then we have

1 b
L/(x)— 7 [ S0
(3qg-1)a+(1+q)b

29 (¥~ P (-4’ +6q-1)
<D -0 P (T ) T (12)

Proof Applying the Lagrangian mean value theorem [10], for , ¢ € J, it follows that

1 b
yo- 5 [ s

b
- ‘ﬁ | 0 -70) e
S — / [f () =f(8)| adgt

e qu|| /
|x — t] adyt
||bDJ|| [ /( udyt+ / (%) dt} (313)

Taking into account Examples 2.2 and 2.3, for x, ¢ € ], we obtain

/ax(x— t) adgt + /xb(t—x)adqt

_ qx? — 2qax + qa* N bz—(1+q)bx+qx2_a(l—q)(b—x)
l+q l+qg l+q

=2_q|:x2_((3q—1)a+(1+q)b)x:|+qa2+b2—(1—q)ab

l+q 2q 1+q
2 3¢-Da+1+qb\> (-¢*+6q-1

_2q x—( qg—1a+(1+q) (—=q" + 6q )( —a). (3.14)
l+g 4q 1+q)8q

The inequality (3.12) are obtained by combining (3.13) and (3.14). O
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Remark 3.5 If ¢ — 1, then inequality (3.12) reduces to the classical Ostrowski integral
inequality as

L/(x)——/ft)dt‘ [ ( _aflb)}(b a)[f.

See also [3,9].

Let us prove the g-Korkine identity on interval /.

Lemma 3.1 Letf,g:] — R be continuous functions on ] and 0 < q < 1. Then we have
1 (b b
3| [ 00 -r0) ) -0) sy

b b b
~-a [ f(x)g(x)ad,,x—< / f(x)adqx) ( [ g<x>adqx). (315)

Proof From Definition 2.3, we have

b b
/ / (F) ~£0)) (206) = 80) adly alyy
b b
- [ [ e -1 g0 -1 0)20) + 1010 syt

=1-9W-a)) q'flab+(1-q")a)e(q"b+ (1-q")a)(b - a)

n=0

-(1-9)°(b- a)z(Zq”f q'b+(1-q") )(qu q"b+(1-q")a ))

n=0 n=0
-1-9)0b- a)z(qu q'b+(1-q") ><Zq”f (@"b+(1-q")a ))
n=0 n=0
+10-gq)(b-a) Z q”f(q”b + (1 - q”)a)g(q”b + (1 - q”)a)(b —a)
n=0
b b b
=2(b- a)/ S(xX)g(x) odyx — 2(/ f(x)adqx) </ g(x)adqx>,
from which one deduces (3.15). O

Now, we will prove the g-Cauchy-Bunyakovsky-Schwarz integral inequality for double
integrals on [a, b].

Lemma 3.2 Letf,g:] — R be continuous functions on ] and 0 < g < 1. Then we have

b b
/ F6)g(y) adgx adyy

< [‘/ﬂb /abfz(x,y)adqxadqy] : [/ﬂb ngz(x,y)adqxadqy] %. (3.16)
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Proof According to Definition 2.3, we have the double g-integral on J as

b b
/ / F(69) ey adyy

b o0
= / ((l—q)(h—a)Zq”f(q”b +(1 —q")w)) adgy

n=0

=(1-9)*b-a)? Z Z 7'f(g"b+ (1-q")a,q'b + (1-q')a).

n=0 i=0

Applying the discrete Cauchy-Schwarz inequality, we have

b pb 2
( / / S (x,y)g(x,y)adqxadqy)

= ((1 - q)z(b —a)? Z Z q”“f ”b + )a, qib + (1 - qi)a)

n=0 i=0

xg(qg"b+(1-4")a, q'b+ (1- qi)zz)>2

< ((1 ~’b-a)’) Y q" (@b + (1-q")aq'b+ (1- q%))

n=0 i=0

x((l— ZZq”“Z (7'b+(1-q")a,q'b+(1 q)a))

n=0 i=0
b b b b
= (/ / f2(x,y)udqxadqy> (/ / gZ(x,y)ﬂdqxadqy)
Therefore, inequality (3.16) is valid. a

Remark 3.6 If g — 1, then Lemmas 3.1 and 3.2 are reduced to the usual Korkine identity
and Cauchy-Bunyakovsky-Schwarz integral inequality for double integrals, respectively.
For more details, see [3] and [9].

We define the g-Cebysev functional T(f,g) on interval J by

b
1.9~ 5 | f0eadys

b b
_ (ﬁ/ f(x)adqx> (ﬁ/ g(x)adqx). (3.17)

By using Lemmas 3.1 and 3.2 coupled with (3.17), we obtain the g-Griiss integral inequal-
ity on interval [a, b]. The proof of the following theorem is similar to the classical Griiss
integral inequality; see [3, 9]. Therefore, we omit it.

Theorem 3.6 Letf,g:] — R be continuous functions on [a, b] and satisfy

¢ <flx) <P, y <gx) <D forallxelab],¢,®,y,T eR. (3.18)
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Then we have the inequality

1 b 1 b 1 b
m/af(x)g(x)adqx—<m/a f(x),ldqx) (m/a g(x)adqx)

< i(cb _$)(C—y). (3.19)

Remark 3.7 The inequality (3.19) is similar to g-Griiss integral inequality in [11]. How-
ever, the results from [11] obtained by using the restricted definite g-integral which is a
finite sum as a special type of the definite g-integral.

Now, we are going to prove the g-Griiss-Cebysev integral inequality on interval [a, b].

Theorem 3.7 Letf,g:] — R be L1, Ly-Lipschitzian continuous functions on [a, b], so that
@ =fO) <Lilx=yl  [g()~g0)| < Lalx ~y] (3:20)
forall x,y € [a,b]. Then we have the inequality

1 b 1 b 1 b
E/a fg) adgx - (m/ﬂ f(x)adqx>(m/a g(x)adqx)

_ qL,L,
T (l+g+q)1+q)?

(b-a). (3.21)

Proof We recall the g-Korkine identity on interval J as

b b b
(b - a)/ Sx)g(x) adygx — (f f(x)adqx) (/ g(x)adqx>

b pb
= % / f (F@) —f ) (g) — g0) adlgx adyy. (3.22)
From (3.20), we get

|(f@) —f () (gtx) - g»))| < LiLa(x - y)? (3.23)

for all x,y € [a, b].
The double g-integration for (3.23) on J x J leads to

b pb
[ [ 1676 -70)) (e - g0) | dyady
b pb
<LL, / / (x—y)? algx adgy

b b
=1L, / / (¥* = 2y + %) adgx adgy
a a

b b 2
=1L, |:2(b —a) / X2 algX — 2(/ xudqx> } (3.24)

Page 11 0f 13
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Indeed,

b b
/xzadqxzf (x—a+a) dyx

b b b
/ (x —a)? algX + Za/ (% — a) odyx + a? / algx

_ )3 _ 2
= (b-a) +2a (b-a) +a*(b-a)
1+q+q> l1+q

(b-a)((1 +q)b* + 2¢%ab + q(1 + g*)a?)
= . 3.25
1+q)1+q+4q?) (3:25)

Note that if ¢ — 1, then (3.25) reduces to the integral

b bs_ 3
/ xzdx:—a.
p 3

By direct computation, we have

b b 2 4
2 _ q(b-a)
(b- a)/a X adgx — (/a‘ xadqx> "D (3.26)

Thus, from (3.24) and (3.26), we obtain

2q(b—a)*

b b
[ [ 1601000500 sty < 2202,

Using (3.22), we obtain (3.21). |

Remark 3.8 If g — 1, then inequality (3.21) reduces to the classical Griiss-Cebysev inte-

gral inequality as

1 b 1 b 1 b
- / f(x)g(x)dx—(m / f(x)dx) (m / g(x)dx)

- LL,
- 12

(b-a)?.

See also [3, 9].
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